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From the Founder

Never dismiss your own math question! Your question is precious. It’s the
seed that sprouts mathematics. Think about it carefully and, before you
realize it, it will give birth to more questions. As you find their answers,
you’ll be making math. - Ken Fan, President and Founder
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Share what you (think you) know. Whether it’s a more
formal presentation or just helping someone out after class,

An Interview with

explaining math to someone else has always helped me
deepen my understanding in ways I couldn’t do on my own.

Lucy Oremland

Lucy Oremland is Associate Professor of
Mathematics at Skidmore. She received her
PhD in mathematics from the University of
Pittsburgh. She then completed a
postdoctoral fellowship at the Mathematical
Biosciences Institute. She creates and
analyses models of biological systems, such
as the menstrual cycle. She also works to
improve math education.

Ken: How would you describe your
relationship to mathematics while growing
up? Did you experience any setbacks in
math that you had to overcome? If so, how
did you overcome them?

Lucy: As a student I likely would have said
that I loved math because there’s always “a
right answer” and that mathematics “is very
black and white,” but that sort of thinking no
longer resonates with me. In fact, my job
requires a lot of creativity, and my strongest
students are often those that think outside
the box and approach problems in novel
ways.

I was fortunate to grow up in an
environment where math and science were
encouraged from an early age. I loved
puzzles, and I found the step-by-step process
of solving a problem using an algorithm
incredibly satisfying. Mathematics was on
my radar from early on because it was what
I saw around me and I genuinely enjoyed it.
I also loved theater and public speaking, so
teaching seemed like a great way to combine
my interests in a complementary and
fulfilling way.

In terms of setbacks — completing graduate
school was the hardest thing I’ve ever done.
The mathematics itself was incredibly
challenging and I was constantly comparing
myself to my peers. To get through it, |

studied hard, harder than I ever had before —
I had to teach myself how to study. I learned
how to learn from my mistakes. And I relied
on my friends as a support network. In terms
of my imposter syndrome, I can’t quite say
I’ve overcome it yet! While I still struggle in
this area, repeatedly doing the work has
gradually strengthened my confidence and
sense of belonging.

Ken: What did you learn about studying?

Lucy: A big part of how I learned to study
effectively was working with others. I
noticed that we each approached problems
differently — one of my friends always drew
pictures, another started by looking for
contradictions, and I often preferred to build
from definitions. Sometimes one of those
methods was the key to unlocking the
problem, sometimes it was a combination,
and other times we were completely
stumped. But those discussions showed me
that there are actually many ways to engage
with a problem, and that false starts and
dead ends are an essential part of the
process. Our collaboration went a long way
to help me get out of my own head and just
try something.

I also started to develop mathematical
intuition, which I had previously assumed
was innate. It came from working through
many, many, many problems, more than
what my professor had assigned, particularly
in areas where I knew I was struggling. And
I didn’t just work through them once, I
started reflecting and looking for patterns in
the problems themselves — sometimes
problems seemed similar but were solved
very differently, and sometimes they seemed
different but used the same solution
approach. While it didn’t feel like it in the
moment, over time I built a sensibility that
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Dear Reader,

We're committed to producing quality math educational
content and make every effort to provide this content to you
for free.

We are also committed to surviving as a nonprofit!

For this issue, those who do not subscribe to the print
version will be missing out on a portion of the content. We
hope that you consider the value of such content and decide
that the efforts required to produce such content are worthy of
your financial support.

We know that mathematical interest and talent is
unrelated to economic status, which is why we provide so
much content for free. But we hope that those of you who are
comfortable financially will help us to continue in our efforts.

So, please consider subscribing to the Bulletin. Thanks
to our sponsors, subscriptions cost $36/year. With a
subscription, you have also gained access to our mentors via
email and the ability to influence content in this Bulletin. Visit
www.girlsangle.org/page/bulletin_sponsor.html for more
information.

Thank you and best wishes,

Ken Fan

President and Founder

Girls’ Angle: A Math Club for Girls
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Placement of Satellites and Antennas: Keeping

our Connection to the Cosmos Alive, Part 1
by Lilly Carrillo, Jillian Cervantes, and Dr. Pamela E. Harris | edited by Jennifer Sidney

“We used to look up at the sky and wonder at our place in the stars...”
- Cooper, Interstellar
Luckily, we haven’t stopped wondering.

Right now, more than 15 billion miles away from the sun, a little spacecraft named Voyager 1 is
still whispering to Earth. Voyager 1 was launched in 1977 carrying a golden record with whale
sounds, laughter, and 90 minutes of classical music (in case anyone or anything comes across it)!
In 2012, Voyager 1 entered interstellar space, which is outside our sweet little solar system.
Voyager 1 doesn’t only contain a message; it also helps us learn more about our solar system. It
has a bunch of cool instruments on board, like a radio system that sends data back to earth. It
talks to NASA through the Deep Space Network (DSN), which has giant antennas around the
world. All the data and discoveries we get from these spacecraft — the pictures, the sounds, the
science — come through these faint but powerful broadcasts by ensuring that information passes
through the network.

One day, Voyager 1’s power will fade, or it
will drift too far into the stars, and we’ll no
longer hear its whispers. That is why we
carefully position our antennas and spacecraft
and give them just the right amount of power,
so we can keep our connection to the cosmos
alive for as long as possible.

This naturally leads us to a mathematics
problem in the area of graph theory.

To describe a graph, we need two types of Courtesy of NASA!
objects: vertices, which we draw as circles, Figure 1. Voyager 1 in space.

and edges, which we draw as lines between

vertices. We don’t allow edges to start and end at the same vertex; such constructs are sometimes
referred to as loops. To define (¢, r) broadcast domination, we first recall the definition of a
dominating set: this is a subset of vertices of the graph such that every vertex is either in the
selected subset or there is an edge from the vertex to a vertex in the set. Given a dominating set
and a vertex v in the graph, we say v is dominated if either it is in the dominating set or it shares
an edge with a vertex in the dominating set. Whenever all of the vertices of a graph are
dominated by a set, we say that the set dominates the graph. Recall that the domination number
of a graph is the smallest number of dominating vertices that can dominate the entire graph. We
are going to refer to this type of dominating as classic domination. We will now go into brief
details of (¢, r) broadcast domination and explore some challenge problems!

!https://science.nasa.gov/asset/hubble/voyager-1s-view-of-solar-system-artists-concept/



To begin, you may revisit “Optimal Resource Placement: From Disneyland to Dominating Sets,
Part 2” in Volume 17, Number 4. In that article, we talked about domination numbers for the
grid graph and posed the following problem, which we now solve:

Challenge Problem: If G is the 4-by-6 grid graph, according to Fisher’s result, y(G) = 7. Can
you find an arrangement of seven vertices which dominate the 4-by-6 grid graph?

In Figure 2, we give an example arrangement.
You may have come up with this J

: !
arrangement, or a different one! C‘ ™\ ¢ ® A f.\

Now, imagine if domination were given
superpowers and we have extra responsibility. [ PN ¢ (.) ¢
In (z, r) broadcast domination, a dominating

vertex can reach vertices more than one edge ® (4 .\ ® P\ ®
away. That dominating vertex has a particular U/

signal strength, so if we increase the strength
we can reach a farther distance. Just like a
satellite or antenna, the closer we are to a
dominating vertex, the better our signal!

Figure 2. An answer to the challenge problem.

A (¢, r) broadcast dominating vertex contributes reception ¢ to itself where 7 is a positive
integer, and its reception decays by 1 every time it crosses an edge. Any vertex that is more than
t — 1 edges away from a (¢, r) broadcast dominating vertex receives no reception from that vertex.
For example, in Figure 3 we illustrate one (¢, r) broadcast dominating vertex with strength # =3
in a 5-by-5 grid graph. The pink circle is the (7, r) broadcast dominating vertex. The reception
that each vertex receives is shown northeast of the vertices.

Saying “(¢, r) broadcast dominating

0 0 .1 0 .0 vertex” is quite a mouthful, so we may
refer to such vertices as (z, r) satellites.
If we were focusing on classic
0 1 2 1 0 domination only, we would care about
. ensuring that every vertex is either a

satellite or an edge away from a

satellite. This is expensive and not

always realistic! So instead, we require

J that every non-satellite vertex receives
“enough” signal, a positive integer

0 1 2 1 0 81 e ab &

. . . . . parameter, which we denote r.

You might wonder: what if a vertex is
0 0 1 0 0 within range of two (z, r) satellites?

. . . . ‘ Then the vertex receives signal from

each, and it may be that it receives

“extra signal” if the sum of the signal it

receives from each satellite adds up to

more than r.

1 2

-_—

7\
./w
o—©

Figure 3. A dominating vertex and the signal it emits.



The reception strength of a vertex u, denoted r(u), counts how much reception u receives from
all (¢, r) satellites; if u is a satellite as well, then r(u) also includes the reception u gives itself. In
Figure 4, circled in magenta on the 3-by-4 grid are three (¢, r) satellites graph that have
transmission strength ¢ = 3. Notice that some vertices receive reception from all three (¢, r)
satellites. For example, consider vertex a. Since a is two edges away from (¢, r) satellite ¢ and
two edges away from (¢, r) satellite f, we have r(a) = 2, as vertex a receives reception 1 from
each of the satellites. It should be noted that vertex a does not receive any reception from the
satellite at vertex /, as it is five edges away from vertex /.

A, r) proadcast dominating sgt T is a set @ ) @ /5)
of satellites of strength 7 that fulfill the 7 1+1 o 341 Y 2+1

requirement that every vertex in the graph has
reception r. Note that the set of three vertices
in Figure 4 is not a (3, 2) broadcast ( 2 ﬁfﬁs” fg\2+2+1 - )1 +142
dominating set, because there are some Qﬂ o/ N\
vertices which have reception less than 2. But
the three vertices in Figure 4 are a (3, 1)

broadcast dominating set, as every vertex @1 0) 2+1 fk\1 *1+2 @ 3
receives reception at least 1. hed

But how do we know if we’ve chosen the Figure 4. Three (¢, r) satellites of strength t =3
smallest possible (7, r) broadcast dominating and the signal they emit.

set? Just like with classic domination, we care

about minimizing the number of vertices in our (7, r) broadcast dominating set. The minimum
size of any (, r) broadcast dominating set for a graph G is called the (7, r) broadcast domination
number of G, and denoted y;, (G).

Note that the previous definitions are similar to a classic dominating set and domination number;
the difference is that they now have two new parameters, ¢ and r. Let us put these definitions into
practice!

Example 1. Find a (3, 2) broadcast dominating set for the 2-by-8 grid graph below. Try to make
your dominating set as small as possible!

LTI

Let’s walk through one possible construction of a (3, 2) broadcast dominating set. We first place
a (3, 2) broadcast dominating vertex in the second column of the grid graph (see Figure 6).
We’ve added checkmarks to the vertices that receive a reception of 2 or greater.

Recall that any vertex with a satellite receives reception 3 from itself, so that vertex is
dominated.

10
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Figure 6. A 2-by-8 grid graph with one broadcast dominating vertex.

To ensure that the bottom left corner vertex receives reception 2, we place the next (3, 2) satellite
as illustrated in Figure 7.

Figure 7. A 2-by-8 grid graph with two (3, 2) satellites.

Now we need to make sure every vertex in the graph has reception at least 2. Sometimes it helps
to space out vertices! So we place our next (3, 2) broadcast dominating vertex as far away as we
can without leaving “gaps” of vertices that have a reception less than 2. Thus, we place our next
(3, 2) satellite as illustrated in Figure 8.

VN o ol v o
o Ul vy 4 I1 I I
=/

Figure 8. A 2-by-8 grid graph with three (3, 2) satellites.

Finally, we place our last (3, 2) satellite as illustrated in Figure 9. We have constructed a (3, 2)
broadcast dominating set of size four. Can you construct a (3, 2) broadcast dominating set with
three or fewer (3, 2) satellites?

I\ oY oVl oY af a
I
=/

Figure 9. A 2-by-8 grid graph with a (3, 2) broadcast dominating set.

To recap our journey, we brushed up on classic domination and then learned a type of graph
domination called (¢, r) broadcast domination. Stay tuned for Part 2, where we explore a toy
model of satellite placement on an even bigger grid graph!

11



Combinatorial Reciprocity!

by Robert Donley?
edited by Amanda Galtman

In this installment, we continue investigating the counting function for anti-magic squares.
Specifically, we focus on combinatorial reciprocity, a general phenomenon for rational
polytopes, although our interest lies in applications to generating functions and explicit forms of
counting functions as polynomials. We recommend that you review the previous two
installments and references noted there (see Volume 19, Numbers 1 and 2).

Let’s review the binomial series with n > 0:

1 n+1 n+2) , n+k) ,
(1_7:14‘ 1 X+ ) X +...+ k X+

Several proofs of the binomial series were noted in previous installments. We give a direct proof
here, beginning with the usual proof of the binomial theorem. The binomial theorem proof will
have applications to later parts of this installment.

Binomial Theorem: For n >0, (1 + x)" = (8) + (’f)x + (g)xz +...+ (Z)x”

Proof. We expand the left-hand side of the equation as the n-fold product
(1+x) - (1+x).

Before simplification, there are 2" terms in the product, each obtained by choosing a 1 or an x
from each parenthetical term. If we assign a O to each choice of 1 and a 1 to each choice of x,
then we obtain a binary string of length n, and each such string occurs as a term in the product.

The coefficient of x* is (Z) because there are (Z) binary strings of length n with exactly k 1s. o

Proof of the binomial series equation. We expand the left-hand side of the equation as

1 1

=1 24 T+,
TR A+x+x*+.)A+x+x>+...)

Now, instead of a binary string, each term in the product corresponds to an ordered list of n + 1
nonnegative integers, so the coefficient of x* in the product is the number of weak compositions
of k with n + 1 parts. To count such compositions, we count the number of ways to place k balls
into n + 1 boxes. Such a choice corresponds to a binary sequence of length k + n; if the boxes are
placed side to side, then there are n interior sides, each represented by 1, and the balls in each
box are represented by zeros. To finish the proof, we count the number of binary sequences of
length n + k with k Os. O

! This installment is 25" in a series that began in Volume 15, Number 3 and the third of a new subseries.
2 This content is supported in part by a grant from MathWorks.
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The binomial theorem calculates the rows of Pascal’s triangle. The binomial series calculates the
diagonals of Pascal’s triangle. Either diagonal of 1s corresponds to the n = 0 case, the geometric
series.

Exercise: Verify that the nth binomial series corresponds to the nth diagonal of Pascal’s
Triangle. That is, verify that the indices of the binomial coefficients are correct.

_/\
/\/\
/\/u\/\
/\/\/\/\
/\/\/\/r\/\

10 10 1

Exercise: Recall that multiplying a generating function ao + aix + a>x> + . . . by the geometric

series =1+x+x>+x>+...yields the generating function for the partial sums of ax. How

—X

are the binomial series for n and n + 1 related?

The previous exercise is just a restatement of the Hockey Stick Rule for Pascal’s triangle in
terms of the binomial series.

Exercise: Prove the Hockey Stick Rule by iterating Pascal’s identity.

Exercise (calculus required): Give another proof of the binomial series equation by
differentiating both sides of the geometric series equation n times.

Next, we consider symmetry properties of polynomials. Suppose /4 > 0. For a given function f{x),
the graph of f(x — h) is the graph of f(x) shifted to the right by /4. As a guiding example, every
quadratic polynomial can be put into the standard form g(x) = a(x — h)*> + k, where a is a nonzero
constant, (A, k) is the vertex of the associated parabola, and x = £ is its axis of symmetry. Note
that f(x) is an even polynomial in x — A.

Exercise: Convert the quadratic function f{x) = 3x* — 12x + 16 to standard form, graph the
parabola, and find the axis of symmetry.

Exercise: Express f(x) = 2x — 6 as an odd function of x — &, and draw its graph. For the linear

function f(x) = mx + b, express f(x) as an odd function of x — /4 for some 4. What notable item is
h?

Exercise: Use the binomial theorem to express f(x) = x* — 3x> + 6x — 4 as an odd function of

x — 1. Prove that the graph of any cubic polynomial is symmetric about some point (4, k). That is,
for the polynomial f(x) = ax® + bx*> + cx + d with nonzero a, prove that f(x) — k is an odd
polynomial in x — 4 for some constants / and k.

13



As seen in the previous installment, we can rewrite the binomial coefficient (L:”) asa
polynomial in either variable. As a polynomial in L, we have
L+n)! (L+n)(L+n-1)---(L+1
Qn(L):( ) _( ) ) ( ),
Lin! n!
and the graphs of n =2, 3, 4, and 5 are as follows:
Of course, Qn(L) =0 for L =-1, ..., -n. If we center the graphs about the y-axis, which appears on

the right in each figure, we see that each shifted function is even or odd. More precisely, each

. . . . 1 . .
polynomial is even or odd about the vertical line x = —%, and, in turn, we can write each
. . +1 .
polynomial as an even or odd function of L + nT For instance,

0x(L) = %((L + 3)2 - i) and O3(L) = é(L +2)((L+2P2-1).

Exercise: Verify the formulas for Q>(L) and Q3(L), and express Q4(L) and Qs(L) as an even or
odd polynomial about the corresponding axis. Give corresponding formulas for general n.

Furthermore, if we replace L with -L in Q.(L), we obtain (L ; 1}

(L-n)(L—n+1)---(L—1)

n!

On(-L) = (-1)"

_ (-1)"(L; 1} = (-1)"OL -1 — 1),

With the polynomial interpretation, we can extend the binomial coefficient notation to allow any
real number in the upper index. Thus, as polynomials in L,

(—Ln+ n} _ (-D”(L; 1} '

14



This equation is useful for calculations and is a fundamental example e—o—o—o
of combinatorial reciprocity. That is, if we have a counting formula
represented by a polynomial, replacing the variable with its negative

might produce a new counting formula. For example, consider the ¢
square with side length L with one corner at (0, 0) in the first quadrant
of the xy-plane. The number of points with integer coordinates in the

square is p(L) = (L + 1)*>. Changing the sign leads to p(-L) = (L — 1)*, ‘
the number of integer points strictly inside the square.

o

4

® ® ]

®

. .
. 4 . 4

®

This phenomenon is explained generally by Ehrhart theory, which considers the broader context
of rational polytopes. Our approach to the subject is less geometric, with a focus on basic
counting formulas, the binomial series, and generating functions. For an in-depth treatment of the
subject, we recommend the advanced book Combinatorial reciprocity theorems’ by Matthias
Beck and Raman Sanyal.

L+n

Exercise: The binomial coefficient ( M

) counts the number of ways to place L balls into n + 1

boxes. To prove the reciprocity equation up to sign, count such placements with the additional
condition that each box contains at least one ball.

L+n

As noted above, ( M

) counts the number of weak compositions of L with n + 1 parts. The

answer to the exercise is the corresponding number of strict compositions, as given in the
reciprocity equation. The excluded compositions have at least one vanishing part. Also, note that
there are no strict compositions of L with n + 1 parts for L <n.

Another approach to reciprocity is through recursive sequences. For instance, consider the
binomial series when n = 2. Numerically, we have

Fa(x) = - =1+3x+6x7+ 1007 + 15x* + .. ..
(I-x)
If we clear the denominator in the first equation, we obtain (1 — x)*F>(x) = 1, which yields the
following recursive description for ax = (k er 2) :

ar=3ak-1—3ak-2+ ak-3,fork>0,andaz2=a.1 =0, a0 =1.

The recursion is implemented by hand using discrete convolution. To calculate the coefficient of
x* without reference to x, we reverse the coefficients of 1 — 3x + 3x? — x* and position the 1 over
ar. Then we multiply down the columns, set the sum of the products to 0, and solve, as
implemented below.

3 Beck, M. and R. Sanyal. Combinatorial reciprocity theorems. Graduate studies in mathematics 195, American
Mathematical Society: Providence, RI, 2018. Beta version at https://matthbeck.github.io/papers/crt.pdf.
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We repeat this process by continuing to the right, but we
can also continue to the left, creating a new sequence with
generating function F>'(x) = a.1x + a2x* + . . .. For instance, a-3
the convolution template at right gives a3 = 1.

Exercise: Use discrete convolution to compute a4+ and a.s.

We obtain the same sequence! In fact, when read backwards, the recursive equation is unchanged
up to a sign factor. Also, since a.3 = 1, the initial conditions are the same up to a shift in the
indices.

On the other hand, if we use positive exponents in F2'(x), then, as a convolution, the recursive

equation for a.x should be modified by replacing x with 1/x. With a sign change to be explained,
we have

Fy'(x) = -F2>(1/x).
Now reciprocity follows from

-1 x’
Fa(1/x) = - = YF,(x).
W= Ty "y W

Likewise, it holds that F,'(x) = -F.(1/x). In general, the negative sign is the correction to a., -1,
depending on whether the coefficient of x**!in (1 —x)"*'is-1 or 1. When n is odd, @.,—1 =-1.

Exercise: Repeat the calculations with the discrete convolution for n =0, 1, 3, 4, and verify that
the formulas for F,,'(x) match the recursive sequences to the left.

With partial fractions and the binomial and geometric series, we have all the tools we need to

expand a general rational function r(x) = % into a formal power series, assuming we can factor
q(x

q(x) completely into powers of linear factors.

Exercise: Expand Go(x) = —— and Gi(x) = . Describe the corresponding sequences ax,
p —-2x

(I-2x )2
both in closed form and recurs1ve1y. Extend each sequence to the left recursively, and compare
each G'(x) with — G(1/x). Repeat for each sequence of partial sums of ax.

Our interest lies mainly in cases where g(x) = (1 —x)**! for some positive integer s. Then, no
exponential terms are needed, and we consider examples where the corresponding polynomials
h(L) retain some reciprocity from the binomial series. That is, for some s,

h(-1)=h(-2)=...=h(-s)=0and h(-L) =+h(L—s - 1).

As before, the latter condition implies that 4(L) can be represented as an even or odd polynomial

1nL+9—Jrl
2

Example: In the previous installment, we encountered the family of generating functions

16



(l + x)mfl

Fn(x) = ————.
(x) (l _ x)m+l

For each fixed m, the recursive sequences to the left are given in the columns of the table at the
end of the installment. The corresponding polynomials p,,, 2(L) are even or odd in L + 1, have
degree m, and satisfy pm, 2(-L) = (-1)"pm,2(L — 2).

Next, we revisit the counting function for anti-magic squares from the previous two installments.

Example: Recall that the number of anti-magic squares of size n with index L is given by
L+2n-1 L+n-1
p.(L) _( 2n-1 J_( 2n-1 j
with corresponding generating function

Fo() =1+ pu(Dx +pu(Q2 +. .. = 1_—)62
(I-x)™

If we replace L with -L in pn(L), we obtain
Iy = -L+2n-1) (-L+n-1
pull) = 2n—1 2n—1

_ ((D+2n-1)_((-L-n)+2n-1
N 2n—1 2n—1

_ L—-1 + L+n-1
= T 2n-1 2n—1
= pa(L—n).

Thus, for all n, p,(L) is an even polynomial in L + n/2. For n =3, 4, 5, 6, we have the graphs of
pn(L) below.

Furthermore, the following diagram explicitly describes the reflection about x = -n/2.
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Let’s find an explicit formula for p4(L) with an eye towards the general formula. Now

pu(ll) = (ij—ﬁ”} = %«L+1>---<L+7>—<L—3>---<L+3>>.

If we factor out (L + 1)(L + 2)(L + 3) and write each factor in terms of L + 2, then we obtain the
difference between

(L+2)+2)(L+2)+3)((L+2) +4)((L+2)+5)
and
(L+2)=2)((L+2)-3)((L+2)—4)((L+2)-5).
If we let x = L + 2 and expand, we obtain
(¢ + €10 + e + eax + 1) — (¥ — €1 + exx2 — e3x + e4) = 2(erx’ + ex),

where ex = ex(2, 3, 4, 5) is the kth elementary symmetric polynomial evaluated at (2, 3, 4, 5). To
define this polynomial, we revisit the main idea in the proof of the binomial theorem on page 12.

Consider the product P(x) = (x + r1)(x + r2)(x + r3)(x + r4). We could expand P(x) directly using
polynomial multiplication, but the elementary symmetric functions ex(r1, r2, 3, r4) give a direct

approach. To calculate the coefficient of x*, we consider all choices of k factors that contribute an

4

x, so that each remaining factor contributes an r;. There are ( P

) ways to choose, but instead of a

contribution of 1 in the binomial theorem, each contribution is now a product of 4 — k of the r;
values. For example, the coefficient of x*> equals

ez(h, r, r3, r4) =rr2+rir3 + rirs + rri3 + rr4 + rirs.
The symmetric property means that this expression is unchanged if we permute the indices in
any manner. Alternatively, to construct a given ex, we list the first k of the r; values and then add
a term for each permutation of the indices exactly once. As a convention, we set ep = 1.
With our numbers of interest,

€202,3,4,5)=2x3+2x4+2x5+3%x4+3x5+4x5="71.

Exercise: For k =1, 3, 4, find ex(r1, r2, 13, ra). Then verify that e; = 14 and e3 = 154.
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Exercise: Use elementary symmetric polynomials to expand (x + 2)(x + 3)(x + 4). What changes
if we instead expand (x — 2)(x — 3)(x — 4)?

Exercise: Completely expand (LI4), (LI3) , and (LZZ) as polynomials in L using elementary

symmetric functions.

Exercise: If we have s variables, what are ei(r1, ..., rs) and es(r1, ..., rs)? For general k and s,
calculate ex when each r; = 1. What polynomial results when each r; = 1?

We now have a formula for p4(L) that exhibits the even property:
pa(L) = %(L +2)2((L+2)° =D(A4(L+2)* +154).

Exercise: Repeat the preceding derivation for ps(L) and ps(L). For n = 6, the corresponding
values are e1 = 33, e3 = 3,135, and es = 24,552, while, for n = 8, we have

e1 =60, e3 =22,680, es = 1,155,420, e7 = 7,893,840.

Exercise: We might hope e: divides each ex with odd k as above, but this property fails when
n = 10. If you have access to a math computer program with symmetric functions, verify the
values of ex above and the statement about n = 10.

Exercise: Suppose n = 2m. Derive the general polynomial formula for p.(L) as an even
polynomial in L + m. The formula should have three parts: the 2/(2n — 1)! factor, the factor for
zeros, and the polynomial with coefficients ex, which is always even in L + m. Express the
arguments for e, in terms of m.

Exercise: Prove that a polynomial of odd degree has at least one real root. In the previous
exercise, prove that the polynomial with coefficients ex has no real roots.

Exercise: Suppose n =2m + 1. Derive the general polynomial formula for p,(L) as an even
polynomial in 2L + n.

Exercise: Find an alternative derivation for p4(L) from the reduced expression

I+x+x"+x°

Exercise: Using only F,(x), prove that p,(L) is a polynomial of degree 2n — 2.

Exercise: Repeat the exercise sequence for p,(L) with the generating function F,(x) = (11+—x)2 .

—X
Example: In the installment “Hypergraphs for semi-magic squares” (Volume 18, Number 4), we
considered the counting function Hs(L) for semi-magic squares of size 4. In this case, we noted
that H4(-L) = -H4(L — 4) and that the generating function is given by
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1+14x+87x> +148x> +87x* +14x° + x°

F(x) =
(l _ x)l()
The corresponding polynomial is
Hypy= L po4 s Bpry 2p6, H0ys By ST y5, 30y, 67 49
11340 630 135 3 540 10 5670 63 18 ’

and we can show that it is an odd polynomial in L + 2 by writing

Hy(L) = % (L+2)(L+2)* = DAL+ 2)°+23(L +2)* + 128(L + 2)* + 360).

Exercise: From the odd polynomial for Ha(L), verify that H4(-3) = Ha(-2) = Ha(-1) =0,
H4(0) =1, Ha(1) =24, H4(2) = 282, and H4(3) = 2008. If available, use a math computer program
to expand F(x) in series form and to verify that the polynomials for Hs(L) are equal.

Exercise: Explain the reciprocity and vanishing properties of H4(L) in terms of permutation
matrices and semi-magic squares with only positive entries.

Finally, we revisit two examples from past installments with geometric terms.

Exercise: Recall that the generating function for the Fibonacci sequence is

F(x)= ——.
) l—x—x*

With ap = 0 and a; = 1, the recursive equation is given by ax+1 = ax + ax—1 for k > 1. Calculate
the recursive sequence to the left. Explain the behavior of this sequence by rewriting the
recursive equation and the initial condition to the left and then comparing F(1/x) with F(-x). Use
partial fractions to derive a Binet formula for F(1/x).

Exercise: From the installment “Generating Functions for Partitions” (Volume 16, Number 5),
recall that the counting function for partitions with at most two parts has generating function

1
FZ(X) =
A-x)1-x")
Calculate the recursive sequence to the left, and describe reciprocity and vanishing in this case.
Repeat for partitions with at most three parts.

Exercise: Suppose the generating function for the sequence ax is represented by the rational

function F(x) = £ ((x)) . Find conditions on F(x) such that a reciprocity formula holds for the
q(x

recursive sequence a.x. First, consider the case where g(x) = (1 — x)"*! for some n. For the
general case, consider both the recursive equation for ax, which targets g(x), and the initial
conditions, which target p(x).
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Taylor Series for Tangent, Part 4
by Ken Fan | edited by Jennifer Sidney

The nth derivative of tan(x), with respect to x, is
As Emily and Jasmine walk to Cake Country,
they continue discussing the math. p,(2sin(x))
cos"M(x)
Jasmine: If we didn’t know that ¢k, , and dk, »

. . h () is defined ively b =1 and
ultimately come from the tangent function, I PSS RS CeEE SR ECiiR e VBYRIC) S as

don’t know how we would have been able to . (n+Dap, () +@E=2)p' (%)
prove con=don+di.n+dan+ ... +dn_1,.for Pr+1(x) = 5 ;
odd n. The induction approach we tried looked

awfully messy! for n > 1, where p’,(x) denotes the derivative of p,(x)

with respect to x. Let ¢, » be the coefficient of x* in
pa(x) and let di, , = ci, /2% =%~ 12 We also define ¢,

Emily: I’'m okay with not having an algebraic o o (0, s T
proof. I actually really like our way of showing
it! What nags at me is that we’ve proven an Clon+1= n—l;+ 2 Ck—1.n+ 20k + 1)Ck+ 1,1,
identity that only works for odd n. It makes me
think that we’ve got only half of some picture. n—k+2
din+1= di—1,n+ (k+ 1)di+1,n.

Jasmine: Hm. Maybe!

Emily: Actually, I believe that dx, , is the coefficient of x* in the polynomial p, (\/Ex) /N2 " for

all positive integers n, not just odd .
Jasmine: Yes, that’s true for all n.

Emily: And so it must be true, by setting x equal to 1, that the sum of the dx, », over k while fixing
n,isequalto p, (\/5)/\/5"_1, for all n.

Jasmine: Yes!

Emily: And, for all n, we also know that p, “2) 2 " tan®(z/4). So the sum of the di, », over
k, for all n must be tan"”(z/4)/2".

Jasmine: Left!
Emily: Huh?
Jasmine: Cake Country’s this way. That way’s your house.

Emily: Oh, right. All this is the same situation we found when 7 is odd. The only difference is
that we don’t know how to connect these numbers to the ck, ».
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Jasmine: We just know that it’s definitely not co, », since for even n, co,» = 0.

Emily: What happens if we take the trick you used to isolate the odd terms in the expansion of
tan(z/4 + x) and we apply it to isolate the even terms?

Jasmine: Yes, that should inform us what the sum of the di . (over k) is for even n!

Emily and Jasmine arrive at Cake Country and seat themselves at their favorite booth. Instead
ordering, they pull some scratch paper out of their backpacks and carry on with the math.

Emily: To isolate the even terms, I guess we should take the average of tan(z/4 + x) and

of

tan(z/4 — x). Actually, to account for the powers of 2, we can take the average of tan(z/4 + x/2)

and tan(z/4 — x/2). That is,

V. V.
tan(— + _)+tan(—— )
4 2 4 = tan(z/4) +

tan'® (7 /4)/2* 2+ tan¥ (7 /4)/2* N
5 ! :

Jasmine: We can probably simplify that left-hand side with trig identities.

tan(zz /4)+tan(x/2) N tan(zz /4)—tan(x/2)
1—tan(zr/4)tan(x/2) 1+tan(z/4)tan(x/2)
2 2
1+tan(x/2) N 1—tan(x/2)
= 1-tan(x/2) 1+tan(x/2)
2

T x T x
tan(=+>)+tan(=—=
(4 2) (4 2)

(1+tan(x/2))* +(1—tan(x/2))*
2(1—tan(x/2))(1+ tan(x / 2))

2+2tan*(x/2)
2(1—-tan*(x/2))

1+ tan’(x/2)
1—tan®(x/2)

Emily: Here we can use the half-angle identity for tangent, tan(x/2) = I-cosx .

1+(1—‘Cosxj2
sin x

1— 1—cosx 2
sin x

sin x
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sin® x4 (1—2cos x +cos’ x)

sin® x —(1—2cos x +cos” x)
2—2cosx

2cos x—2cos” x)
1
COS X

Jasmine: How about that! So if we denote by sec"™(x) the nth derivative of secant of x, with
respect to x, then for even n, we have

d(),n +d1,n +d2,n + ... +dn71,n = SCC(n)(O).

n—1
Emily: I guess we can combine our observations. If we let D, = Zd v, and we let
k=0

f(x) =tan(x) + sec(x) = I+sin x

= tan(z/4 + x/2),
COS X

then D, = £™(0), for all integers n > 1. This feels more complete.

Jasmine: It does, and it’s all very interesting. Yet it doesn’t seem to help us get any closer to
finding a quick way to compute the Taylor series for the tangent function. We still have no way
to compute either co, ,» or D, other than recursively, unless the Taylor series for f{x) is easy to

compute. ..

Mr. ChemCake: You two have been working hard! Here’s some fuel for your minds ... on the
house!

Emily: Wow! Thanks, Mr. ChemCake!

Emily and Jasmine each pick up what looks like a very dense dark brownie with some kind of
off-white frosting and try a bite. But it’s not a brownie at all; it tastes like a meat wafer!

Jasmine: That’s different! Actually, I kind of like it! What is it?

Mr. ChemCake: It’s pemmican ... shredded meat, tallow, and salt. It’s what Native Americans
ate for sustenance during the winter. I’ve been experimenting to see if I can give it more of a
cake-like texture.

Emily: Hopefully it’ll help us make some progress.

Mr. ChemCake: Let me know. But that should give you enough energy for at least a few more
hours of math!
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Notes from the Club

These notes cover some of what happened at Girls’ Angle meets. In these notes, we include
some of the things that you can try or think about at home or with friends. We also include some
highlights and some elaborations on meet material. Less than 5% of what happens at the club is
revealed here.

Session 38 - Meet 5 Mentors: Elisabeth Bullock, Jessica Charalel, Elsa Frankel,
March 5, 2026 Kira Lewis, Yaqi Li, Sophia Liao, Hanna Mularczyk,
Maya Robinson, Amanda Tran

Our meets see members thinking about all kinds of mathematics. There are so many topics
within mathematics and so many topics to which mathematics can be applied. Just at this meet,
members were thinking about the mathematics behind Rubik’s cube, Platonic solids (especially,
the icosahedron and dodecahedron), symmetry groups, entanglement puzzles, power series and
the exponential function, determinants and volumes, random object selection, representations of
numbers by quadratic forms, the game of sprouts, logarithms, and partitions. If you want to get
involved with mathematics, there are almost certainly many topics that you’d find interesting to
think about.

Session 38 - Meet 6 Mentors: Elisabeth Bullock, Elsa Frankel, Clarise Han,
March 12, 2026 Shauna Kwag, Hanna Mularczyk,
Maya Robinson, Amanda Tran

Try to forget everything you know about geometric shapes. How would you then go about
classifying and categorizing them? Do you think there is a sensible way to put all geometric
objects into a sensible list? What relationships would you take note of that exist between
geometric objects? Are there any equivalence relations that you would want to define to reduce
the scope of the task? Would your categories exist on a continuum, or would it consist of a
discrete set of classes? Would there be infinitely many categories? Would there be a way to
parametrize all the geometric shapes?

Session 38 - Meet 7 Mentors: Elisabeth Bullock, Shauna Kwag, Hanna Mularczyk,
March 19, 2026 Maya Robinson, Amanda Tran

If you’re interested in trying your hand at creating math, but are drawing a blank about what kind
of math to create, try to start with a math problem that you enjoy and then modify it. Past math
competitions are a good source of problems. For example, using a random number generator to
pick one of the 15 problems on the latest AIME 1 competition, this problem was selected:

Find the number of functions 7 mapping the set A = {1, 2, 3, 4, 5, 6} onto A such that for
every a € A, n(n(n(n(n(n(a)))))) = a. First, try to solve the problem. If you do this, you’ll see that
the problem is asking for is the number of permutations in Ss that have an order that divides
evenly into 6. Then, think of ways to modify this question: How many permutations are there in
Se that have order exactly 6?7 More generally, how many permutations are there in S, that have
order m? What can you say about the positive integer m for which there exists an element of
order m in S,? If you pick a random permutation, with each permutation equally likely, what is
its expected order?
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Session 38 - Meet 8 Mentors: Elisabeth Bullock, Jessica Charalel, Elsa Frankel,
April 2, 2026 Clarise Han, Kira Lewis, Hanna Mularczyk

Visitor: Ila Fiete, MIT McGovern Institute

Prof. Ila Fiete’s presentation last fall (see the Notes from the Club in Volume 19, Number 1) was
so popular, that our members made it crystal clear that they would love to hear from her again.
We’re grateful to Prof. Fiete for agreeing to visit again this spring!

Ila began with a brief recap of her fall presentation. She then introduced us to the
hippocampus and the entorhinal cortex, brain regions of particular interest in navigation. The
hippocampus is where new, experienced memories, are formed. She mentioned the intriguing
case of Henry Molaison, who damaged his hippocampus and could not form memories. Another
example, which Ila did not mention but the reader might be interest in is the case of Clive
Wearing. Mr. Wearing was a musician and can still play pieces he learned in his childhood from
memory, but he cannot remember that you visited 10 minutes ago.

She then described place cells and compass (or “head direction”) cells and described
various experiments that reveal what role these cells play in navigation. Members asked
numerous excellent questions, such as:

- Why do some of the compass cells produce a really clean, Gaussian-like, signal, whereas others
produce messy signals. (Ila: nobody knows.)

- If arat is placed in an identical room, will its place cells remap or preserve its current mapping?
(Ila: translocating into an identical room, there’s no remapping...but if the rat travels from one
room to an identical room through a hallway, it does remap.)

Session 38 - Meet 9 Mentors:  Elisabeth Bullock, Jessica Charalel, Elsa Frankel,
April 9, 2026 Kira Lewis, Hanna Mularczyk, Amanda Tran

Our youngest members created a nifty way to transform English words into pretty logograms. If
you were to invent a way to turn English words into unique pictures, what would “Girls’ Angle”
look like in your system?

Session 38 - Meet 10  Mentors:  Elisabeth Bullock, Jessica Charalel, Shauna Kwag,
April 16, 2026 Sophia Liao, Hanna Mularczyk, Maya Robinson,
Amanda Tran

For what positive integers k does the set of k-cycles in the symmetric group S, (n > k) generate
S,? What subgroup of S, is generated by its set of k-cycles?

Session 38 - Meet 11  Mentors:  Elisabeth Bullock, Elsa Frankel, Clarise Han,
April 30, 2026 Shauna Kwag, Kira Lewis, Yagqi Li, Maya Robinson,
Amanda Tran, Anlan Xu

Pick one of your favorite functions. Can you figure out a way to define it using a functional
relationship?
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Calendar

Session 37: (all dates in 2025)

September 11
19
25
October 2
9
16
23
30
November 6
13
20
27
December 4

Start of the thirty-seventh session!

Ila Fiete, MIT

Thanksgiving - No meet

Session 38: (all dates in 2026)

January 29
February 5
12
19
26
March 5
12
19
26
April 2
9
16
23
30
May 7

Start of the thirty-eighth session!

No meet

No meet
Ila Fiete, MIT

No meet

Girls’ Angle has run nearly 200 Math Collaborations. Math Collaborations are fun, fully
collaborative, math events that can be adapted to a variety of group sizes and skill levels. We
now have versions where all can participate remotely. We have now run four such “all-virtual”
Math Collaboration. If interested, contact us at girlsangle @gmail.com. For more information
and testimonials, please visit www.girlsangle.org/page/math_collaborations.html.

Girls’ Angle can offer custom math classes over the internet for small groups on a wide range of
topics. Please inquire for pricing and possibilities. Email: girlsangle @gmail.com.
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Girls’ Angle: A Math Club for Girls

Membership Application

Note: If you plan to attend the club, you only need to fill out the Club Enrollment Form because all
the information here is also on that form.

Applicant’s Name: (last) (first)

Parents/Guardians:

Address (the Bulletin will be sent to this address):

Email:

Home Phone: Cell Phone:

Personal Statement (optional, but strongly encouraged!): Please tell us about your relationship to
mathematics. If you don’t like math, what don’t you like? If you love math, what do you love? What
would you like to get out of a Girls’ Angle Membership?

The $50 rate is for US postal addresses only. For international rates, contact us before applying.
Please check all that apply:

O Enclosed is a check for $50 for a 1-year Girls’ Angle Membership.

O Iam making a tax-free donation.

Please make check payable to: Girls’ Angle. Mail to: Girls’ Angle, P.O. Box 410038, Cambridge, MA
02141-0038. Please notify us of your application by sending email to girlsangle @ gmail.com.

irls

o

gl

o

A Math Club for Girls
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Girls’ Angle
Club Enrollment

Gain confidence in math! Discover how interesting and exciting math can be! Make new friends!

The club is where our in-person mentoring takes place. At the club, girls work directly with our mentors
and members of our Support Network. To join, please fill out and return the Club Enrollment form.
Girls’ Angle Members receive a significant discount on club attendance fees.

Who are the Girls’ Angle mentors? Our mentors possess a deep understanding of mathematics and
enjoy explaining math to others. The mentors get to know each member as an individual and design
custom tailored projects and activities designed to help the member improve at mathematics and develop
her thinking abilities. Because we believe learning follows naturally when there is motivation, our
mentors work hard to motivate. In order for members to see math as a living, creative subject, at least one
mentor is present at every meet who has proven and published original theorems.

What is the Girls’ Angle Support Network? The Support Network consists of professional women
who use math in their work and are eager to show the members how and for what they use math. Each
member of the Support Network serves as a role model for the members. Together, they demonstrate that
many women today use math to make interesting and important contributions to society.

What is Community Outreach? Girls’ Angle accepts commissions to solve math problems from
members of the community. Our members solve them. We believe that when our members’ efforts are
actually used in real life, the motivation to learn math increases.

Who can join? Ultimately, we hope to open membership to all women. Currently, we are open primarily
to girls in grades 5-12. We welcome all girls (in grades 5-12) regardless of perceived mathematical
ability. There is no entrance test. Whether you love math or suffer from math anxiety, math is worth
studying.

How do I enroll? You can enroll by filling out and returning the Club Enrollment form.

How do I pay? The cost is $20/meet for members and $30/meet for nonmembers. Members get an
additional 10% discount if they pay in advance for all 12 meets in a session. Girls are welcome to join at
any time. The program is individually focused, so the concept of “catching up with the group” doesn’t

apply.

Where is Girls’ Angle located? Girls’ Angle is based in Cambridge, Massachusetts. For security
reasons, only members and their parents/guardian will be given the exact location of the club and its
phone number.

When are the club hours? Girls’ Angle meets Thursdays from 3:45 to 5:45. For calendar details, please
visit our website at www.girlsangle.org/page/calendar.html or send us email.

Can you describe what the activities at the club will be like? Girls’ Angle activities are tailored to each
girl’s specific needs. We assess where each girl is mathematically and then design and fashion strategies
that will help her develop her mathematical abilities. Everybody learns math differently and what works
best for one individual may not work for another. At Girls’ Angle, we are very sensitive to individual
differences. If you would like to understand this process in more detail, please email us!
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Are donations to Girls’ Angle tax deductible? Yes, Girls’ Angle is a 501(c)(3). As a nonprofit, we rely
on public support. Join us in the effort to improve math education! Please make your donation out to
Girls’ Angle and send to Girls’ Angle, P.O. Box 410038, Cambridge, MA 02141-0038.

Who is the Girls’ Angle director? Ken Fan is the director and founder of Girls’ Angle. He has a Ph.D.
in mathematics from MIT and was a Benjamin Peirce assistant professor of mathematics at Harvard, a
member at the Institute for Advanced Study, and a National Science Foundation postdoctoral fellow. In
addition, he has designed and taught math enrichment classes at Boston’s Museum of Science, worked in
the mathematics educational publishing industry, and taught at Hasim. Ken has volunteered for Science
Club for Girls and worked with girls to build large modular origami projects that were displayed at
Boston Children’s Museum.

Who adyvises the director to ensure that Girls’ Angle realizes its goal of helping girls develop their
mathematical interests and abilities? Girls’ Angle has a stellar Board of Advisors. They are:

Connie Chow, founder and director of the Exploratory

Yaim Cooper, Institute for Advanced Study

Julia Elisenda Grigsby, professor of mathematics, Boston College

Kay Kirkpatrick, associate professor of mathematics, University of Illinois at Urbana-Champaign

Grace Lyo, assistant dean and director teaching & learning, Stanford University

Lauren McGough, postdoctoral fellow, University of Chicago

Mia Minnes, SEW assistant professor of mathematics, UC San Diego

Beth O’Sullivan, co-founder of Science Club for Girls.

Elissa Ozanne, associate professor, University of Utah School of Medicine

Kathy Paur, Kiva Systems

Bjorn Poonen, professor of mathematics, MIT

Liz Simon, graduate student, MIT

Gigliola Staffilani, professor of mathematics, MIT

Bianca Viray, associate professor, University of Washington

Karen Willcox, Director, Oden Institute for Computational Engineering and Sciences, UT Austin

Lauren Williams, professor of mathematics, Harvard University

At Girls’ Angle, mentors will be selected for their depth of understanding of mathematics as well as
their desire to help others learn math. But does it really matter that girls be instructed by people
with such a high-level understanding of mathematics? We believe YES, absolutely! One goal of
Girls’ Angle is to empower girls to be able to tackle any field regardless of the level of mathematics
required, including fields that involve original research. Over the centuries, the mathematical universe
has grown enormously. Without guidance from people who understand a lot of math, the risk is that a
student will acquire a very shallow and limited view of mathematics and the importance of various topics
will be improperly appreciated. Also, people who have proven original theorems understand what it is
like to work on questions for which there is no known answer and for which there might not even be an
answer. Much of school mathematics (all the way through college) revolves around math questions with
known answers, and most teachers have structured their teaching, whether consciously or not, with the
knowledge of the answer in mind. At Girls’ Angle, girls will learn strategies and techniques that apply
even when no answer is known. In this way, we hope to help girls become solvers of the yet unsolved.

Also, math should not be perceived as the stuff that is done in math class. Instead, math lives and thrives

today and can be found all around us. Girls’ Angle mentors can show girls how math is relevant to their
daily lives and how this math can lead to abstract structures of enormous interest and beauty.
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Girls’ Angle: Club Enrollment Form

Applicant’s Name: (last) (first)

Parents/Guardians:

Address: Zip Code:

Home Phone: Cell Phone: Email:

Please fill out the information in this box.

Emergency contact name and number:

Pick Up Info: For safety reasons, only the following people will be allowed to pick up your daughter. Names:

Medical Information: Are there any medical issues or conditions, such as allergies, that you’d like us to know about?

Photography Release: Occasionally, photos and videos are taken to document and publicize our program in all media forms. We will
not print or use your daughter’s name in any way. Do we have permission to use your daughter’s image for these purposes? Yes  No

Eligibility: Girls roughly in grades 5-12 are welcome. Although we will work hard to include every girl and to communicate with you
any issues that may arise, Girls’ Angle reserves the discretion to dismiss any girl whose actions are disruptive to club activities.

Personal Statement (optional, but strongly encouraged!): We encourage the participant to fill out the
optional personal statement on the next page.

Permission: I give my daughter permission to participate in Girls’ Angle. I have read and understand
everything on this registration form and the attached information sheets.

Date:
(Parent/Guardian Signature)
Participant Signature:
Members: Please choose one. Nonmembers: Please choose one.
O Enclosed is $216 for one session 0O I will pay on a per meet basis at $30/meet.
(12 meets) ; ;
O I’'mincluding $50 to become a member,
O I will pay on a per meet basis at $20/meet. and I have selected an item from the left.

O Iam making a tax-free donation.

Please make check payable to: Girls’ Angle. Mail to: Girls’ Angle, P.O. Box 410038, Cambridge, MA
02141-0038. Please notify us of your application by sending email to girlsangle @gmail.com. Also,
please sign and return the Liability Waiver or bring it with you to the first meet.
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Personal Statement (optional, but strongly encouraged!): This is for the club participant only. How
would you describe your relationship to mathematics? What would you like to get out of your Girls’
Angle club experience? If you don’t like math, please tell us why. If you love math, please tell us what
you love about it. If you need more space, please attach another sheet.

Girls’ Angle: A Math Club for Girls
Liability Waiver

I, the undersigned parent or guardian of the following minor(s)

¥

do hereby consent to my child(ren)’s participation in Girls’ Angle and do forever and irrevocably release Girls’
Angle and its directors, officers, employees, agents, and volunteers (collectively the “Releasees”) from any and
all liability, and waive any and all claims, for injury, loss or damage, including attorney’s fees, in any way
connected with or arising out of my child(ren)’s participation in Girls’ Angle, whether or not caused by my
child(ren)’s negligence or by any act or omission of Girls’ Angle or any of the Releasees. I forever release,
acquit, discharge and covenant to hold harmless the Releasees from any and all causes of action and claims on
account of, or in any way growing out of, directly or indirectly, my minor child(ren)’s participation in Girls’
Angle, including all foreseeable and unforeseeable personal injuries or property damage, further including all
claims or rights of action for damages which my minor child(ren) may acquire, either before or after he or she
has reached his or her majority, resulting from or connected with his or her participation in Girls’ Angle. I agree
to indemnify and to hold harmless the Releasees from all claims (in other words, to reimburse the Releasees and
to be responsible) for liability, injury, loss, damage or expense, including attorneys’ fees (including the cost of
defending any claim my child might make, or that might be made on my child(ren)’s behalf, that is released or
waived by this paragraph), in any way connected with or arising out of my child(ren)’s participation in the
Program.

Signature of applicant/parent: Date:

Print name of applicant/parent:

Print name(s) of child(ren) in program:
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