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From the Founder

Among the most common deterrents to doing math that I run into with
students is the frustration of being stuck. Learning to handle frustration is
valuable. Improvement comes with practice. Hopefully, knowing this helps
you view being stuck as an opportunity! -Ken Fan, President and Founder
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An Interview with
Erica Klarreich,
Part 1

Erica Klarreich is a mathematician and a
journalist. She obtained her doctoral degree
in mathematics at Stony Brook University
under the supervision of Yair Nathan
Minsky. She has written more than 100
articles for such magazines as Nature,
Scientific American, New Scientist, and
Quanta Magazine. In 2021, she won a Joint
Policy Board for Mathematics
Communications Award for her writing.

Ken: Could you please tell us the story of
how you became interested in mathematics?

Erica: Growing up, in my family
mathematics was sort of the “family
business.” My grandfather on my mom’s
side was a math professor at City College.

My parents were both math teachers. My
mom taught high school, and my dad taught
at Bronx Community College. So when |
was growing up, what was weird was people
who don’t do math.

My dad would take books of Raymond
Smullyan puzzles off the bookshelf after
dinner, and we’d sit around the dining room
table doing puzzles together. I always
thought of math as something intrinsically
interesting and very satisfying, and just a
natural thing to do, because all these adults
that I knew did mathematics. I have a very
different background from most people
when it comes to mathematics. I didn’t have
to find my way to mathematics. It was part
of my background right from the beginning.

Ken: Do you remember when you made a
conscious decision that you wanted to
become a mathematician?

Photo: Erica Klarreich, courtesy of Erica Klarreich.
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Dear Reader,

We're committed to producing quality math educational
content and make every effort to provide this content to you
for free.

We are also committed to surviving as a nonprofit!

For this issue, those who do not subscribe to the print
version will be missing out on a portion of the content. We
hope that you consider the value of such content and decide
that the efforts required to produce such content are worthy of
your financial support.

We know that mathematical interest and talent is
unrelated to economic status, which is why we provide so
much content for free. But we hope that those of you who are
comfortable financially will help us to continue in our efforts.

So, please consider subscribing to the Bulletin. Thanks
to our sponsors, subscriptions cost $36/year. With a
subscription, you have also gained access to our mentors via
email and the ability to influence content in this Bulletin. Visit
www.girlsangle.org/page/bulletin_sponsor.html for more
information.

Thank you and best wishes,

Ken Fan

President and Founder

Girls’ Angle: A Math Club for Girls
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Adjacency Lists and Latin Rectangles!

by Robert Donley?
edited by Amanda Galtman

We continue from the previous two installments on regular edge colorings. In this part, we
introduce another family of graphs with regular edge colorings, the complete bipartite graphs

K., »,and, with a large store of examples at hand, we consider how a regular edge coloring can be
encoded numerically. We have seen one way through adjacency matrices. In this part, we
introduce the adjacency list of a simple graph. For graphs with a regular edge coloring, the
adjacency list reveals the Latin rectangle property.

First, let’s warm up with a new type of graph.

Definition: Fix positive integers m and n. The vertex set of the complete bipartite graph K., »
consists of two disjoint subsets Vi and V> with m and n vertices, respectively. Each vertex in Vi is
joined to every vertex in V2 by an edge, and all edges are of this form.

3 4 5
It is convenient to draw K, , with two levels, such as the figure
K>, 3 on the right. We call this form the valise form of the graph.
Note that the valise form imposes a partial ordering on the
vertices. We will see later a familiar example that might not be so
easy to recognize in its valise form.

The complete bipartite graph K., ,» has m + n vertices and mn
edges. In fact, Ky, » is the graphical expression of the Matching Rule; each edge represents a

choice of one vertex from Vi and one vertex from V>, and all such choices are possible.

Exercise: Describe all Ki,, and K>, , in general, possibly by using a form other than the valise
form.

Exercise: How many 4-cycles are in K, »?

Exercise: Which K, » graphs admit a perfect matching? Count the number of possible perfect
matchings on Ky, .

Since regular edge colorings are composed of perfect matchings, the only candidates for a
regular edge coloring are K, ,. Before continuing, can you give an explicit regular edge coloring
on K, »?

Exercise: Find regular edge colorings on K> 2, K3, 3, and K4, 4. Find an algorithm that works for

any K, n.

Regular edge coloring for K, ,: Suppose K, , is in valise form. Let Vi = {vi, ..., v»} be the
vertices on the lower level and V2 = {wi, ..., w,} those on the upper level. We represent each of
the n colors by an integer from 1 to n. The edges with color 1 are viwi, vaws, ..., vaw,. For the

! This 18™ installment, in a series that begin in Volume 15, Number 3, is also an informal sequel to “Learn by
Doing: A Game of Throws 1”” in Volume 7, Number 2 of this Bulletin.
This content is supported in part by a grant from MathWorks.



edges with color 2, we simply increase the second index by 1 and continue from 1 after we use
the largest index. These edges have the form viws, vaws, ..., v — 1wy, vawi. For color 3, we
increase the second index of color 1 edges by 2 in a similar manner, and all other colors use a
similar uniform shift. See the examples of K3 3 and K4, 4 below.

4 ) 6 5 6 7 8
1 2 3 1 2 3 4
The colors partition the edges of K3,3 as {14, 25, 36}, {15, 26, 34}, and {16, 24, 35}.

Exercise: For this algorithm on general K, »,, prove that no edges are repeated and that each
vertex meets an edge of every color.

Exercise: Ignoring colors, find the adjacency matrices for the K>, 3, K3, 3, and Ks, 4 examples.
Assuming we label the vertices as above, what is the adjacency matrix for general K, »? Of
course, be sure to check for the general K, , and K>, ..

Exercise: Find the adjacency matrices for the regular edge colorings of K3, 3 and K, 4 above.
Recall from our installment in Volume 17, Number 6 that the nonzero entries of the matrix give
the value of the color. Do you see how the algorithm for K, is encoded in the adjacency matrix?

We recall a definition.

Definition: Let S be a set of n symbols. A Latin square is a square matrix of size n such that
each row and column contains a given symbol in § exactly once.

Typically, we let S = {1, 2, ..., n} although it is often convenient to let S = {0, 1, 2, ..., n —1}.

Example: From the previous exercise, you should [ 192 3 4 ]
have encountered some versions of the Latin squares [ 1 23 '| 5 3 4 1
on the right. If we extend this pattern to a square 2 31 ‘ , ‘
matrix of any size, we see that Latin squares of any { 3 2 J 3.4 12
size exist. [ 4123 J

Definition: A Latin square is called reduced if the first row and column are listed in order.

Exercise: Count the number L, of Latin squares of size n when n = 1, 2, 3, 4. Note that
L, = n!(n— 1)!R,, where R, is the number of reduced Latin squares of size n.

To verify your counts, see entries AOOO315 and A002860 in the On-Line Encyclopedia of
Integer Sequences (oeis.org). Several methods are known for counting Latin squares, but the
largest explicitly known value is L1, which has 48 digits and was computed in 2005 by Brendan
McKay and Ian Wanless.




Recall the following definitions:

Definition: If M is a matrix with m rows and n columns, the transpose of M, denoted by M T is
the matrix with n rows and m columns obtained by switching the rows and columns of M.

Definition: A square matrix M is called symmetric if M = M.

The two Latin squares from the preceding example are symmetric, as is any Latin square
following their pattern for larger sizes.

Exercise: Find a reduced Latin square of size 4 that is not symmetric.

Exercise: Prove that the Latin square property is unchanged by a permutation of rows, a
permutation of columns, or matrix transpose.

On the other hand, every Latin square M of size n gives a regular edge coloring on K, , by the

’ } of size 2n. The two zeros in the matrix represent square

adjacency matrix A= {
matrices of size n with only zeros as entries.

Exercise: Suppose M is a k x m matrix with entries O or 1. Prove that A from the previous
paragraph is the adjacency matrix for a bipartite graph and that all bipartite graphs can be
constructed in this manner.

Exercise: Find the 12 Latin squares of size 3 and draw the
associated regular edges colorings on K3, 3. How many
colorings are there, up to permuting colors or vertex labels?

A visually appealing configuration of K3, 31is given at right.
Can you find a similar configuration for K, 4?

If we restrict to any two edge colors in the graph of K3, 3 at

right, we obtain a Hamiltonian cycle, which is a cycle that 3 5
meets each vertex exactly once. If each bicolor cycle is a

Hamiltonian cycle, we call the corresponding partition of the edge set by color a perfect
1-factorization.

Exercise: Show that the regular edge coloring for K4, 4 above is not a perfect 1-factorization.
What about K5, 5 or Ks, ¢ with the coloring from the algorithm?

Exercise: For the coloring from the algorithm for K, », prove that a bicolor cycle has length 2k,
where k is a divisor of n. Thus K), , has a perfect 1-factorization if p is prime.

Hint: If we have a bicolor cycle for K, , in valise form, the colors do not change if we translate
the cycle to the left or right by one vertex. If a new cycle occurs, the shape is also unchanged, up

to wrapping around the edge of the graph. For a better picture, draw the bicolor cycle on a torus.

Finally, we note a conjecture and a theorem on perfect 1-factorizations.



Conjecture: For every n, there exists a perfect 1-factorization of the complete graph K»j.

Many cases of the conjecture are known to be true, and the smallest unresolved case occurs for
Ks4, as of 2019, when the case of 2n = 56 was settled by David Pike.

Let’s consider a variation on both adjacency matrices and Latin squares in connection with
regular edge colorings.

Definition: The adjacency list of a graph G is a table with a column for each vertex such that
the entries in the column for vertex v are all the vertices adjacent to v, in any order.

Proposition (Adjacency List Property): A table is the adjacency list of a graph if and only if,
whenever v is in the column for w, w is in the column for v.

Example: The adjacency lists for the earlier K>, 3, K33, and Kos 1 2|3 4 5
K4, 4 examples are given on the right and below. The height : 5 311 1 1
of each column is the degree of its vertex; the degree of a
vertex is the number of its adjacent vertices. In general, the 4 412 2 2
shape of the adjacency list is not a rectangle, but it is a 5 5
rectangle when the graph is k-regular.
K4 1 2 3 415 6 7 8
Ksz 1 3[4 5 Black 5 7 1 2 3 4
Black 4 5 611 2 3 Blue 8 5 6 72 3 4 1
Red 5 413 1 Green 7 5 @ 3 4 1 2
Green 6 4 512 3 1 Red 6 7 8 514 1 2 3

Exercise: For the adjacency list of K3, 3, explain the boxed entries in terms of vertices and edge
color, and describe a general pattern for the adjacency list of a regular edge coloring.

Exercise: For the adjacency list of K4, 4, explain the boxed entries in terms of vertices and edge
color. Can you find other quartets like this in the shape of a rectangle? Can you find any for K3,3?

Exercise: Each of these graphs is bipartite. How is this property reflected in the adjacency lists?

Exercise: Suppose we allow graphs to have loops or multiple edges. How can we account for
these features in the adjacency list?

Exercise: How is the connectedness property reflected in the adjacency list? That is, describe a
feature of the adjacency list of a disconnected graph.

For a regular edge coloring, if we organize the rows by edge color, we find a variation of the
Latin square property.

Definition: Let S be a set of n symbols. A Latin rectangle is a matrix of size m x n such that
each symbol occurs in each row exactly once and each column at most once.
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If we have a graph with n vertices and a regular edge coloring with m colors, we obtain a Latin
rectangle of size (m + 1) x n if we include the header and arrange the rows of the adjacency list
by color.

Exercise: For the regular edge colorings in the previous two installments, construct the
adjacency lists as Latin rectangles. For bipartite graphs, choose a numbering of the vertices so

that the adjacency list splits as above. )

8
Let’s consider another familiar regular edge coloring C\‘ 6 .\O 4
as Fs, the folded 4-cube from the previous installment.
3

of K4, 4, hinted at above. In this case, we realize K4, 4

Recall that F; is also represented as a 3-cube with the

four main diagonals added. If we use the parallel edge
coloring for the cube, then we obtain the Latin

rectangle below to the right. 5

Exercise: Verify that K4 4 and F4 are the same graph

by finding the adjacency matrix of F4 without the 1 7
edge colors.

& FR 1 2 3 4|5 6 7 8
Let’s clarify the property seen in Ky 4 above Black 5 [6] 811 2 3 4
and in F; at the right. The boxed entries at the Blue 6 5 8 712 1 4 3
right describe a 4-cycle with vertices 2, 3, 6, Green 8 6] 5|4 3 2 1
and 7 and with alternating black and green Red 7 8 5 63 4 1 2

edges. Be sure to identify this cycle in the

graph. For Fj, if we take any two column entries below the header, we can always find another
column with these two entries inverted and at the corners of a rectangle. This condition is
equivalent to the following definition.

Definition: We say that a regular edge coloring satisfies the quadrilateral property if, when we
restrict to two colors, the resulting bicolor cycles are disjoint 4-cycles.

Exercise: Prove that the quadrilateral property is equivalent to the property from the adjacency
list for Fi.

Exercise: For the adjacency lists that you constructed from the previous two installments, which
ones satisfy the quadrilateral property? For those that do not, identify any bicolor 4-cycles.

Exercise: Count the number of bicolor 4-cycles of any color in F4 using its Latin rectangle, and
verify by direct counting in the graph. Give a general formula for the number of bicolor 4-cycles
in a regular edge coloring with the quadrilateral property.

As a final application of Latin rectangles, we consider the construction of a regular edge coloring
on a graph as an iterative process. For instance, we saw in ‘“Path Counting for Partitions” in
Volume 17, Number 3 how to construct a Young diagram by adding one square at time, with the
restriction that a new square must be placed at an inner corner of the current Young diagram. In
turn, this process is summarized by a standard Young tableau.

11



A similar process occurs for regular edge colorings: we add one perfect matching at a time,
restricted by the Latin rectangle property, and we record the process by adding a new row to the
adjacency list. To illustrate these ideas, we complete the regular edge coloring on F4 to such a
coloring on the complete graph Ks.

Example: We read the adjacency list for F; as a set of instructions for adding perfect matchings
to 8 vertices, starting in row 1 and adding colored edges as we read down the list. Once we have
the graph of F4, we add three more perfect matchings. For instance, if we view the cube from
above and ignore the green diagonals, we add orange, yellow, and gray perfect matchings as
below. Here, we have omitted the gray edges on the top face of the third cube for visual clarity.

2 8. 2 8 2 8
o  Xo 90 )
) 3 5 3 5 3
1 7 1 7 1 7
. X o o
6 4 6 4 6 4
th the h h . <t £ Ky 12 3 4 5 6 7 8
?}Ylt 'thf' eacif:rt,_t e ad]acerflcy hsg or Kg at Black 5 6 7 8 1 2 3 1
e right is a Latin square of size 8. Blue 6 5 8 7 32 1 4 3
Exercise: Find other ways to complete the Green. & 7 6 5 4 3 2 1
regular edge coloring for F; to one for K3 by Red r 8 5 6 3 4 1 2
adding perfect matchings to the graph. Then, =~ Orange 21 4 3 6 5 8 7
complete the adjacency list for F4to a Latin Yellow 4 3 2 1 8 7 6 5
square. Gray 3 4 1 2 7 8 5 6

Exercise: Repeat the previous exercise, but first complete the adjacency list for F4 to a Latin
square and then add the corresponding perfect matchings to the graph. Try to find a completion
not found in the previous exercise.

Exercise: Repeat the previous two exercises by completing the regular edge coloring for K3 3 to
one for the complete graph Ks. This completion requires only two additional perfect matchings.

We’ll continue to develop the adjacency list and Latin rectangle concepts in the next installment.
To finish, we leave the following exercise on the family of complete tripartite graphs K, », p:

Exercise: Formulate a definition of a graph that models the Matching Rule with three options V1,
V2, and V3. Each outcome is represented by a triangle in the graph, and each triangle should
correspond to an outcome. Describe the adjacency matrix for such a graph. Then repeat the
exercise with four options. What familiar object does each outcome model?

12



Fractran
by Ken Fan | edited by Jennifer Sidney

Jasmine: What are you reading?

Emily: Your timing couldn’t be more perfect!

Jasmine: Is it math?

Emily: I'm reading a biography of John Conway by Siobhan Roberts.'
Jasmine: John Conway? The inventor of the Game of Life?

Emily: Yes, that John Conway.

Jasmine: He also created a new system of numbers, right?

Emily: Yes, but I have to tell you what I just read. Conway started a lecture by writing down a
sequence of 14 fractions:

17/91, 78/85, 19/51, 23/38, 29/33, 77/29, 95/23, 77/19, 1/17, 11/13, 13/11, 15/2, 1/7, 55/1
Jasmine: What’s so special about those fractions?
Emily: It’s a computer program!
Jasmine: What do you mean, “It’s a computer program”?
Emily: Here’s how it works. You start with the number 2.
Jasmine: Okay.

Emily: Then you go down the list of fractions, looking for the first fraction that gives you a
whole number when you multiply it by the input 2.

Jasmine: Okay. So that would be 15/2. The product of 15/2 and 2 is 15.
Emily: Then you repeat the process with 15 as the new input.

Jasmine: So the next number would be 15 times 55, because none of the first 13 fractions yield a
whole number when you multiply them by 15.

1'S. Roberts, Genius at Play: The Curious Mind of John Horton Conway. Princeton University Press, 2024.
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17/91, 78/85, 19/51, 23/38, 29/33, 77/29, 95/23, 77/19, 1/17, 11/13, 13/11, 15/2, 1/7, 55/1

Emily: Right. And 15 times 55 is 825. I already went through this process a few times before you
got here. After 15 and 825, the outputs continue with 725, 1925, 2275, 425, 390, then 330.

Jasmine: Okay, but what’s the point?
Emily: It’s computing the prime numbers!
Jasmine: What? But all the numbers except the 2 are multiples of 5 so far.

Emily: The way it works is that whenever the output is a power of 2, you look at the exponent,
and the exponents will be the sequence of prime numbers!

Jasmine: You must be joking!

Emily: That’s what Conway claims!

Jasmine: This, I have to see.

Librarian: Excuse me young ladies, can you please keep it down?
Emily: Oh, sorry! Come on Jasmine, let’s go to the computer room.
Jasmine: Good idea!

In the computer room, Emily and Jasmine write some computer code to execute the procedure.
They use it to produce the following output (with powers of 2 in boldface):

15, 825, 725, 1925, 2275, 425, 390, 330, 290, 770, 910, 170, 156, 132, 116, 308, 364, 68, 4, 30,
225, 12375, 10875, 28875, 25375, 67375, 79625, 14875, 13650, 2550, 2340, 1980, 1740, 4620,
4060, 10780, 12740, 2380, 2184, 408, 152, 92, 380, 230, 950, 575, 2375, 9625, 11375, 2125,
1950, 1650, 1450, 3850, 4550, 850, 780, 660, 580, 1540, 1820, 340, 312, 264, 232, 616, 728,
136, 8, 60, 450, 3375, 185625, 163125, 433125, 380625, 1010625, 888125, 2358125, ...

Jasmine: Well, so far we got 2> and 2°; their exponents, 2 and 3, are, in fact, the first two primes,
but they’re pretty far into the sequence. Instead of having the program compute more terms, why
don’t we just assume that it works and try to figure out why.

Emily: Okay!

Jasmine: Since there are infinitely many primes, the program should never terminate. Can we at
least see that it won’t terminate?

Emily: The last fraction, 55/1, is an integer, so it’ll never stop.

14



Jasmine: And since the sequence must contain all prime powers of 2, there must be at least one
fraction in the program that has a factor of 2 in the numerator; otherwise, the exponent of 2 will
never increase.

Emily: And there is: the second fraction is 78/85. In fact, that’s the only fraction that has an even
numerator.

Jasmine: There’s also exactly one fraction with an even denominator: 15/2, the third to last
fraction.

Emily: Suppose the program just output 27, where p is a prime number. What happens next?

Jasmine: Great question! Let’s see. The first fraction that yields an integer when multiplying by
27 is 15/2, so the next output number will be 27~ 1(15). In fact, none of the denominators that
appear before the 2 in 15/2 divide evenly into 15, so the next output number will be 27 ~*(15?).

Emily: All the factors of 2 are going to be converted into factors of 15 because none of the
denominators before the 2 in 15/2 are even, and none are of the form 35%; thus, they will never
divide evenly into a power of 15. So p terms after the output 27, we will get the output 157.

Jasmine: Then we’ll get 55(157). It seems like the prime factorizations of the numbers in the
fractions will be useful to know because we do nothing but consider divisibility and perform
multiplications and divisions.

Emily and Jasmine rewrite all the fractions in terms of prime factorizations:

17 2-3:13 19 23 29 7-11 519 711 1 11 13 3.5 1 5-11

7137 5-17 317721973117 29 ° 23 7 19 17713711 2 777 1

Emily: In terms of prime factorizations, each fraction becomes an if-then statement. For
example, the first fraction means: If the exponent on the primes 7 and 13 in the prime
factorization of the input are both greater than 0, then reduce the exponents on 7 and 13 by 1 and
increase the exponent on 17 by 1.

Jasmine: You’re right! In fact, each step of the program increases and decreases some exponents
in the prime factorization by 1, because none of the numerators and denominators are divisible
by the square of a prime.

Emily: Each prime number can be thought of as the label of a counter (which has the value of
that prime number’s exponent in the prime factorization of the latest output). And each iteration
of the program increases the counter by 1, decreases it by 1, or leaves it unchanged.

Jasmine: And since only finitely many prime numbers appear in the factorizations of the
numerators and denominators, there are only finitely many such counters! There are counters for

2,3,5,7,11, 13,17, 19, 23, and 29. That’s 10 counters in total.

15



Emily: So it’s a computer program with 10 variables composed of 14 if-then statements.

Jasmine: Let’s call the counter labeled by the prime number p, c,. We can rewrite the program
like this:

.If ¢7> 0 and c13 > 0, then subtract 1 from ¢7 and ¢13 and add 1 to ci17.
.If ¢s > 0 and c¢17 > 0, then subtract 1 from ¢s and ¢;7 and add 1 to ¢, ¢3, and c13.
.If ¢3>0and c17 > 0, then subtract 1 from ¢3 and ¢;7 and add 1 to cio.
.If 2> 0 and c19 > 0, then subtract 1 from ¢ and c¢19 and add 1 to c¢»23.
.If ¢3>0and c11 > 0, then subtract 1 from ¢3 and ¢;1 and add 1 to c¢29.
. If ¢29 > 0, then subtract 1 from c¢z9 and add 1 to ¢7 and ci;.

. If ¢23 > 0, then subtract 1 from ¢»3 and add 1 to ¢s and ci9.

. If c19 > 0, then subtract 1 from ci9 and add 1 to ¢7 and ci;.

9. If ¢17 > 0, then subtract 1 from ci7.

10. If ¢13 > 0, then subtract 1 from ci3 and add 1 to c1.

11. If ¢11 > O, then subtract 1 from c1; and add 1 to ci3.

12. If ¢» > 0, then subtract 1 from ¢z and add 1 to ¢3 and cs.

13. If ¢7 > 0, then subtract 1 from c7.

14. Add 1 to ¢s and c11.

00 O\ W

where it is understood that we go through these if-then statements in order, executing the first
one whose condition is true, then go back to the top.

Emily: And the program starts with c¢2 = 1 and all other counters set to 0.

Jasmine: This reformulation makes the program look more like a piece of traditional computer
code, but I still have no idea why it produces the prime numbers! In this form, each time all the
¢p are 0 for odd primes p, the value of ¢> should be 2 raised to a prime number.

Emily: These counters must keep track of some kind of information. If we can figure out how to
interpret each counter, then we’d be able to give each line of code a conceptual meaning, and
that might help us to understand what the code is doing.

Jasmine: That sounds like a good idea, but maybe we should think about how we would write a
program in ... what language did Conway call this?

Emily: Fractran.

Jasmine: ... in fractran to produce the prime numbers. Because if we think of such an algorithm,
it’ll likely give us some notion of what to look for in Conway’s program. So, if you were to
automate the generation of primes in fractran, how would you do it?

Emily: Hmm. I’'m not sure. The simplest way to list the prime numbers might be to simply march
through the numbers testing for divisibility; whenever a nontrivial divisor is found, go to the next
number, and keep doing that until another prime is found. Can this method be readily translated
into fractran?
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Jasmine: The part of that procedure that seems the most difficult to implement in fractran is the
divisibility testing. For example, how can we check that # is divisible by d if we’re only allowed
to add and subtract 1 from some counters?

Emily: Suppose we set up two counters: I'll just call them N and D. Actually, how about we say
that when we write N we can mean both a prime number and the counter associated with that
prime number, depending on the context?

Jasmine: So if we put N in the numerator or denominator of a fraction step, then we think of N as
the prime number, otherwise we think of it as the counter associated with the prime number?

Emily: Yes.
Jasmine: Sure, that’s fine with me.

Emily: Great! So we set up two counters N and D, and we initially have them set so that N = n
and D = d. We want to see if n is divisible by d. We could keep subtracting 1 from both N and D,
and if we get to 0 in both at the same time, then that means n = d. But if D becomes 0 when N is
not 0, then we reset D to d and continue subtracting 1 from both N and D. On the other hand, if N
becomes 0 when D is not 0, it means that # is not divisible by d. So we keep subtracting 1 from
both N and D, and if both become 0 at the same time, then d divides »; but if N becomes 0 while
D 1s not 0, then d does not divide n. And if D becomes 0 when N is not 0, we reset D to d and
continue.

Jasmine: That seems kind of “fractrany”!
Emily: What output will we take from the program to mean that » is divisible by d?

Jasmine: How about we say that if the program produces a number divisible by the prime
number 7, it means that # is divisible by p, but if it produces a number divisible by a prime F, it
means that it is not. I’'m thinking of 7" as “true” and F as “false.”

Emily: Okay, let’s try that. It’s simple enough to have a fraction that means “If N and D are
greater than 0, then decrease both by 1.” That’s just the fraction 1/(ND).

Jasmine: If we start the program with 1/(ND), it’ll keep decreasing N and D until at least one of
them is 0. If N is 0 but D > 0, that means that d does not divide n, so we should put F/D after
1/(ND). And if F/D does not execute, that means that D =0, so either N>0or N=0.If N> 0,
then we have to reset D to d.

Emily: But the program has no record of the value d. I think before the program starts decreasing
N and D, we need to make a copy of D. We can put the copy of D in the counter C, for “copy.”
But how do we copy D into C? We can’t just use the fraction C/D, because while that will
eventually make C = d, it will also end up making D = 0.
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Jasmine: We can put D into two counters C1 and C», then put C back into D! That is, we can use
the fractran code C1C>/D, D/C».

Emily: Super! After that ... hold on a sec... That won’t work because after putting D into C1 and
(3, yes, it will then decrease C> by 1 and increase D by 1, but it won’t keep doing that until D is
restored to d. Instead, as soon as D = 1, it will execute the step C1C2/D, so it will decrease D
immediately back to 0 and increase Ci beyond what we want it to be.

Jasmine: You’'re right.

Emily: Perhaps we can use another counter as a kind of flag. That is, if C;> > 0, then not only do
we increment D, but we also set another counter, say F for “flag.” (We can’t use F, because
we’re already reserving F to signify that d does not divide n.) Instead of using just the fraction
D/, we use the fraction DF1/C,. Then, before the fraction C1C»/D, we check if F; > 0 and

C> > 0; if they are, we decrease C> and increase D. That is, we put the fraction D/(C>F1) before
the C1C2/D.

Jasmine: But that fraction would also decrease Fi... so I think we need to set another flag, F>,
and then use a very early fraction that tests F>. And if it is greater than 0, then we reset the F
flag. I’'m also concerned that the swapping of C> back to D happens in two different steps: one
where F1 is set, and one where F1 is not set. I'd rather that the swap take place only within one
step. We can make that happen by setting the flag F'; as soon as D has been swapped to C; and
(>, which can be accomplished with the fraction Fi/1 at the end. Then I think we just need the
fractran step DF>/(C>F) to do all the swapping of C> back to D, as well as the fraction Fi/F> at
the beginning to keep the flag F set during this swapping process.

Emily: That sounds promising! So our fractran snippet that duplicates D into Ci is now
Fi1/F>, DF>/(CoFY), Ci1Co/D, Fi/l
Jasmine: Let’s see if that works! So let’s say N = n and D = d (in other words, the number N"D“

is given as input to the fractran program), and all other counters are 0. Here’s how the program
will go:

Fractran Fraction N D C1 C: F F>
(initial input) n d 0 0 0 0

C1C2/D (d times) n 0 d d 0 0

Fi/1 n 0 d d 1 0

DF>/(CFh) n 1 d d-1 0 1

F\/F» n 1 d d-1 1 0

DF>/(CoFy), FilF> (d — 1 times) n d d 0 1 0

That looks promising!
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Emily: But at this point, after the program has successfully replicated D in C1, we’d like the
program to commence with subtracting d from N. However, with what we have now, the
program will add d to Ci and C> and deplete D all over again.

Jasmine: The good news is that F1 = 1, so we can use this fact to intervene before the fractran
step C1C2/D; this will get the program to start subtracting d from N by inserting the fraction
1/(NC1F1) just before the C1Ca/D.

Emily: We want that to keep going until one of N or C; reaches 0, so I think we need to use that
flag ploy for this section, too. Since you’re again using F as the flag, we also must reset that
until this process completes. I guess we can reuse F» for that purpose, so instead of 1/(NCiF1),
we put Fo/(NC1F) before the fraction C1Co/D:

F1/F>, DF>/(CoFY), Fo/(NCi 1), C1Ca/D, Fi/1

Jasmine: So now, after the program duplicates D into Ci, it will start decreasing both N and C
until one or both of them reach 0. When that happens, N will be either n — d or 0, D will still be
d, F1 will be 1, and C; and F> will be 0. If C; > 0, then N must be 0, which means that d does not
divide evenly into n. But if Cj is 0, then if N is also 0, it means that d does divide evenly into #;
and if N > 0, we need to start the process of copying D into C; again, and so on.

Emily: So right after F»/(NC1F1), we can put F/(CiF) to signify that d does not divide evenly
into n. If it gets by that fraction, it means Ci = 0. After that, we need to test if N > 0. If it is, we
must restart the whole process of copying D into Ci, etc. So we can use another flag, F3, and put
F3/(NF) after the F/(C1F1). That will set F1 back to 0, but it will also decrease N and set the flag
F3 to signify that the program should increment N to restore it. Then everything will be set to
continue from the start, except with N = n — d instead of n. Thus at the front, we need N/F3. And
if it gets by F3/(NF1), it means that N is also 0, so we should then increment 7 to indicate that d
does divide n. Thus right after F4/(NF1), we should put 7/F;. Our final program is

NIF3, F1\lF2, DF2/(CoFY), Fol(NCFh), FI(CiF), F3/(NF1), TIF, C1C2/D, Fi/1
Emily: Does this work?
Jasmine: I hope so!
Emily and Jasmine carefully trace through their fractran program.

Emily: I think it works! It doesn’t terminate, though, so the user would have to keep an eye out
for when the output is first divisible by 7 or by F.

Jasmine: I think I’ve got a much better sense of the kinds of things that we’re likely to see
happening in a piece of fractran code. Do you want to polish the snippet so that it ends cleanly,
or take what we’ve learned and see what sense we can make of Conway’s code?

To be continued...
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Hypercube Symmetries
by Addie Summer | edited by Amanda Galtman

Symmetries of the square and the cube keep popping up at the Girls’ Angle club. That got me
wondering about the symmetries of the natural generalization of the square and cube to higher
dimensions: the n-dimensional hypercube. It occurred to me that I didn’t actually know what or
how many symmetries the n-dimensional hypercube has, and it bugs me not to know. So |
decided to figure it out.

I decided to take my n-dimensional hypercube to be the points in n-dimensional space with
coordinates (xi1, x2, X3, ..., Xn), Where -1 <xxy<1fork=1,2,3, ..., n.

When n = 1, this is a line segment of length 2 centered around zero on the number line. When

n = 2, this is a 2-by-2 square centered at the origin in the plane. When n = 3, this is a 2-by-2-by-2
cube centered at the origin of 3D space. But here, n can be any positive integer. With this
representation of the hypercube, its vertices are the points each of whose coordinates are +1

or -1. Since there are two choices of sign for each coordinate, there are 2" vertices in total.

I also need to be clear about what I mean by a symmetry of the hypercube. Here, I will define a
hypercube symmetry as a rigid motion of the hypercube that leaves the hypercube looking
unchanged, such as rotating a square by 90°. By “rigid motion,” I mean a map from
n-dimensional space to itself (also called a “transformation” of space) that preserves distances. If
T is the transformation and p is a point in space, then 7 maps p to the point 7(p). To “preserve
distances” means that if p and g are two points, then the distance between 7(p) and 7(q) is the
same as the distance between p and q.

So my goal is to figure out what and how many rigid motions preserve an n-dimensional
hypercube.

How can this be done?

I guess I won’t worry about this question for the moment, and instead I’1l just try to think of
some symmetries. First, I’ll give the group of symmetries of the n-dimensional hypercube a
name. Let’s call it H,.

Both the square and the cube have bilateral symmetry. You can reflect the square in either
coordinate axis and it’ll look the same, and you can reflect the cube in any coordinate plane and
it’ll look the same. This suggests that reflecting over a coordinate hyperplane is a symmetry of
the hypercube. In terms of coordinates, such a reflection multiplies the kth coordinate by -1, that
is, it sends the point (X1, X2, X3, +.., Xk, -+ .5 Xn—1, Xn) tO (X1, X2, X3, ..., “Xky -+.» Xn—1, Xn). This
transformation preserves the cube because if -1 < xx <1, then -1 < -xx < 1. If this transformation
also preserves distance, then it is a rigid motion and so would be a symmetry of the hypercube. If
(1, ..., yn) 1s another point, the distance between (xi, ..., x,) and (y1, ..., y») is given by the
distance formula

\/(xl—y1)2+(x2—y2)2+(x3—y3)2+...+(xn —yn)2 .
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And the distance between the reflections of the two points is

JO =3P (5 =3, + (=3, 4 (= (=Y )) 4 (5, — 3,
Those two expression are, indeed, equal to each other because (-xx — (-yx))* = (xx — y)*.

I can use these sign-changing reflections to change the signs of the coordinates however I please.
And since the vertices are all obtained by picking different signs, +1 or -1, for each coordinate, I
can, in fact, map any vertex to any other vertex by a symmetry of the hypercube!

Let V be the set of vertices. The symmetries of the hypercube permute the vertices. That is, H,
acts on V.2 That any vertex can be mapped to any other vertex via some symmetry means, by
definition, that this action is transitive, and the transitivity of the action of H, on V means that
|H,| = IVIIStab vI,> where Stab v is the stabilizer of a specific vertex v, i.e., the symmetries that
map v to itself. So if I can figure out what Stab v is, I’'ll have a much better understanding of H,.

What can we say about Stab v? I guess I will try to imitate what we just did and look for some set
of vertices on which Stab v acts transitively.

Because symmetries of the hypercube preserve distances, any symmetry that fixes v must
permute the points that are some given distance from v. The vertices nearest to v (other than v
itself) are the vertices connected to v by an edge of the hypercube. These are the vertices whose
coordinates differ from those of v by a sign change in a single coordinate. Since there are n
coordinates, there are n of these vertices. Let’s call this set of vertices Vi. I might as well take
v=(1,1,1, ..., 1). Then Vi consists of the n points whose coordinates are all equal to 1 except in
a single coordinate that has the value -1.

Does Stab v act transitively on Vi?

Rotating the coordinates would cycle through all the vertices in Vi, so let’s check if this is a rigid

motion. That is, let R be the transformation that sends (x1, x2, x3, ..., X») to (X2, X3, X4, ..., Xn, X1).
Does R preserve distance? The distance between the two points (xi, ..., x,) and (y1, ..., yn) 18
given by

JE =22+ 06 =3, + (5= 3+t (x, = y,)

as we noted earlier. The distance between R((x1, ..., x»)) and R((y1, ..., yn)) 1S

VO =3 (5 =y, + (=3 He (5, =3, + (5 — 0

And those two expressions are equal, because the net effect that the transformation R has on the
distance formula is to rotate the terms in the sum under the radical. Rotating the terms does not
change their sum. So R belongs to Stab v and Stab v does act transitively on V!

2 For the definition of a group action, please see Robert Donley’s article Permutations and basic group theory, Part
2 in Volume 17, Number 5 of this Bulletin, especially pages 8-9.
3 The notation S| stand for the number of elements in S.
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In fact, the effect of any permutation of the coordinates on the distance formula would be to
permute the terms in the sum under the radical, leaving the distance unchanged. And since
permutations of the coordinates map the hypercube to itself (since the conditions on the
coordinates of points in the hypercube are identical for all coordinates), all permutations of the
coordinates are in Stab v!

The group of permutations of n objects is called the symmetric group, denoted S,. So, Stab v
contains a copy of S,, where we can think of the n objects being permuted as the coordinates.
Could it be that the transformations that permute the coordinates constitute all of Stab v?

That is, if we insist that a rigid motion fix v and specify how it permutes the vertices of Vi, does
that determine the entire transformation?

Consider some vertex w. If its distance to v and distances to the vertices in V; are unique to w,
then once we know that the transformation fixes v and how it permutes the vertices in Vi, we also
know where the transformation must send w. That’s because rigid motions preserve distance and
if there were two transformations 7' and 7> that did the same thing to v and the vertices in Vi, but
sent w to different vertices, then there would have to be two different vertices with the same
“distance profile” to v and the vertices in V.

So let’s look at the distances of w to v and the vertices in Vi and see if they uniquely identify w.

The distance between v and w is the square root of the sum of the squares of the coordinate
differences. These coordinate differences will all be either O or 2, depending on whether w has a
+1 or -1 in that coordinate, respectively. So the distance between v and w effectively tells us how
many -1’s there are among the coordinates of w. (Isn’t it beautiful that the 2" vertices arrange
themselves on the surfaces of n + 1 concentric hyperspherical shells centered at v? How many
vertices are on each shell?)

Let v; be the vertex in Vi with a -1 in the ith coordinate. The distance between v; and w is almost
the same as the distance between v and w because v and v; only differ in one coordinate. If w has
a 1 in the ith coordinate, then the distance from w to v; is greater than its distance to v. But if w
has a -1 in the ith coordinate, then the distance from w to v; is less than its distance to v. In other
words, by computing the distances of w to each of the v; and comparing those to the distance
between w and v, we can learn the signs of all of w’s coordinates! So, in fact, the “distance
profile” does determine w uniquely.

Thus, Stab v is the group of permutations that permute the coordinates. (Every transformation in
Stab v permutes the vertices of Vi, which corresponds to a permutation of the coordinates, and
any permutation of the coordinates corresponds to a unique transformation in Stab v.) Therefore,
Stab v has n! symmetries.

Since |H,l = VIIStab vl, we find that the n-dimensional hypercube has 2"n! (also expressible as
(2n)!! using a double factorial) symmetries. Furthermore, every symmetry can be obtained by
combining two types of operations: a permutation of the coordinates and changing the signs of
some subset of coordinates.

In the process of find symmetries, a number of thoughts, further tasks, and questions occurred to
me that I wanted to record for future reference.

22



Learn
Mathematics!

Make new
Friends!
Meet
Professional Women
who use math in their work!

G Bu\\cﬁ“
G Bulletin

Improve how you
Think and Dream!

Girls' Angle
A math club for ALL
girls, grades 5-12.

@®
girlsangle@gmail.com S'
girlsangle.org




Cubics, Part 5

by Lightning Factorial | edited by Jennifer Sidney

In the spirit of figuring things out, we asked Lightning Factorial to try to find a
formula for the roots of a cubic equation in terms of its coefficients. The cubic
formula, like the quadratic formula, is well known and can readily be looked
up. But trying to figure out something yourself can take you on a journey
that’s far more fun. Let’s rejoin Lightning’s cubic math adventure!

Last time, I found that the cubic
polynomial x* + cx + d has three

real roots if and Only if ¢ and d are 1.  First, divide the cubic throughout by its lead coefficient to obtain a cubic

. 3 ]
real numbers that s atlsfy gg tﬂ:;,l i(r)lrgr;l i)is :-01(7)):: (some constant)x + (another constant). This does

To solve a cubic equation:

2 3 2.  Translate the cubic horizontally to the left by -5/3 to obtain a cubic of
< y v
d”+4c’/21 - 0. the form x3 + cx + d. This translates the roots accordingly.
Let’ S NOW examine the situation 3. If ¢ =0, then the roots of x> + cx + d are the cube roots of -d, and we’re
. essentially done. All we need to do is translate the cube roots of -d to the
where ¢ and d are still real Hichtby b/,

numbers, but the cubic has exactly

. 4. Ifc#0, then let U be a root of the quadratic equation x + dx — ¢3/27 = 0.
one real root. That is, assume that . e

It doesn’t matter which root we take.
d2 + 4C3/27 > 0. 5.  Letuy, up, and u; be the cube roots of U.

6.  Let vy =-c/(Guy).
We use all the notation set up in
. 7.  Then the roots of x> + cx + d are u; + vy, fork=1, 2, 3.
the summary box at right.

8.  The roots of the original cubic are uy + v — b/3, fork=1, 2, 3.

When d* + 4¢3/27 > 0, the

quadratic equation x*> + dx — ¢/27 = 0 has two distinct real roots. In Step 4 of the method, we
may take either of these roots to proceed; for the sake of definiteness, though, let’s take U to be
the larger of these two roots and V to be the smaller. Explicitly,

_—d+~d+4c% 127 nd V = —d—d* +4c’ 127

2 2

U

And in Step 5, since U is real, let’s take u; to be the real cube root of U. Now we can take u» to

be u1w and u3 to be uiw?, where w = ¢ is a primitive cube root of unity.

Then the real root of our cubic must be u; + vi, where vi = -¢/(3u1) is the real cube root of V. So
the two nonreal roots are uw + viw? and uiw? + viw.

Let’s determine the sign of the unique real root. If ¢ < 0, then U and V have the same sign as -d,
so the unique real root will have the opposite sign of d. On the other hand, if ¢ > 0, then U > 0
and V<O0. If d <0, then |Ul > |Vl and the unique real root will be positive. But if d > 0, then

|UI < IV] and the unique real root will be negative. Thus, the unique real root has the opposite sign
of that of d. (This can also be seen by applying the intermediate value theorem.)

The following figure shows a summary of what we’ve found out about the cubic x* + cx + d:
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Note that if d = 0, then the cubic x° + cx + d has 0 as a root; and, conversely, if X +cx+dhas0
as a root, then d = 0. So the horizontal axis represents the cubic polynomials that have O as a
root. This fact makes me curious to know which of these cubic polynomials have a specific real
number R as a root for any R, not just R = 0.

If R is a root of the cubic polynomial, then R? + ¢R + d = 0. In other words, the cubic
polynomials that share the root R all lie on a straight line in the graph above. Specifically, the
line crosses the vertical axis at (0, -R*) and has slope -R.

Since for any real number R, the three real numbers R, -R/2, and -R/2 sum to 0, the cubic
polynomial with R, -R/2, -R/2 should have the form x* + cx + d; and it should be found on the
curve d* + 4¢3/27 = 0 of cubic polynomials that have a double root. We compute that
(x—R)(x + R/2)* = x> = 3R?x/4 — R*/4, 50 ¢ = -3R*/4 and d = -R*/4. Indeed,

(-R3/4)* + 4(-3R%/4)*127 = 0!

Also, the three numbers R, R, and -2R sum to 0, so the cubic (x — R)*(x + 2R) should also be

found on the curve of cubic polynomials with a double root. For this polynomial, ¢ = -3R* and
d =2R% and (2R*)* + 4(-3R**/27 = 0.
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To summarize what we’ve found so far, the cubic polynomials of the form x° + cx + d that share
a common root R all sit on the line R* + ¢R + d = 0 in the cd-plane. Let’s call this line Lg. Each of
these lines Lr (for R # 0) intersects the curve of cubic polynomials with double roots twice, at
(-3R%/4, -R*/4) and (-3R?, 2R%). Also, L has slope -R.

Let’s imagine the roots of the cubic polynomials that share the root R. One of the roots will
always be R, but the other two roots can move, subject to the condition that the sum of the roots
is always 0. They both move, in opposite directions, on the real axis of the complex plane toward
the point -R/2. They meet there, then proceed vertically into the complex plane in opposite
directions. Along this journey, they pass through R and -2R while on the real axis, before
colliding at -R/2. What this means is that Lz must be tangent to the curve of double roots at
(-3R?, 2R?) and transversal to it at (-3R?/4, -R*/4). See the figure below where the locus of cubic
polynomials sharing the common root R is drawn for R =-3.5, -3, -2.5, ..., 3, 3.5.

Also note that any three distinct lines Lg, Ls, L, with R + S + T = 0, must be concurrent,
intersecting somewhere within the region of all-real roots; whereas no two lines Lg intersect in
the one-real-root region. What a beautiful system of lines the tangents to d” + 4¢*/27 = 0 form!
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Notes from the Club

These notes cover some of what happened at Girls’ Angle meets. In these notes, we include
some of the things that you can try or think about at home or with friends. We also include some
highlights and some elaborations on meet material. Less than 5% of what happens at the club is
revealed here.

Session 35 - Meet 9 Mentors: Elisabeth Bullock, Anushree Gupta, Shauna Kwag,

November 7, 2024 Jessie Lee, Hanna Mularczyk, Maya Robinson,
Swathi Senthil

Polynomials are versatile objects!

Algebraically, a polynomial is an expression that can be obtained by combining variables
with numbers using only addition and multiplication. For example, 3x* — 5 is a polynomial
because it is the number 3, multiplied by the variable x, multiplied again by the variable x, and,
finally, the number -5 is added to the result.

We can think of a polynomial as a function where each different variable used to build it
represents an input, and if these variables are set to specific input numbers, the output is what the
polynomial expression evaluates to with the specific input numbers substituted in for the
corresponding variables. Because polynomials only involve addition and multiplication, so long
as the number system you are using allows for those two operations, you can use polynomials.

We can also think of a polynomial as encoding combinatorial information, such as when
we regard (x + 1)" as an encoding of the nth row of Pascal’s triangle (whose entries are the
coefficients of the polynomial).

Or, we can think of a polynomial as a message. How? We can assign the numbers 1
through 26 to the letters of the alphabet in order. Then a word becomes a sequence of numbers.
For example, HELLO is 8, 5, 12, 12, 15. We can then use these numbers as the coefficients of a
polynomial: 8x* + 5x° + 12x* + 12x + 15. To transmit this polynomial, we can send someone the
numbers that this polynomial evaluates to at the values x =0, 1, 2, 3, and 4. The only polynomial
p(x) of degree 4 that agrees with 8x* + 5x° + 12x*> + 12x + 15at x =0, 1, 2, 3, and 4 is the
polynomial 8x* + 5x° + 12x> + 12x + 15. But the real value of transmitting evaluations of a
polynomial instead of just the message itself is that we can transmit the evaluation of the
polynomial at just two more values, say x =5 and x = 6, as well. That way, if one of the
transmitted values is corrupted, the receiver can still figure out what your message is. Do you see
how? This application of polynomials is called a Reed-Solomon code.

And then there are families of polynomials with interesting roots, such as the cyclotomic
polynomials or the Chebyshev polynomials.

What other uses of polynomials can you come up with?

Session 35 - Meet 10 Mentors: Elisabeth Bullock, Tigest Demelash, Anushree Gupta,
November 14, 2024 Shauna Kwag, Jessie Lee, Yaqi Li, Hanna Mularczyk,
Maya Robinson, Swathi Senthil, Dora Woodruff

How do you think about multiplication? Why is it that %Xﬁ = % ? Is this a rule that we
y by
simply have to memorize? Or, does it follow from the way multiplication is defined? How do
you define multiplication? Is there a difference between a definition of multiplication and a
model of multiplication? For what situations does it make sense to multiply numbers together?
Can you define multiplication without using the concept of addition?
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Session 35 - Meet 11 ~ Mentors: Tigest Demelash, Anushree Gupta, Shauna Kwag,
November 21, 2024 Jessie Lee, Yaqi Li, Hanna Mularczyk, Dora Woodruff

Let fix) = if Now compute f(1), f(f(1)), f(f(f(1))), etc. What happens? SPOILER
X+

ALERT! You will get a sequence of rational numbers that converges to V2 . How does it work?
Can you think of other explicit functions f(x) such that the sequence a, defined by a; = 1

and ax + 1 = fu(ax) for k> 0 is a sequence of rational numbers that converges to Jn?

Session 35 - Meet 12 Mentors:  Elisabeth Bullock, Tigest Demelash, Shauna Kwag,
December 5, 2024 Jessie Lee, Yaqi Li, Hanna Mularczyk, Maya Robinson,
Swathi Senthil, Dora Woodruff, Saba Zerefa

We held our traditional end-of-session Math Collaboration! Math Collaborations are fun,
mathematically-intense, collaborative challenges where participants must work together to solve
a large-scale problem. If your school is interested in having one, please contact us!

Meanwhile, try your hand at solving some of the problems our members solved in order
to break into our treasure chest:

You enter a room and 3 speak to you, at least one of whom
is honest. X says, “There are 7 people and only one will lie
to you.” Y says, “There are 4 people, and two are liars.” Z
says, “There are 6 people and we’re all honest.” How many
people are in the room?

How many ways are there to partition a regular hexagon
into 3 triangles?

A small cube is removed from the corner of a big cube.
How many faces does the resulting shape have?

A number is happy if it can be turned into an integer by
multiplying it by at least one of 1, 2, 3, 4, or 5. How many
happy numbers are there between 0 and 1, inclusive?

How many ways are there to make change for 35 cents
using quarters, nickels, and pennies?

A regular tetrahedron is a triangular pyramid whose faces
are all equilateral triangles. How many rotational
symmetries does a regular tetrahedron have?

28



Calendar

Session 35: (all dates in 2024)

September 12 Start of the thirty-fifth session!
19
26
October 3
10
17
24
31
November 7
14
21
28 Thanksgiving - No meet
December 5

Session 36: (all dates in 2025)

January 30  Start of the thirty-sixth session!
February 6

13

20 No meet

27
March 6

13

20

27 No meet
April 3

10

17

24 No meet
May 1

8

Girls’ Angle has run over 150 Math Collaborations. Math Collaborations are fun, fully
collaborative, math events that can be adapted to a variety of group sizes and skill levels. We
now have versions where all can participate remotely. We have now run four such “all-virtual”
Math Collaboration. If interested, contact us at girlsangle @ gmail.com. For more information
and testimonials, please visit www.girlsangle.org/page/math_collaborations.html.

Girls” Angle can offer custom math classes over the internet for small groups on a wide range of
topics. Please inquire for pricing and possibilities. Email: girlsangle @ gmail.com.
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Girls’ Angle: A Math Club for Girls

Membership Application

Note: If you plan to attend the club, you only need to fill out the Club Enrollment Form because all
the information here is also on that form.

Applicant’s Name: (last) (first)

Parents/Guardians:

Address (the Bulletin will be sent to this address):

Email:

Home Phone: Cell Phone:

Personal Statement (optional, but strongly encouraged!): Please tell us about your relationship to
mathematics. If you don’t like math, what don’t you like? If you love math, what do you love? What
would you like to get out of a Girls’ Angle Membership?

The $50 rate is for US postal addresses only. For international rates, contact us before applying.
Please check all that apply:

O Enclosed is a check for $50 for a 1-year Girls’ Angle Membership.

O I am making a tax-free donation.

Please make check payable to: Girls’ Angle. Mail to: Girls’ Angle, P.O. Box 410038, Cambridge, MA
02141-0038. Please notify us of your application by sending email to girlsangle @ gmail.com.

(;irls
*[]?}.f?'//f”/

o

A Math Club for Girls
30



Girls’ Angle
Club Enrollment

Gain confidence in math! Discover how interesting and exciting math can be! Make new friends!

The club is where our in-person mentoring takes place. At the club, girls work directly with our mentors
and members of our Support Network. To join, please fill out and return the Club Enrollment form.
Girls’ Angle Members receive a significant discount on club attendance fees.

Who are the Girls’ Angle mentors? Our mentors possess a deep understanding of mathematics and
enjoy explaining math to others. The mentors get to know each member as an individual and design
custom tailored projects and activities designed to help the member improve at mathematics and develop
her thinking abilities. Because we believe learning follows naturally when there is motivation, our
mentors work hard to motivate. In order for members to see math as a living, creative subject, at least one
mentor is present at every meet who has proven and published original theorems.

What is the Girls’ Angle Support Network? The Support Network consists of professional women
who use math in their work and are eager to show the members how and for what they use math. Each
member of the Support Network serves as a role model for the members. Together, they demonstrate that
many women today use math to make interesting and important contributions to society.

What is Community OQutreach? Girls’ Angle accepts commissions to solve math problems from
members of the community. Our members solve them. We believe that when our members’ efforts are
actually used in real life, the motivation to learn math increases.

Who can join? Ultimately, we hope to open membership to all women. Currently, we are open primarily
to girls in grades 5-12. We welcome all girls (in grades 5-12) regardless of perceived mathematical
ability. There is no entrance test. Whether you love math or suffer from math anxiety, math is worth
studying.

How do I enroll? You can enroll by filling out and returning the Club Enrollment form.

How do I pay? The cost is $20/meet for members and $30/meet for nonmembers. Members get an
additional 10% discount if they pay in advance for all 12 meets in a session. Girls are welcome to join at
any time. The program is individually focused, so the concept of “catching up with the group” doesn’t

apply.

Where is Girls’ Angle located? Girls’ Angle is based in Cambridge, Massachusetts. For security
reasons, only members and their parents/guardian will be given the exact location of the club and its
phone number.

When are the club hours? Girls’ Angle meets Thursdays from 3:45 to 5:45. For calendar details, please
visit our website at www.girlsangle.org/page/calendar.html or send us email.

Can you describe what the activities at the club will be like? Girls’ Angle activities are tailored to each
girl’s specific needs. We assess where each girl is mathematically and then design and fashion strategies
that will help her develop her mathematical abilities. Everybody learns math differently and what works
best for one individual may not work for another. At Girls’ Angle, we are very sensitive to individual
differences. If you would like to understand this process in more detail, please email us!
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Are donations to Girls’ Angle tax deductible? Yes, Girls’ Angle is a 501(c)(3). As a nonprofit, we rely
on public support. Join us in the effort to improve math education! Please make your donation out to
Girls’ Angle and send to Girls’ Angle, P.O. Box 410038, Cambridge, MA 02141-0038.

Who is the Girls’ Angle director? Ken Fan is the director and founder of Girls’ Angle. He has a Ph.D.
in mathematics from MIT and was a Benjamin Peirce assistant professor of mathematics at Harvard, a
member at the Institute for Advanced Study, and a National Science Foundation postdoctoral fellow. In
addition, he has designed and taught math enrichment classes at Boston’s Museum of Science, worked in
the mathematics educational publishing industry, and taught at HCSSiM. Ken has volunteered for
Science Club for Girls and worked with girls to build large modular origami projects that were displayed
at Boston Children’s Museum.

Who advises the director to ensure that Girls’ Angle realizes its goal of helping girls develop their
mathematical interests and abilities? Girls’ Angle has a stellar Board of Advisors. They are:

Connie Chow, founder and director of the Exploratory

Yaim Cooper, Institute for Advanced Study

Julia Elisenda Grigsby, professor of mathematics, Boston College

Kay Kirkpatrick, associate professor of mathematics, University of Illinois at Urbana-Champaign

Grace Lyo, assistant dean and director teaching & learning, Stanford University

Lauren McGough, postdoctoral fellow, University of Chicago

Mia Minnes, SEW assistant professor of mathematics, UC San Diego

Beth O’Sullivan, co-founder of Science Club for Girls.

Elissa Ozanne, associate professor, University of Utah School of Medicine

Kathy Paur, Kiva Systems

Bjorn Poonen, professor of mathematics, MIT

Liz Simon, graduate student, MIT

Gigliola Staffilani, professor of mathematics, MIT

Bianca Viray, associate professor, University of Washington

Karen Willcox, Director, Oden Institute for Computational Engineering and Sciences, UT Austin

Lauren Williams, professor of mathematics, Harvard University

At Girls’ Angle, mentors will be selected for their depth of understanding of mathematics as well as
their desire to help others learn math. But does it really matter that girls be instructed by people
with such a high-level understanding of mathematics? We believe YES, absolutely! One goal of
Girls’ Angle is to empower girls to be able to tackle any field regardless of the level of mathematics
required, including fields that involve original research. Over the centuries, the mathematical universe
has grown enormously. Without guidance from people who understand a lot of math, the risk is that a
student will acquire a very shallow and limited view of mathematics and the importance of various topics
will be improperly appreciated. Also, people who have proven original theorems understand what it is
like to work on questions for which there is no known answer and for which there might not even be an
answer. Much of school mathematics (all the way through college) revolves around math questions with
known answers, and most teachers have structured their teaching, whether consciously or not, with the
knowledge of the answer in mind. At Girls’ Angle, girls will learn strategies and techniques that apply
even when no answer is known. In this way, we hope to help girls become solvers of the yet unsolved.

Also, math should not be perceived as the stuff that is done in math class. Instead, math lives and thrives

today and can be found all around us. Girls’ Angle mentors can show girls how math is relevant to their
daily lives and how this math can lead to abstract structures of enormous interest and beauty.
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Girls’ Angle: Club Enrollment Form

Applicant’s Name: (last) (first)

Parents/Guardians:

Address: Zip Code:

Home Phone: Cell Phone: Email:

Please fill out the information in this box.

Emergency contact name and number:

Pick Up Info: For safety reasons, only the following people will be allowed to pick up your daughter. Names:

Medical Information: Are there any medical issues or conditions, such as allergies, that you’d like us to know about?

Photography Release: Occasionally, photos and videos are taken to document and publicize our program in all media forms. We will
not print or use your daughter’s name in any way. Do we have permission to use your daughter’s image for these purposes? Yes  No

Eligibility: Girls roughly in grades 5-12 are welcome. Although we will work hard to include every girl and to communicate with you
any issues that may arise, Girls’ Angle reserves the discretion to dismiss any girl whose actions are disruptive to club activities.

Personal Statement (optional, but strongly encouraged!): We encourage the participant to fill out the
optional personal statement on the next page.

Permission: I give my daughter permission to participate in Girls’ Angle. I have read and understand
everything on this registration form and the attached information sheets.

Date:
(Parent/Guardian Signature)
Participant Signature:
Members: Please choose one. Nonmembers: Please choose one.
O Enclosed is $216 for one session 0O 1 will pay on a per meet basis at $30/meet.
(12 meets) ) )
O [I’'m including $50 to become a member,
O I will pay on a per meet basis at $20/meet. and I have selected an item from the left.

O I am making a tax-free donation.

Please make check payable to: Girls’ Angle. Mail to: Girls’ Angle, P.O. Box 410038, Cambridge, MA
02141-0038. Please notify us of your application by sending email to girlsangle @gmail.com. Also,
please sign and return the Liability Waiver or bring it with you to the first meet.

33




Personal Statement (optional, but strongly encouraged!): This is for the club participant only. How
would you describe your relationship to mathematics? What would you like to get out of your Girls’
Angle club experience? If you don’t like math, please tell us why. If you love math, please tell us what
you love about it. If you need more space, please attach another sheet.

Girls’ Angle: A Math Club for Girls
Liability Waiver

I, the undersigned parent or guardian of the following minor(s)

)

do hereby consent to my child(ren)’s participation in Girls’ Angle and do forever and irrevocably release Girls’
Angle and its directors, officers, employees, agents, and volunteers (collectively the “Releasees”) from any and
all liability, and waive any and all claims, for injury, loss or damage, including attorney’s fees, in any way
connected with or arising out of my child(ren)’s participation in Girls’ Angle, whether or not caused by my
child(ren)’s negligence or by any act or omission of Girls” Angle or any of the Releasees. I forever release,
acquit, discharge and covenant to hold harmless the Releasees from any and all causes of action and claims on
account of, or in any way growing out of, directly or indirectly, my minor child(ren)’s participation in Girls’
Angle, including all foreseeable and unforeseeable personal injuries or property damage, further including all
claims or rights of action for damages which my minor child(ren) may acquire, either before or after he or she
has reached his or her majority, resulting from or connected with his or her participation in Girls’ Angle. I agree
to indemnify and to hold harmless the Releasees from all claims (in other words, to reimburse the Releasees and
to be responsible) for liability, injury, loss, damage or expense, including attorneys’ fees (including the cost of
defending any claim my child might make, or that might be made on my child(ren)’s behalf, that is released or
waived by this paragraph), in any way connected with or arising out of my child(ren)’s participation in the
Program.

Signature of applicant/parent: Date:

Print name of applicant/parent:

Print name(s) of child(ren) in program:
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