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An Interview with 
Amanda Tucker 

 

Amanda Tucker, née Beeson, is Associate 

Professor of Mathematics (non-tenure) and 

Assistant Director of Undergraduate Studies 

at the University of Rochester. She obtained 

her Bachelor of Science in Mathematics, 

with Computer Science at the Massachusetts 

Institute of Technology and earned both a 

Master’s degree and Doctor of Philosophy in 

Mathematics from the University of 

California, San Diego under the supervision 

of Harold Stark. In addition to her research, 

she has been involved with math education, 

including founding Flower City Math Girls. 

 

Ken: How did you become interested in 

mathematics?  

 

Amanda: I don’t remember a time when I 

was not interested in mathematics. I do 

vividly remember really enjoying 

Montessori kindergarten lessons about 

counting beads (and using this to count 

length, area, volume) and have since come 

across my teacher’s notes about me at that 

age, which include (comically) my 

disinterest in the “real world” lessons. My 

dad is a mathematician and my mom is a 

Montessori teacher, so math was “in the air” 

as I was growing up. 

 

Ken: What do you like about mathematics? 

 

Amanda: I liked and still like the purity of 

mathematics: clear questions, rigorous 

statements, watertight proofs. I am also 

drawn to the challenge of mathematics: 

working on and succeeding at hard 

problems, from puzzles to math papers, is a 

deep pleasure for me. This mystique of the 

unknown is also alluring to me: learning and 

figuring out whole abstract math theories 

that reveal beautiful, often intricate, 

nuanced, subtle worlds that live all in the 

mind, and, yet, realizing there is more that is 

still a mystery, sitting at the limit of human 

understanding, is a profound experience. 

Finally, in contrast, to the above, I also 

enjoy the application of math: I am always 

in awe that math does such a remarkably 

good job of modeling the real world. 

 

Ken: Can you recall a specific math 

problem or concept that first got you excited 

about math? 

 

Amanda: I remember in the second grade 

my teacher took me to the fourth through 

sixth grade multiage room to learn how to 

compute the volume of the various beautiful 

wooden blue solids they had one display 

there. I was dazzled by this at that age and 

only wanted to know more. I also remember 

my dad teaching me Cantor’s diagonal 

argument, and that really lit a light in me. 

What a simple and beautiful argument with 

such deep implications (for me, at the time)! 

 

I certainly owe a great deal of my 

excitement about number theory and 

theoretical math to Glenn Stevens’s 

PROMYS Program at Boston University, 

which I first attended as a high school 

student and later as a counselor. Over the 

summer after my junior year of high school, 

I devoted a lot of time to figuring out (with 

much gentle guidance from problem sets and 

counselors, notably Henry Cohn of 

Microsoft Research/MIT) and proving that 

every integer can be expressed as a sum of 

four squares.  

 

I’ve had to really work on checking 

my ego and my self-consciousness 

and get comfortable asking 

whatever question I have, however 

nebulous or vague or ill-formed. 
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Dear Reader, 
 

We’re committed to producing quality math educational 
content and make every effort to provide this content to you 
for free. 

We are also committed to surviving as a nonprofit! 
 For this issue, those who do not subscribe to the print 
version will be missing out on a portion of the content.   We 
hope that you consider the value of such content and decide 
that the efforts required to produce such content are worthy of 
your financial support. 
 We know that mathematical interest and talent is 
unrelated to economic status, which is why we provide so 
much content for free.  But we hope that those of you who are 
comfortable financially will help us to continue in our efforts. 
 So, please consider subscribing to the Bulletin.  Thanks 
to our sponsors, subscriptions cost $36/year.  With a 
subscription, you have also gained access to our mentors via 
email and the ability to influence content in this Bulletin.  Visit 
www.girlsangle.org/page/bulletin_sponsor.html for more 
information. 
 
Thank you and best wishes, 
Ken Fan 
President and Founder 

                           Girls’ Angle: A Math Club for Girls 
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Content Removed from Electronic Version 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

The American Mathematical Society is generously offering a 25% discount on the two book set 
Really Big Numbers and You Can Count On Monsters to readers of this Bulletin.  To redeem, go to 
http://www.ams.org/bookstore-getitem/item=MBK-84-90 and use the code “GIRLS” at checkout. 
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America’s Greatest Math Game: Who Wants to Be a Mathematician. 
 

(advertisement) 
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Approximating Powers of 2 Using Powers of 3 
and Break Point Rounding  
by Anna Gorman-Huang and Evelyn Marks1 | edited by Amanda Galtman 
 
The Object of Study 

 

Our main object of study is a sequence f(n) which we define on nonnegative integers n as 
follows: f(n) is the integer k such that 3k/2n is closest to 1. If there are two values of k such that 
the associated values 3k/2n are equidistant from 1, we let f(n) be the lesser value. 
 
Properties of the Sequence 

 
Note that f(0) = 0. When n = 1, we have 30/2 = 1/2 and 31/2 = 3/2, which are both 1/2 away from 
1. By definition, in the case of a tie, we take the smaller value of the exponent in the numerator, 
so f(1) = 0. When n > 1, by unique prime factorization, there can no longer be ties; a tie can 
occur only if 3f(n)/2n = 1/2, which would mean that 3f(n) = 2n – 1. Therefore, for all values of n 
beyond 1, we can define f(n) to be the unique integer k such that 3k/2n is closest to 1. 
 
Proposition 1. For all nonnegative integers n, we have 1/2 ≤ 3f(n)/2n < 3/2. Furthermore, equality 
occurs if and only if n = 1. 
 
Proof. Suppose that 3f(n)/2n < 1/2. Then 3f(n)/2n < 3f(n) + 1/2n < 3/2, which shows that 3f(n) + 1/2n is 
closer to 1 than 3f(n)/2n, contrary to the definition of f. Similarly, suppose 3f(n)/2n > 3/2. Then 
1/2 < 3f(n) – 1/2n < 3f(n)/2n, which shows that 3f(n) – 1/2n is closer to 1 than 3f(n)/2n, contrary to the 
definition of f. That equality holds if and only if n = 1 follows from unique factorization. ◻ 
 
Corollary 1. For n > 1, f(n) is the only integer k such that 1/2 ≤ 3k/2n < 3/2. 
 

Proof. This follows from the fact that if 1/2 ≤ a < 3/2, then a/3 < 1/2 and 3a ≥ 3/2. ◻ 
 
Proposition 2. For all nonnegative integers n, we have f(n) ≤ f(n + 1) ≤ f(n) + 1. 
 
Proof. Note that the proposition is true for n = 0 and n = 1, by inspection. So let’s assume n > 1, 
so that 1/2 < 3f(n)/2n < 3/2, by Proposition 1 (that is, the inequalities are strict). Dividing 
throughout by 2, we find that 1/4 < 3f(n)/2n + 1 < 3/4. That shows that 3f(n) – 1/2n + 1 < 1/4, from 
which we conclude that f(n + 1) > f(n) – 1. 
 
To show that f(n + 1) ≤ f(n) + 1, we must show that 2n + 1 cannot be closer to 3f(n) + 2 than to 
3f(n) + 1. We can compare 2n + 1 to the midpoint between 3f(n) + 1 and 3f(n) + 2, which is 
 

(3f(n) + 1 + 3f(n) + 2)/2  = 2(3f(n) + 1). 
 
By Proposition 1, 3f(n)/2n > 1/2. Thus, 3f(n) + 1 > 3(2n – 1) > 2n. Hence 2(3f(n) + 1) > 2n + 1. Therefore, 
2n + 1 is closer to 3f(n) + 1 than to 3f(n) + 2. Hence, f(n + 1) < f(n) + 2. ◻ 

 

 
1 All authors are 8th graders at the Buckingham, Browne, & Nichols Middle School in Cambridge, Massachusetts. 
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An Explicit Formula for f(n) and an Introduction to Break Point Rounding 

 
In this section, we give an explicit formula for f(n). In order to do that, we introduce a rounding 
function that we call “break point rounding.” Break point rounding is a type of rounding that 
specifies a point from which you round up or down to the nearest integer. Precisely, we have 
 
Definition. Let n and x be real numbers, and assume 0 ≤ x ≤ 1. Let a be the greatest integer less 
than or equal to n (i.e., the floor of n), and let b be the least integer greater than or equal to n (i.e., 
the ceiling of n). We define the break point rounding of n at x to be a if n ≤ a + x and b if 
n > a + x. We denote this by BPRx n. 
 
Note that a = BPR1 n and b = BPR0 n. Also, standard rounding is -BPR0.5 (-n). 
 
If we want 3k/2n to be closest to 1, that means we want to minimize the distance between 3k and 
2n. That is, 3k – 2n should be close to 0, or 
 

3k ≈ 2n. 
 
Using the logarithm, this is equivalent to 
 

k ≈ n log3 2. 
 
So, k is either the floor or the ceiling of n log3 2. In fact, we have the following: 
 

Theorem. We have f(n) = 
3log3 2BPR ( log 2)n . 

 
Proof. Since we can directly verify this for n = 0 and 1, we assume n > 1. 
 
We can always write n log3 2 = a + z, where a = BPR1 (n log3 2) and z is the fractional part of 
n log3 2. Note that 3a + z = 2n. 
 
Now suppose z ≤ log3 2. Then 
 

1 ≥ 
3

2

a

n
 = 

3

2 3

a z

n z

+

 = 
1

3z
 ≥ 

3log 2

1

3
 =

1

2
. 

 
By Corollary 1, it follows that f(n) = a. 
 
Now, suppose z > log3 2. Then 
 

1 ≤ 
13

2

a

n

+

 = 
(1 )3

2

a z z

n

+ + −

 = 31 – z = 
3

3z
 > 

3log 2

3

3
 = 

3

2
. 

 
By Corollary 1, it follows that f(n) = a + 1. 
 
The theorem follows. ◻ 
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Integer Sequences 

 
Of all the sequences on the On-Line Encyclopedia of Integer Sequences (OEIS), the one that 
agrees most closely with our f(n) is sequence A020915 entitled “Number of digits in base-3 

representation of 2^n” by Clark Kimberling. The sequence is given by the formula 1 + ⌊log3 2n⌋, 
where ⌊x⌋ is the floor of x. Note that 1 + ⌊log3 2n⌋ = BPR0 log3 2n for positive integer n . We use a 
different rounding scheme, so our sequence is different, but the two sequences are closely 
related. Specifically, for positive integers n, f(n) is equal to Kimberling’s sequence when the 
fractional part of log3 2n exceeds log3 2. Otherwise, f(n) is one less than the corresponding term 
of A020915. Thus, our sequence differs from A020915 approximately 63.1% of the time because 
log3 2 is approximately 0.631. 
 

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 

f(n) 0 0 1 2 2 3 4 4 5 6 6 7 7 8 9 9 10 11 11 12 12 

A020915(n) 1 1 2 2 3 4 4 5 6 6 7 7 8 9 9 10 11 11 12 12 13 

 
Table 1. Comparison of f(n) to OEIS A020915. 

 
 
Analogous Sequences 

 
Our sequence f(n) is concerned with ratios of powers of 3 to powers of 2. Here, we generalize to 
ratios of powers of x to powers of y, where x and y are real numbers greater than 1. 
 
Specifically, let g(n) be the integer value of k such that xk/yn is closest to 1, where, in the case of 
a tie, we take k to be the smaller of the two possibilities. 
 
The generalization of some of our earlier results to this setting are as follows. 
 
The analogue of Corollary 1 is that g(n) is the unique integer k such that 
 

2 2

1 1

k

n

x x

x y x
≤ <

+ +

. 

 
(Note that 2x/(x + 1) and 2/(x + 1) are equidistant from 1, and their ratio is x.) 
 
Likewise, we know that g(n) is either a ≡ BPR1 (n logx y) or BPR0 (n logx y). Which one? To 
answer, let b be the fractional part of n logx y. Then xa + b = yn. By multiplying both sides of the 
inequality 
 

a

n

x

y
 < 

2

1x +

 

 
by xb, we find that this inequality holds exactly when 1 < 2xb/(x + 1). Isolating b, we see that this 
occurs when b > logx ((x + 1)/2). In this way, we find that the analogue of our main theorem is 
 

g(n) = 1
log

2

BPR ( log )x x
x

n y
+

. 
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An Introduction to LR Numbers  
by Helena Lai and Margot Reinfeld1 | edited by Amanda Galtman 
 
We decided to model a die that can come up with any positive integer instead of just the numbers 

one through six. Our probability model is based on the fact that 0.9  equals 1, except that we 
decided to use an arbitrary base b, where b is any integer greater than 1. When our die is rolled, 
the probability of getting a 1 is (b – 1)/b, the probability of getting a 2 is (b – 1)/b2, and so on. In 
general, the probability of rolling a K is (b – 1)/bK. 
 
We studied the probability of getting n as the product of the outcomes of independent rolls of 
two such dice. For example, to achieve 3, you have to roll 1 and 3, or 3 and 1. So, the probability 
of getting 3 is 2(b – 1)2/b1 + 3. 
 
Let P(n) be the probability of getting n as the product of the outcomes of independently rolling 
two such dice. We decided to see if there were any patterns to these probabilities, and there 
were! We initially thought that the probability of rolling product n would always be greater than 
the probability of rolling n + 1. We found that this is true for some n, but there are exceptions. 
This motivated us to make the following definition: 
 
Definition. A positive integer n is an LR number if and only if P(n) < P(n + 1) for all 
sufficiently large b. 
 
Before getting to our results about LR numbers, we prove a key lemma. 
 
Lemma. Let n be a positive integer. For positive x, the expression x + n/x is minimized at 

x = n , strictly decreasing for 0 < x < n , and strictly increasing for x > n . 

 
Proof. We prove the lemma in two steps. 
 

Step 1. We claim that x + n/x ≥ 2 n , with equality if and only if x = n . 

 
Since x > 0, multiplying on both sides by x yields the equivalent inequality: 
 

x2 + n ≥ 2 n x, 

 
or 
 

x2 - 2 n x + n ≥ 0. 

 

This factors as (x – n )2 ≥ 0. This inequality is true, with equality if and only if x = n . 

 
Our original inequality is equivalent to this last inequality, so Step 1 is complete. 

Step 2. We show that if y > x ≥ n , then y + n/y > x + n/x. Our statement about being strictly 

decreasing for 0 < x < n  then follows by symmetry. 

 
1 All authors are 8th graders at the Buckingham Browne & Nichols Middle School in Cambridge, Massachusetts. 
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We must show that y + 
n

y
  – (x + 

n

x
) > 0. 

 

This is equivalent to y – x – 
( )n y x

xy

−

 > 0, which factors as 

 

(y – x)(1 – 
n

xy
) > 0. 

 

Since y > x, we need to show that 1 – 
n

xy
 > 0. Since y > x ≥ n , it is true that xy > n n  = n. 

That is, 
n

xy
 < 1, and, hence, 1 – 

n

xy
 > 0, as desired. □ 

 

Our lemma is proven; as x gets closer to n , the quantity x + n/x decreases.  

 
Families of LR Numbers 

 
We found two infinite families of LR numbers. 
 
Proposition 1. All prime numbers greater than 3 are LR numbers. 
 
Example. Note that P(5) = 2(b – 1)2b-6 and P(6) = 2(b – 1)2(b-7 + b-5). Since b > 0, the inequality 
P(5) < P(6) is equivalent to b < 1 + b2, which is true for large b. (In fact, it happens to be true for 
all b.) Thus, 5 is an LR number. 
 
Proof. Let n be a prime number greater than 3. First, note that n has only two factors, 1 and n. 
On the other hand, n + 1 has more guaranteed factors since it is even; 1, 2, (n + 1)/2, and n + 1 
are all factors of n + 1. 
 
Thus, P(n) = 2(b – 1)2b-n – 1 and 
 

P(n + 1) = 2(b – 1)2 (b-n – 2 + b-2 – (n + 1)/2 + (possibly higher-order terms)). 
 
The inequality P(n) < P(n + 1) is equivalent to 
 

b < 1 + bn + 2 – 2 – (n + 1)/2 + (possibly higher-order terms). 
 
The degree of the polynomial on the right is at least n + 2 – 2 – (n + 1)/2 = (n – 1)/2. This value 
is bigger than 1, the degree of the polynomial on the left, provided that n > 3. We conclude that 
P(n + 1) > P(n) for large b, hence n is an LR number. □ 
 
This argument works only for prime numbers greater than 3. For the prime numbers 2 and 3, 
direct computation shows that neither 2 nor 3 is an LR number: 
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P(2) = 2(b – 1)2b-3 
P(3) = 2(b – 1)2b-4 

P(4) = (b – 1)2(2b-5 + b-4) 
 
Since b > 1, we see that P(2) > P(3). Since 2b > 2 + b for large b, we see that P(3) > P(4). 
 
The fact that 3 is not an LR number also follows from our Proposition 3. 
 
Proposition 2. Let p be a prime number for which 2p + 1 is composite. Then 2p is an LR 
number. 
 
Example. Let p = 7. We compute P(14) = 2(b – 1)2(b-15 + b-9) and P(15) = 2(b – 1)2(b-16 + b-8). 
The inequality P(14) < P(15) is equivalent to b + b7 < 1 + b8, which is true for large b (in fact, for 
all b > 1). 
 
Proof. Let p be a prime number for which 2p + 1 is composite. We must show that 
 

P(2p) < P(2p + 1). 
 
First note that 2p has the factors 1, 2, p, and 2p, so P(2p) = 2(b – 1)2(b-1 – 2p + b-2 – p). Because 
2p + 1 is composite, in addition to its factors 1 and 2p + 1, we know it must have at least one 

other factor H between 1 and 2p + 1. Indeed, we may assume that 3 ≤ H ≤ 2 1p +  since 2p + 1 

is odd. We further assume that H is the smallest factor satisfying 3 ≤ H. Thus, 
 

P(2p + 1) = (b – 1)2(2b-1 – (2p + 1) + 2b-H – (2p + 1)/H + (possibly higher-order terms)). 
 
The inequality P(2p) < P(2p + 1) is equivalent to the inequality 
 

2b + 2b(2p + 2) – 2 – p < 2 + 2b(2p + 2) – H – (2p + 1)/H + (possibly higher-order terms). 
 
So, if we can show that the degree of the polynomial on the left is less than that on the right, we 
will have shown that 2p is an LR number. 
 
That is, we must show that (2p + 2) – 2 – p < (2p + 2) – H – (2p + 1)/H. This is equivalent to: 
 

p < (2p + 2) – H – (2p + 1)/H. 
 
For the range containing H, the right-hand side is smallest when H = 3, by our lemma. When 
H = 3, the right-hand side becomes 
 

(2p + 2) – 3 – (2p + 1)/3 = 4(p – 1)/3, 
 
and 4(p – 1)/3 > p for all p > 4. Since p = 2 and p = 3 do not satisfy our hypothesis that 2p + 1 is 
composite, our proposition follows. □ 
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Next, we identify an infinite family of numbers that are not LR numbers. 
 
Proposition 3. Numbers that are one less than a perfect square are never LR numbers. 
 
Proof. Consider the number N2 – 1, where N > 1 is an integer. For N2 – 1 = (N + 1)(N – 1), the 
factors closest to its positive square root are N + 1 and N – 1. For N2, the factor closest to its 
positive square root is N. Therefore, the lead term of the polynomial 
 

21
2

2
( 1)

( 1)

N
b

P N
b

+

−

−

 

 

is 
2 21 2 (1 )2 2N N Nb b+ − −

= , whereas the lead term of the polynomial 
 

21
2

2
( )

( 1)

N
b

P N
b

+

−

 

 

is 
2 21 2 (1 )N N Nb b+ − −

= . Therefore, for large b, we always have P(N2 – 1) > P(N2). □ 
 
Conjectures 
 
In playing around with LR numbers, we began to think some statements about them were true, 
but we could not prove them, so we state these as conjectures. 
 
Conjecture 1. Around half the positive integers are LR numbers. 
 
We believe that this is true from experimental data. Using a computer, we found: 
 

k kth LR number 

10 27 

100 219 

1,000 2,066 

10,000 20,211 

100,000 200,617 

1,000,000 2,002,243 

 
 

Conjecture 2. For any positive integer n, there exists a sequence of n consecutive sequences LR 
numbers. 
 
As we found more and more LR numbers, we found longer and longer sequences of consecutive 
LR numbers, leading us to wonder if there ever is a bound to the length of sequences of 
consecutive LR numbers. The following table shows the first sequences of consecutive LR 
numbers of length n for n = 2, 3, 4, 5, 6, 7, and 8. Each entry in the column labeled “Index” is the 
position of the first LR number in that sequence. For example, the first occurrence of five 
consecutive LR numbers is the sequence of numbers 3,004 through 3,008, and 3,004 is the 
1,463rd LR number. 
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n Index LR numbers in sequence of length n 

2 4 13-14 

3 14 37-39 

4 52 122-125 

5 1,463 3,004-3,008 

6 13,019 26,283-26,388 

7 26,522 53,411-53,417 

8 54,479 109,453-109,460 

 
Table of first occurrences of sequences of consecutive LR numbers of length n. 

 
We are working to prove these conjectures and believe that there are still other propositions 
regarding LR numbers. We are exploring and hope to find out more! 
 

5 7 11 13 14 17 19 23 26 27 
29 31 34 37 38 39 41 43 44 47 
51 53 55 59 61 62 65 67 69 71 
73 74 76 79 83 86 87 89 94 95 
97 98 101 103 107 109 111 113 116 118 
119 122 123 124 125 127 129 131 134 137 
139 142 146 149 151 152 153 155 157 158 
159 161 163 164 167 173 174 175 179 181 
183 185 186 188 189 191 193 194 197 199 
202 203 206 207 209 211 214 215 218 219 

 
The first 100 LR numbers 

 

 
 

Plot of the numbers 1-6,000 
Numbers increase left to right, top to bottom. 

There are 100 columns. LR numbers are purple, non-LR numbers are black. 
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A Partial Ordering for 1-Factorizations1 
by Robert Donley2 
edited by Amanda Galtman 
 
With the work of the previous two installments, “Circulant Graphs and Semi-magic Squares” 
(Volume 18, Number 3) and “Hypergraphs for Semi-magic Squares” (Volume 18, Number 4), 
we now complete our investigation of regular edge colorings and 1-factorizations on bipartite 
graphs. If we combine the path model for constructing regular edge colorings with the orbit 
structure for 0/1-semi-magic squares, then a classification of 1-factorable graphs and 1-
factorizations is possible. We develop this classification for up to 10 vertices. 
 
This classification is given in terms of orbits. For 1-factorable bipartite graphs, equivalence 
means we can relabel or reorient vertices in the parts of the bipartition or exchange these parts. 
The exchange operation is implemented by the transpose on the matrix M below. 
 
Let’s recall our method for constructing a regular edge coloring on a bipartite graph G on 2n 
vertices. If we order the vertex set V by listing one subset of the partition after the other, then the 

adjacency matrix of G has the form AG = 
0

0T

M

M

 
 
 

, where each entry represents a square matrix 

of size n. Here, the zero matrix 0 has all entries equal to the value 0, and M is a 0/1-semi-magic 
square with line sum k, the number of edge colors. In turn, if we construct a regular edge 
coloring of G by adding one colored perfect matching at a time, then we can augment AG by 
noting the entries for each perfect matching with a distinct label. For each color, the entries 
correspond to a permutation matrix in M, and every such regular edge coloring can be 
constructed in this manner. 
 
Thus, if we wish to characterize all regular edge colorings on a fixed number of vertices, a first 
step is to understand all ways to write a given 0/1-semi-magic square as a sum of permutation 
matrices. To further simplify our task, we note that it is enough to consider only one 
representative M in each orbit under row and column permutations and transpose on 0/1-semi-
magic-squares, as seen in the previous installment. 
 
Example: Suppose G has six vertices. Consider the sequence of matrices for M with the 
corresponding regular edge colorings: 
 

0 0 0

0 0 0

0 0 0

 
 
 
 

    →    
1 0 0

0 1 0

0 0 1

 
 
 
 

    →    
1 0 2

2 1 0

0 2 1

 
 
 
 

    →    
1 3 2

2 1 3

3 2 1

 
 
 
 

 

 

                                     

 
1 This installment is 21st in a series that began in Volume 15, Number 3. It is also part 8 of a subseries that began in 
Volume 17, Number 4. 
2This content is supported in part by a grant from MathWorks. 
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For the corresponding adjacency matrices, the columns of M (resp., rows of M) correspond to 
vertices 4, 5, and 6 (resp., vertices 1, 2, and 3). 
 
Recall the partial ordering for 0/1-semi-magic squares from the installment “Circulant Graphs 
and Semi-magic Squares” (Volume 18, Number 3). The partial ordering is given by entry-wise 
comparison of matrices, and N covers M if N = M + P, where P is a permutation matrix. 
 
Example: See the cited installment for the Hasse diagram for n = 2 with a representative path of 
regular edge colorings. 
 
Exercise: Draw the Hasse diagram for 0/1-semi-
magic squares with n = 3; a template is given at 
right. Then draw the corresponding bipartite graph 
for each M, arranged on a hexagon numbered as in 
the chain above. 
 
There are 12 maximal chains (from bottom to top 
node) in this Hasse diagram. If we label the entries 
of each additional permutation matrix as in the 
chain above, there is a one-to-one correspondence 
between these chains and Latin squares of size 3.   
 
Exercise: Describe each of the 12 maximal chains by a Latin square. For each Latin square, 
draw the corresponding regular edge coloring on the hexagon with diagonals, which in turn is the 
complete bipartite graph K3, 3. 
 
To understand a regular edge coloring as a 1-factorization, we should 
consider only the partition of edges, regardless of how each set is colored.  
Thus, there are only two 1-factorizations of K3, 3: the one in the chain at the 
bottom of the previous page and the graph at right with corresponding Latin 

rectangle M2 = 
1 2 3

2 3 1

3 1 2

 
 
 
 

. 

 

Exercise: Separate the 12 regular edge colorings of K3, 3 by their underlying 1-factorization.  
How are the corresponding Latin squares in the same class related? 
 
We can take this identification one step further. Although we have two distinct 1-factorizations, 
the interchange of vertices 5 and 6 carries the first 1-factorization to the second one. Thus, up to 
rearranging vertices, there is only one orbit of 1-factorizations of K3, 3. Note that the 
corresponding Latin squares are related by permuting the second and third columns. 
 
Let’s note some general facts before proceeding to size n = 4. If we use the chain model to 
construct a 1-factorization of Kn, n, then the order in which we add perfect matchings does not 
matter. That is, the numbers in the corresponding Latin square do not matter, only the set of 
permutation matrices. On the other hand, different sets of permutation matrices give distinct 
1-factorizations. We obtain the following result. 
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Proposition: Let fn be the number of 1-factorizations of the complete bipartite graph Kn, n. Then 
fn = L(n)/n!, where L(n) is the number of Latin squares of size n. 
 
This sequence occurs as A000479 in The On-Line Encyclopedia of Integer Sequences (oeis.org): 
 

fn : 1, 1, 1, 2, 24, 1344, …. 
 
This sequence starts with f0 = 1 for the graph with no vertices, and the 1-factorizations on the 
segment (n = 1) and the square (n = 2) are unique. As noted above, there are two 1-factorizations 
of K3, 3. For n = 4, we could proceed by brute force, but let’s instead develop methods that will 
apply to the case of n = 5, too. 
 
We apply the techniques from the previous installment. Instead of constructing a Hasse diagram 
based on the 0/1-semi-magic squares M, we use the orbits formed under row and column 
permutations. We also include the operation of transpose on M, but for n = 4 and 5, transpose 
does not change these orbits. 
 
Definition: Let OM denote the orbit of M. We define the partial ordering on orbits by OM ≪ ON  
if there exists a sequence of row and column permutations and transpose operations that carry M 
to N. 
 
Exercise: Prove that ≪ is a partial ordering. 
 
Since all elements of an orbit have the same line sum, the corresponding Hasse diagram has 
well-defined levels. Effectively, we condense the nodes in each level of the original Hasse 
diagram in a way that respects the original links. For n = 3, there is a single orbit per level and 
the Hasse diagram is a vertical chain with three links. 
 
Recall the orbit data for n = 4 from the previous installment. We obtain the Hasse 
diagram on the right, where each node denotes the size of the orbit. 
At level 1, we have the orbit for the 24 permutation matrices, which correspond to 
the perfect matchings (with four edges) respecting the bipartition. For level 2, we 
have the 8-cycle and the disjoint sum of two 4-cycles, respectively. Vertical 
symmetry gives the rest of the diagram. 
 
The previous statement follows from the complement M ′ of M, as seen in the previous 
installment. To define M ′, we replace all 0s (resp., 1s) in M with 1s (resp., 0s).  If M ≤ N then N ′ 
≤ M ′, and this statement also holds for the partial ordering on orbits. Effectively, the complement 
inverts the Hasse diagram. 
 
Exercise: Prove that the orbits for M and M ′ have the same number of elements. 
 
The complement also guarantees that every saturated chain of 0/1-semi-magic squares from the 
minimum can be completed to a maximal chain. By the corollary to the Birkhoff-von Neumann 
theorem, every semi-magic square is a sum of permutation matrices. If M is a 0/1-semi-magic 
square with line sum k, then M ′ is a 0/1-semi-magic square with line sum n – k. Thus M ′ can be 
written as a sum of permutation matrices, which in turn complete a maximal chain. 
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Exercise: Reconcile this construction of maximal chains with the Latin rectangle technique from 
the installment “Circulant Graphs and Semi-magic Squares” (Volume 18, Number 3). 
 
We have already seen the remaining two graphs for n = 4: the 3-cube (level 3) and F4, the 3-cube 
with main diagonals (level 4). Note that, F4 is just the complete bipartite graph K4, 4. 
 
Let’s consider the 1-factorizations of F4, first by using brute force. 
 
Exercise: Find the four reduced Latin squares of size 4. (Recall that a reduced Latin square (see 
Volume 18, Number 2) is one where the numbers in the first row and the first column are in 
order.) Then list all 24 Latin squares obtained by permuting the second, third, and fourth 
columns in the four Latin squares. Finally, draw the corresponding 1-factorizations as regular 
edge colorings on F4. 
 
If we work our way up the diagram instead, we also classify the 1-factorizations on the lower 
levels. If we start with the graphs at level 2, adding a perfect matching always gives a 3-cube.   
 
Exercise: Prove that there is only one way to add a perfect matching to the 8-cycle if we respect 
the bipartite condition. Likewise, prove that adding a perfect matching to a disjoint union of 
4-cycles always results in the parallel regular edge coloring on the cube. 
 
To distinguish these two cases, we restrict to two colors in all ways and compare the structures of 
the bicolor cycles. If the 1-factorizations were equivalent, then these structures would not 
change, although they might occur with different pairs of colors. For the parallel edge coloring 
on the 3-cube, we always obtain a disjoint union of two 4-cycles. The other case gives two 8-
cycles and a disjoint union of 4-cycles. 
 
Exercise: Redraw the regular edge coloring at right as a 3-
cube. In terms of faces, how does it differ from the parallel 
edge coloring? 
 
The case of n = 4 is now complete. Suppose we have a 
regular edge coloring on F4. If we remove any perfect 
matching, we can reorient the vertices to form a 3-cube, and 
we know the two types of colorings in this case. That is, up 
to rearranging vertices, there are two 1-factorizations of K4, 4, 
and they are obtained by adding the perfect matching of 
main diagonals to a 1-factorization of the 3-cube. The two 
1-factorizations of K4, 4 are distinguished by the existence of a bicolor 8-cycle. 
 
Exercise: Find the bicolor cycle structure for the two 1-factorization classes on F4.  
 
Exercise: For the 24 1-factorizations from the exercise above, determine each corresponding 
1-factorization class. 
 
Finally, we note how to use the Hasse diagram to count the number of Latin squares of size 4. 
To count with the method for Pascal’s triangle, we need to account for the orbit structure. In the 
full Hasse diagram of 0/1-semi-magic squares, the part of the graph below a node is identical for 
all nodes in the same orbit. For instance, when n = 3, we see in the corresponding Hasse diagram 
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above that below all nodes at level 2 are squares; these nodes form a single orbit. This uniformity 
gives the following convolution formula. 
 
Theorem: Fix a line sum k. Let oM be the size of the orbit of M, and let ν(M) be the number of 
saturated chains from 0 to M. Then the number of maximal chains is the sum of the products oM ∙ 
ν(M) ∙ ν(M 

′) over all orbits OM at level k. 
 
Proof: Every maximal chain goes through some orbit at level k. There are ν(M) ways to get from 
0 to M. If we turn the diagram upside down, the number of ways to get from M to the maximum 
is equal to ν(M 

′). The product ν(M) ∙ ν(M 
′) is the number of maximal chains through M. The 

triple product is the number of such chains through all elements in OM. To account for all M, we 
sum over the orbits. □ 
 
For n = 4, there is one saturated chain for each representative at levels 0 and 1. At level 2, there 
are two chains for the size 72 orbit and four chains for the size 18 orbit. With k = 2, the theorem 
gives 72 ∙ 2 ∙ 2 + 18 ∙ 4 ∙ 4 = 576 Latin squares of size 4. 
 
The permanent counts the number of permutation matrices that are a summand of M. The 
permanent is unchanged under row permutations, column permutations, and transpose, so its 
value is the same for all elements in an orbit. This is often useful for determining the orbit of a 
given M. 
 
Exercise: Calculate the permanents for the orbits at levels 2 and 3. Using the permanent, 
verify the chain counts in the calculation of Latin squares of size 4. 
 
Now let’s consider the case of n = 5, for which the Hasse diagram is 
depicted on the right. As before, the rank sequence is given in the 
previous installment, and we explain the links between the middle ranks 
in what follows. 
 
The graphs on level 2 now consist of a 10-cycle and a disjoint union of a 
4-cycle and 6-cycle, with representative matrices M given by 
 

M1 = 

1 0 0 0 1

1 1 0 0 0

0 1 1 0 0

0 0 1 1 0

0 0 0 1 1

 
 
 
 
 
  

, M2 = 

1 1 0 0 0

1 1 0 0 0

0 0 0 1 1

0 0 1 0 1

0 0 1 1 0

 
 
 
 
 
  

. 

 
Exercise: Prove that M1 and M2 are in different orbits by calculating the permanents. Find the 
corresponding permutation matrices for each case. 
 
Exercise: Prove that the permanents of M1′ and M2′ are 13 and 12, respectively, by finding the 
corresponding permutation matrices. Verify the links between levels 2 and 3. 
 
Exercise: With the techniques of the previous installment, draw the hypergraphs corresponding 
to M1′ and M2′. That is, up to rearranging vertices, find all ways to place five triangles in a 
pentagon with three triangles at each vertex of the pentagon. 
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At level 2, there are two links immediately above the orbit of size 1440. We state and prove this 
fact in the language of regular edge colorings. 
 
Proposition: Every regular edge coloring on a bipartite graph with 10 vertices with three or 
more colors contains a bicolor 10-cycle. 
 
Proof: It is sufficient to prove the proposition for three colors. In this case, such a graph is 
obtained by adding a perfect matching to a bicolor 10-cycle or the disjoint union of a 4-cycle and 
a 6-cycle. The first case is clear. Suppose we begin with a disjoint union of a 4-cycle and a 6-
cycle.  We add the first of five edges of the perfect matching to join the two cycles. Three 
vertices remain unused in the 4-cycle, so a second edge must join two vertices in the 6-cycle. 
This choice determines a third edge; in the 4-cycle, one of the three unused vertices can be 
matched with only one possible remaining vertex in the 6-cycle, whereas there are two 
possibilities for matching the other two. For either choice, a bicolor 10-cycle occurs. □ 
 
Exercise: Draw the sequence of graphs for the above proof. That is, draw a disjoint union of a 4-
cycle and a 6-cycle with two colors, and draw a new graph for each added edge. You should 
consider if each choice requires more graphs. In the final picture, identify the bicolor 10-cycle. 
 
All arguments moving forward rely on the proposition. By the OEIS entry cited earlier, K5, 5 has 
1344 1-factorizations, and thus there are 56 reduced Latin squares of size 5. 
 
Exercise: Find any five reduced Latin squares of size 5, draw the corresponding regular edge 
colorings on K5, 5, and redraw each graph with a bicolor 10-cycle boundary. Then remove any 
two perfect matchings from the interior to obtain examples of regular edge colorings with three 
colors. Try to find four distinct patterns. 
 
With enough examples from the previous exercise, we find that there are four ways to place a 
perfect matching in a bicolor 10-cycle, up to rotations. In turn, these perfect matchings are 
characterized by the number of diagonals through the center of the 10-cycle. 
 
Exercise: Prove the statements in the previous paragraph by drawing the resulting regular edge 
colorings, basing your argument on the number of diagonals through the center. For each case, 
determine the orbit by calculating the permanent of the corresponding matrix M. Then determine 
the bicolor cycle structures for each case. 
 
To determine whether two 1-factorizations are equivalent, we consider all configurations with a 
bicolor 10-cycle boundary in the first graph. If the graphs eventually match, up to permutations 
of color and rotations of the cycle, then they are equivalent. Otherwise, they are inequivalent. 
 
The four cases are given on the next page. If we redraw the first regular edge coloring so its red 
and green 10-cycle forms the boundary, we obtain the second 1-factorization with permuted 
colors, so these cases are equivalent. In the third case, the 1-factorization class does not depend 
on choice of bicolor 10-cycle, so this case is in the same orbit as the first two, but the 1-
factorization is inequivalent. The fourth case belongs to the other orbit, and its bicolor 10-cycle 
is unique. We summarize with the following theorem. 
 
Theorem: Label the four regular edge colorings below as I, II, III, and IV, respectively. Every 1-
factorization of a 3-regular bipartite graph is equivalent to one of I – IV. Pictures I and II are the 
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two patterns for a single class of M1′; the other class of M1′ is represented by III. Picture IV 
represents the single class for M2′. 
 

    
I II III IV 

 
Next, for the 1-factorizations of K5, 5, we assume a bicolor 10-cycle boundary. By the theorem, 
since each diagonal through the center occurs exactly once, the only possible configurations are 
I + II + II and III + III + IV, where addition signifies adding the red perfect matchings to the 10-
cycle with distinct colors. In the first case, every bicolor cycle is a 10-cycle, which is the 
condition for a perfect 1-factorization. Therefore, the two cases are inequivalent and, up to 
equivalence, there are two 1-factorization on K5, 5. 
 
Exercise: Draw these two regular edge colorings for K5, 5. Verify the bicolor cycle structure in 
each case. Also, determine the tricolor structures. 
 
For regular edge colorings with four colors, we assume the bicolor 10-cycle boundary and obtain 
six cases from the two cases for K5, 5 : I + II (two ways), II + II, III + III, and III + IV (two ways). 
 
Exercise: Draw these six regular edge colorings, and determine the bicolor and tricolor 
structures. Determine which of these 1-factorizations are equivalent. 
 
To finish, we calculate the number of Latin squares of size 5. 
 

Exercise: Repeat the above arguments using permutation matrices. That is, starting from the 
matrices M at level 3, note all ways to write M as a sum of permutation matrices, and draw the 
corresponding regular edge colorings with a bicolor 10-cycle boundary. Then find all ways to 
write M 

′ as a sum of permutation matrices, add these permutation matrices to M, and draw the 
corresponding regular edge colorings for levels 4 and 5. 
 
This exercise gives some of the data needed to count maximal chains. We also need to determine 
the chain counts at levels 2 and 3 to use the theorem. See n = 4 above for the level 2 counts. 
 
To count the saturated chains to M2′, first observe that removing any of its 12 permutation 

matrices gives an element in 
2M

O  There are two ways to get to each of these nodes from level 0. 

By the Matching Rule, we multiply to obtain 24 chains. 
 
Exercise: Determine the orbits that occur when removing each of the 13 permutation matrices 
from M1′. Using the sum of two products, verify the count of 36 saturated chains to M1′. Then 
use the theorem for maximal chains to prove that there are 161,280 Latin squares of size 5. 

  

. 
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The best way to learn math is to do math.  Here are the 2025 Summer Fun problem sets. 
 
We invite all members and subscribers to send any questions and solutions to us at 
girlsangle@gmail.com.  We’ll give you feedback and might put your solutions in the Bulletin! 
 

In the August/September issue, we will 
provide some solutions.  You could wait 
to see the answers, but you will learn a lot 
more if you try to solve these problems 
on your own first. 
 
Some problems are very challenging and 
could take several weeks to solve, so 
please don’t approach these problems 
with the idea that you must solve them 
all.  Our main goal is to give you some 
interesting things to think about. 
 
If you get stuck, try to formulate a related 
question that you can see a way to 
actively explore to get your mind moving 
and your pencil writing.  If you don’t 
understand a question, email us. 
 
If you’re used to solving problems fast, it 
can be frustrating to work on problems 
that take weeks to solve.  Try to enjoy the 
journey and don’t be afraid to follow 

detours.  It’s like hiking up a mountain.  Getting to the top rewards one with a spectacular view, 
but during the journey, there’s a lot to see and experience.  So here’s a meta-problem for those of 
you who feel frustrated when doing these problems: see if you can dissolve that frustration and 
replace it with a relaxed, optimistic sense of adventure! 
 
This is Summer Fun, not Summer Torture!

  

 
 

The goal may be the lake, but who knows what 
wonders you’ll discover along the way? 
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A Real-Rooted Arcade 
by Elisabeth Bullock | edited by Jennifer Sidney 
 
A game designer, Julia, is building a claw machine for her new arcade. The claw can move from 
left (position -50) to right (position +50) over the prize teddy bear, and Julia wants to give each 
player three chances to snag the bear. Julia represents the teddy bear as a singular point located at 
position 0. Julia wants the game to be 
unpredictable, so she formulates multiple 
different functions representing the 
location of the claw at a point in time. The 
first function says that at time t, where t is 
between 0 and 5, the claw will be at 
position f(t) = t3 – 4.5t2 + 5.75t – 1.875. 
The second function says that for the same 
time range, the position of the claw will be 
g(t) = t3 – 7.5t2 + 16.25t – 10.125. As we 
can see below, these functions do, in fact, 
cross the t-axis three times each in the  
5-second time interval, so the player has 
three chances to get the bear. 
 
Everything looks good to go. However, when Julia codes the program for the claw machine, she 
makes a mistake without realizing it: she accidentally sets the position of the claw to be the sum 
of the two functions f(t) + g(t). 
 
1. Will the claw machine still pass over the teddy bear three times? At what times will it pass 
through position 0? What do you notice about these times in comparison to the roots of f and g? 
 

2. Same question as Problem 1, but let’s replace f(t) + g(t) with 3f(t) + g(t). What 

about f(t) + 100g(t)? (You can use a calculator!) 

 

3. Can you prove that if the position of the claw is given by af(t) + bg(t), it will always pass 

the teddy bear three times? You can use the following tool: If a polynomial p(t) satisfies 

p(a) < 0 and p(b) > 0 for times a < b, then we must have p(c) = 0 for some time c between a 

and b. 

 
Some math context: Say we have two polynomials f and g. If they are both of degree d with real 
roots f1, …, fd and g1, …, gd, respectively, such that f1 ≤ g1 ≤ f2 ≤ g2 ≤ … ≤ fd ≤ gd; or if the degree 
of f is d – 1 and the degree of g is d and they have real roots f1, …, fd – 1 and g1, …, gd, 
respectively, such that g1 ≤ f1 ≤ g2 ≤ … fd – 1 ≤ gd; then we say that f intertwines g, 
which we will denote by f ≪ g. 
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4. Can you extend your result to show that for any two real-rooted polynomials f and g with 
f ≪ g, we have that f + g has only real roots (i.e., no complex roots)? Where are its roots? 

 

5. What if we have two real-rooted polynomials f and g such that every root of f is smaller than 

all roots of g. Is there anything we can say about how many real roots f + g has? 

 
Soon you’ll use Problem 4 to show that a really cool polynomial has no complex roots! But first 
we need to explore a nifty operation that preserves real-rootedness: 
 
6. Say we have some polynomial a(x) = a0 + a1x + a2x

2 + … + adx
d, which factors as 

(x – r1)(x – r2)∙∙∙(x – rd), where r1 < r2 < … < rd are real numbers. Show that 
 

1

1 1

( )d d
i

i

i i j

a x
ia x

x r

−

= =

=

−
  . 

 

7. Show that 1
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i

ia x −

=

  ≪ 
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a x

x r
=

−
 . 

 

Back to Julia’s arcade: For another game, Julia needs to split up participants into teams. There 

must be at least two people on each team, but there is no upper bound on the number of team 

members. Let Tk, n be the number of ways to form k teams from n players. Consider the 
 

polynomial Tn(x) =               . For example: T2(x) = x, T3(x) = x, T4(x) = x + 3x2, etc. 

 

8. Show that Tn satisfies the following recurrence: 

 

Tn(x) = x(
( 1)/2

1

, 1

1

n

k

k n

k

kT x

−  
−

−

=

  + (n – 1)Tn – 2(x)). 

 

9. Prove that Tn ≪ Tn + 1 for all n ≥ 2, and therefore that Tn has only real roots. What can we say 

about the location of its roots? 

  

A final (and very open-ended) game: 

 

10. Can you think of any other cool sequences of polynomials P1, P2, … satisfying some 

recursions that can be used to show that Pi ≪ Pi + 1 for all i ≥ 1? 

  

/2

,

1

n

k

k n

k

T x
  

=

  
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Your Mind on The Mind 
by Hanna Mularczyk | edited by Jennifer Sidney 
 
A friend of mine recently introduced me to a card game called “The Mind.” It has its own deck 
of 100 cards labeled with the numbers 1 through 100. Each player is dealt a card and cannot 
reveal anything about their card. To cooperatively win the game, the players must reveal each of 
their collective cards in increasing order. 
 While the rules sound simple to the point of almost being silly, I quickly realized how 
difficult it was to play the cards in the correct order. As the name of the game suggests, much of 
the gameplay involves trying to align all of the players’ minds into one mind and reading each 
other’s moves correctly. For example, even if I thought I had a card that initially seemed too high 
to play at a certain moment, if I noticed the other players also hesitating, I could deduce that they 
had cards that seemed too high as well. Just how high, though? That’s the big question. 
 Aside from these more qualitative considerations, as we played we found ourselves 
asking concrete qualitative questions, like “Given the information I currently have, how likely is 
it that my card is the card that should be revealed next?” or “How evenly spaced should I expect 
the players’ cards to be amongst all 100?” Suddenly, I was feeling like a mathematician. 
 So, readers of the Girls’ Angle Bulletin… will you use Your Mind to help My Mind 
understand The Mind? 
 
Two Minds 

 
Let’s start with the simplest case: two players, my friend (Anna) and me (Hanna). I draw a card 
labeled x and Anna draws a card labeled y, where x and y are two distinct numbers between 1 and 
100. I know the value of x, but I don’t know the value of y. 
 
1. Given the value of x, what’s the probability that x < y? 

 

2. What is the largest value of x such that there is at least a 50% chance that I have the smaller 

card? Let’s call this cutoff number m. 

 
A potential strategy, which we will call a now-or-never strategy, could be to play my card 
immediately if x ≤ m, and to wait indefinitely to play my card otherwise. 
 
3. Assuming Anna also has a now-or-never strategy, what is the probability that we win the 

game? Assume that if both of us play immediately, there is a 50/50 chance of either of us getting 

our card on the table first; and if both of us wait indefinitely, there is a 50/50 chance of either of 

us giving in and putting our card down first. 

 
The above assumes that our only options are to play right away or wait indefinitely. We can’t 
fully formalize the idea of time here because it would make the game trivial. 
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4. Assume Anna and I both have precise watches. What is a strategy for us to win every time? 

 
But that’s no fun! So maybe we can capture a bit of a subjective hesitation (as long as we don’t 
time it!). Before, we could either play immediately or wait forever. Now let’s add a third option, 
to hesitate. If one player hesitates and the other immediately plays, the immediately-playing 
player plays first. If one player hesitates and the other waits forever, the hesitating player plays 
first. If both players hesitate, there is a 50/50 chance that either will play first. 
 In practice, given that I draw card x, I will want to play immediately if x is low, wait 
forever if x is high, and hesitate if x is somewhere in the middle. Let’s call a c-hesitation 

strategy a strategy where 
 

- If x ≤ c, I play immediately. 

- If c + 1 ≤ x ≤ 100 – c, I hesitate. 

- If x ≥ 101 – c, I wait indefinitely. 

 
Note that the now-or-never strategy is just a 50-hesitation strategy. 
 
5. If Anna and I both play a c-hesitation strategy, what is the probability of us winning the game? 

 

6. Find which c maximizes this probability. How does this compare to us both playing a now-or-

never strategy? 

 

7. (Bonus Exploration) Is it ever more beneficial for one of us to play an a-hesitation strategy 

and the other a b-hesitation strategy, where a is not equal to b? 

 
Many Minds 

 
The official instructions for The Mind recommend two to five players, but that hasn’t stopped me 
from playing with more. (I suppose 100 is our upper limit, unless we add more cards…) 
 Now, I (Hanna) am playing against n of my friends, all also coincidentally named Anna, 
so we will call them Anna 1, Anna 2, through Anna n. Can we adapt the above strategies to work 
in this new context? 
 In the two-player version there was only one point of decision. Now there are n. Let’s call 
each of these a round; so round 1 is the start of the game until the first person plays a card, 
round 2 is the time between that and the second person playing their card, and so on. 
 At any given round in a game, we have a few pieces of information: 
 

- my card, x 

- the current card on the table, i (We can think of two-player mode as i = 0.) 
- the number of players besides me who have not played their card yet, p 

(In two-player mode, this was always 1.) 
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Let’s start by varying i and setting p = 1. Then it’s just me and one other player left. This 
situation looks almost exactly like two-player mode, except that card i is on the table instead of 
no card. But we can think of this as just scaling 100 cards to 100 – i cards. In general, given that 
we made it to a certain round (and didn’t already lose), we know that all of the remaining cards, 
including mine, are larger than i. 
 Now let’s consider what happens when we vary p as well. 
 
8. Given x, i, and p, what is the probability that my card is the lowest card of the cards yet to be 

played? Your answer can be the product of many fractions and can include binomial coefficients. 

 

9. Can you estimate (in terms of i and p) the smallest x value for which you have more than a 

50% chance of having the smallest of the remaining cards? You can use bounds, make 

simplifying assumptions, write code and collect data, etc. I am not expecting an exact answer! 

 

10. If everyone plays a now-or-never strategy with the cutoff value found in the previous 

question, what is the cutoff value of winning just that round (again, please estimate!)? 

 
To win the whole game, the players must win every round! However, it’s hard to figure out how 
to do this with the information above since the i for each round depends on the cards drawn! 
Though it’s challenging to get a general answer, maybe you can find a more specific one. 
 
11. Randomly (or not randomly) pick four distinct integers from 1 to 100 as the cards that four 

players draw. What is the probability they win if they all use a now-or-never strategy every 

round? (Again, estimation is welcome!) 

 
This problem set really only scratches the surface of The Mind. If you’re interested in further 
directions to ponder, here are some Bonus Explorations: 
 
12. What could a c-hesitation strategy look like in the multiplayer setting? 

 

13. The Mind has different levels, where in level j each player gets dealt j cards at the beginning 

of the game. The cards still need to be played in order. How would you adapt the strategies 

above to this new gameplay? (Start with two players.) 

 

14. Write computer code that simulates The Mind and its gameplay, and use this to analyze or 

tweak strategies above or create new ones. 

 

15. Play The Mind with your friends and see how these strategies work in reality. 

 
If you make progress on any of the Bonus Explorations, I invite 
you to share it with me at hannamul@mit.edu. 
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Notes from the Club 

 
These notes cover some of what happened at Girls’ Angle meets.  In these notes, we include 
some of the things that you can try or think about at home or with friends.  We also include some 
highlights and some elaborations on meet material.  Less than 5% of what happens at the club is 
revealed here. 
 

Session 36 - Meet 11 
May 1, 2025 

Mentors: Elisabeth Bullock, Anika Bokil, Jade Buckwalter, 
Jessie Lee, Yaqi Li, Hanna Mularczyk, Swathi Senthil, 
Dora Woodruff 

 Many phenomena grow exponentially, so it’s a good idea to develop intuition about it. 
 

Session 36 - Meet 12 
May 8, 2025 

Mentors: Elisabeth Bullock, Anika Bokil, Jade Buckwalter, 
Minerva Johar, Shauna Kwag, Yaqi Li, AnaMaria Perez, 
Maya Robinson, Swathi Senthil, Ella Wilson, 
Dora Woodruff 

 We held our traditional end-of-session math collaboration. This session’s math 
collaboration was designed by AnaMaria Perez, Ella Wilson, and Dora Woodruff. Try your hand 
at solving some of the event’s math problems: 
 
How many subgroups does the symmetry group of the pentagon have? 
 
Suppose you have a deck of cards where each card contains exactly 4 distinct images. Any two 
cards will have one and only one matching image in common. Every image will appear exactly 
four times in the deck. How many total cards will be in your deck? 
 
Given a circle of radius 1, what is the area of the smallest right triangle that contains the circle? 
 

Calendar 
 
Session 37: (all dates in 2025) 
 

September 11 Start of the thirty-seventh session! 
 19  
 25  
October 2  
 9  
 16  
 23  
 30  
November 6  
 13  
 20  
 27 Thanksgiving - No meet 
December 4  
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Girls’ Angle: A Math Club for Girls 
Membership Application 

 
Note: If you plan to attend the club, you only need to fill out the Club Enrollment Form because all 

the information here is also on that form. 

 
 
Applicant’s Name: (last) ______________________________ (first) _____________________________ 
 
Parents/Guardians: _____________________________________________________________________ 
 
Address (the Bulletin will be sent to this address): 
 
 
 
 
 
Email: 
 
 

Home Phone: ____________________________               Cell Phone: ____________________________ 
 
Personal Statement (optional, but strongly encouraged!): Please tell us about your relationship to 
mathematics.  If you don’t like math, what don’t you like?  If you love math, what do you love?  What 
would you like to get out of a Girls’ Angle Membership? 
 
 
 
 
 
 
 
 
——————————————————————————————————————————- 
 
The $50 rate is for US postal addresses only.  For international rates, contact us before applying. 
 
Please check all that apply: 
 

□ Enclosed is a check for $50 for a 1-year Girls’ Angle Membership. 
 

□ I am making a tax-free donation. 
 
Please make check payable to: Girls’ Angle.  Mail to: Girls’ Angle, P.O. Box 410038, Cambridge, MA 
02141-0038.  Please notify us of your application by sending email to girlsangle@gmail.com. 
 

 
A Math Club for Girls 
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Girls’ Angle 

Club Enrollment 
 

Gain confidence in math!  Discover how interesting and exciting math can be!  Make new friends! 

 

The club is where our in-person mentoring takes place.  At the club, girls work directly with our mentors 
and members of our Support Network.  To join, please fill out and return the Club Enrollment form.  
Girls’ Angle Members receive a significant discount on club attendance fees. 
 
Who are the Girls’ Angle mentors?  Our mentors possess a deep understanding of mathematics and 
enjoy explaining math to others.  The mentors get to know each member as an individual and design 
custom tailored projects and activities designed to help the member improve at mathematics and develop 
her thinking abilities.  Because we believe learning follows naturally when there is motivation, our 
mentors work hard to motivate.  In order for members to see math as a living, creative subject, at least one 
mentor is present at every meet who has proven and published original theorems. 
 

What is the Girls’ Angle Support Network?  The Support Network consists of professional women 
who use math in their work and are eager to show the members how and for what they use math.  Each 
member of the Support Network serves as a role model for the members.  Together, they demonstrate that 
many women today use math to make interesting and important contributions to society. 
 
What is Community Outreach?  Girls’ Angle accepts commissions to solve math problems from 
members of the community.  Our members solve them.  We believe that when our members’ efforts are 
actually used in real life, the motivation to learn math increases. 
 
Who can join? Ultimately, we hope to open membership to all women.  Currently, we are open primarily 
to girls in grades 5-12.  We welcome all girls (in grades 5-12) regardless of perceived mathematical 
ability.  There is no entrance test.  Whether you love math or suffer from math anxiety, math is worth 
studying. 
 
How do I enroll? You can enroll by filling out and returning the Club Enrollment form. 
 
How do I pay? The cost is $20/meet for members and $30/meet for nonmembers.  Members get an 
additional 10% discount if they pay in advance for all 12 meets in a session.  Girls are welcome to join at 
any time.  The program is individually focused, so the concept of “catching up with the group” doesn’t 
apply. 
 
Where is Girls’ Angle located? Girls’ Angle is based in Cambridge, Massachusetts.  For security 
reasons, only members and their parents/guardian will be given the exact location of the club and its 
phone number. 
 
When are the club hours? Girls’ Angle meets Thursdays from 3:45 to 5:45.  For calendar details, please 
visit our website at www.girlsangle.org/page/calendar.html or send us email. 
 

Can you describe what the activities at the club will be like? Girls’ Angle activities are tailored to each 
girl’s specific needs.  We assess where each girl is mathematically and then design and fashion strategies 
that will help her develop her mathematical abilities.  Everybody learns math differently and what works 
best for one individual may not work for another.  At Girls’ Angle, we are very sensitive to individual 
differences.  If you would like to understand this process in more detail, please email us! 
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Are donations to Girls’ Angle tax deductible? Yes, Girls’ Angle is a 501(c)(3).  As a nonprofit, we rely 
on public support.  Join us in the effort to improve math education!  Please make your donation out to 
Girls’ Angle and send to Girls’ Angle, P.O. Box 410038, Cambridge, MA 02141-0038. 
 

Who is the Girls’ Angle director? Ken Fan is the director and founder of Girls’ Angle.  He has a Ph.D. 
in mathematics from MIT and was a Benjamin Peirce assistant professor of mathematics at Harvard, a 
member at the Institute for Advanced Study, and a National Science Foundation postdoctoral fellow.  In 
addition, he has designed and taught math enrichment classes at Boston’s Museum of Science, worked in 
the mathematics educational publishing industry, and taught at HCSSiM.  Ken has volunteered for 
Science Club for Girls and worked with girls to build large modular origami projects that were displayed 
at Boston Children’s Museum. 
 

Who advises the director to ensure that Girls’ Angle realizes its goal of helping girls develop their 

mathematical interests and abilities? Girls’ Angle has a stellar Board of Advisors.  They are: 
Connie Chow, founder and director of the Exploratory 
Yaim Cooper, Institute for Advanced Study 
Julia Elisenda Grigsby, professor of mathematics, Boston College 
Kay Kirkpatrick, associate professor of mathematics, University of Illinois at Urbana-Champaign 
Grace Lyo, assistant dean and director teaching & learning, Stanford University 
Lauren McGough, postdoctoral fellow, University of Chicago 
Mia Minnes, SEW assistant professor of mathematics, UC San Diego 
Beth O’Sullivan, co-founder of Science Club for Girls. 
Elissa Ozanne, associate professor, University of Utah School of Medicine 
Kathy Paur, Kiva Systems 
Bjorn Poonen, professor of mathematics, MIT 
Liz Simon, graduate student, MIT 
Gigliola Staffilani, professor of mathematics, MIT 
Bianca Viray, associate professor, University of Washington 
Karen Willcox, Director, Oden Institute for Computational Engineering and Sciences, UT Austin 
Lauren Williams, professor of mathematics, Harvard University 

 

At Girls’ Angle, mentors will be selected for their depth of understanding of mathematics as well as 

their desire to help others learn math.  But does it really matter that girls be instructed by people 

with such a high-level understanding of mathematics? We believe YES, absolutely!  One goal of 
Girls’ Angle is to empower girls to be able to tackle any field regardless of the level of mathematics 
required, including fields that involve original research.  Over the centuries, the mathematical universe 
has grown enormously.  Without guidance from people who understand a lot of math, the risk is that a 
student will acquire a very shallow and limited view of mathematics and the importance of various topics 
will be improperly appreciated.  Also, people who have proven original theorems understand what it is 
like to work on questions for which there is no known answer and for which there might not even be an 
answer.  Much of school mathematics (all the way through college) revolves around math questions with 
known answers, and most teachers have structured their teaching, whether consciously or not, with the 
knowledge of the answer in mind.  At Girls’ Angle, girls will learn strategies and techniques that apply 
even when no answer is known.  In this way, we hope to help girls become solvers of the yet unsolved. 
 
Also, math should not be perceived as the stuff that is done in math class.  Instead, math lives and thrives 
today and can be found all around us.  Girls’ Angle mentors can show girls how math is relevant to their 
daily lives and how this math can lead to abstract structures of enormous interest and beauty. 
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Girls’ Angle: Club Enrollment Form 
 
Applicant’s Name: (last) ______________________________ (first) _____________________________ 
 

Parents/Guardians: _____________________________________________________________________ 
 

Address: ___________________________________________________________ Zip Code: _________ 
 

Home Phone: _________________ Cell Phone: _________________ Email: ______________________  

 

Personal Statement (optional, but strongly encouraged!): We encourage the participant to fill out the 
optional personal statement on the next page. 
 
Permission: I give my daughter permission to participate in Girls’ Angle.  I have read and understand 
everything on this registration form and the attached information sheets. 
 
___________________________________________________            Date: _______________________ 
(Parent/Guardian Signature) 
 
Participant Signature: ___________________________________________________________________ 
 
Members: Please choose one. 
 

□ Enclosed is $216 for one session 
(12 meets) 
 

□ I will pay on a per meet basis at $20/meet. 

Nonmembers: Please choose one. 
 

□ I will pay on a per meet basis at $30/meet. 
 

□ I’m including $50 to become a member, 
and I have selected an item from the left. 

 
□ I am making a tax-free donation. 

 
 
Please make check payable to: Girls’ Angle.  Mail to: Girls’ Angle, P.O. Box 410038, Cambridge, MA 
02141-0038.  Please notify us of your application by sending email to girlsangle@gmail.com.  Also, 
please sign and return the Liability Waiver or bring it with you to the first meet. 

Please fill out the information in this box. 
 

Emergency contact name and number: ____________________________________________________________________________ 
 

 

Pick Up Info:  For safety reasons, only the following people will be allowed to pick up your daughter.  Names:  

 
___________________________________________________________________________________________ 
 

Medical Information:  Are there any medical issues or conditions, such as allergies, that you’d like us to know about? 
 
______________________________________________________________________________________________________________ 
 
Photography Release: Occasionally, photos and videos are taken to document and publicize our program in all media forms. We will 
not print or use your daughter’s name in any way. Do we have permission to use your daughter’s image for these purposes?    Yes       No 
 

Eligibility: Girls roughly in grades 5-12 are welcome.  Although we will work hard to include every girl and to communicate with you 
any issues that may arise, Girls’ Angle reserves the discretion to dismiss any girl whose actions are disruptive to club activities. 
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Personal Statement (optional, but strongly encouraged!): This is for the club participant only.  How 
would you describe your relationship to mathematics?  What would you like to get out of your Girls’ 
Angle club experience?  If you don’t like math, please tell us why.  If you love math, please tell us what 
you love about it.  If you need more space, please attach another sheet. 

  

 
Girls’ Angle: A Math Club for Girls 

Liability Waiver 
 

 I, the undersigned parent or guardian of the following minor(s) 
 
 
_____________________________________________________________________________________, 
 
do hereby consent to my child(ren)’s participation in Girls’ Angle and do forever and irrevocably release Girls’ 
Angle and its directors, officers, employees, agents, and volunteers (collectively the “Releasees”) from any and 
all liability, and waive any and all claims, for injury, loss or damage, including attorney’s fees, in any way 
connected with or arising out of my child(ren)’s participation in Girls’ Angle, whether or not caused by my 
child(ren)’s negligence or by any act or omission of Girls’ Angle or any of the Releasees. I forever release, 
acquit, discharge and covenant to hold harmless the Releasees from any and all causes of action and claims on 
account of, or in any way growing out of, directly or indirectly, my minor child(ren)’s participation in Girls’ 
Angle, including all foreseeable and unforeseeable personal injuries or property damage, further including all 
claims or rights of action for damages which my minor child(ren) may acquire, either before or after he or she 
has reached his or her majority, resulting from or connected with his or her participation in Girls’ Angle. I agree 
to indemnify and to hold harmless the Releasees from all claims (in other words, to reimburse the Releasees and 
to be responsible) for liability, injury, loss, damage or expense, including attorneys’ fees (including the cost of 
defending any claim my child might make, or that might be made on my child(ren)’s behalf, that is released or 
waived by this paragraph), in any way connected with or arising out of my child(ren)’s participation in the 
Program. 
 
 
Signature of applicant/parent: ___________________________________________________ Date: ___________________ 
 
Print name of applicant/parent: __________________________________________________ 
 
Print name(s) of child(ren) in program: ___________________________________________ 
 

 


