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An Interview with
Aisha Arroyo

Aisha Arroyo is an Associate Professor of
Mathematics at Middlesex Community
College. Aisha received her bachelor’s
degree from Georgia Tech and her Master’'s
degree in mathematics from the University
of lllinois at Urbana-Champaign. She is an
active member of the American
Mathematical Association of Two-Year
Colleges (AMATYC) as well as its New
England affiliate, the New England
Mathematical Association of Two-Year
Colleges (NEMATYC).

Grace: | always enjoy hearing about a
person’s mathematical journey and how it
led them to where they currently are. Can
you describe a little bit about your journey?

Aisha: I've loved math since | learned to
count. My parents fostered this love with
books, puzzles, games, and so much more.
While | enjoyed school in general, my
extracurriculars were fairly math focused
from math clubs and competitions to
learning to program (in BASIC!). In high
school | started tutoring and continued into
college where | was a teaching assistant for
several years. | entered graduate school
with the intention of becoming a research
mathematician but found that my true
passion was teaching. When | finished my
Master’s degree | decided to pursue a career
in mathematics education instead.

Grace: You patrticipated in REUs and had
exposure to research mathematics before
entering grad school. How well did you feel
this prepared you for the actual experience?

Aisha: The REU’s | participated varied from
essentially being independent study courses
to actual research projects. The research

It’'s important to remember
that even solving one
guestion is something to be
proud of.

focused ones were very similar to my
experience in graduate school. While
graduate-level courses certainly open up
more avenues for research, there is a lot of
mathematics to explore at the undergraduate
level as well.

Grace: When, and how, did it become clear
to you that you wanted to pursue a career in
mathematics education?

Aisha: I've been interested in helping others
learn math since before | was old enough to
be considering potential careers. Just like
you would read a book to a younger sibling,
| would teach my cousins arithmetic and
basic algebra. Yet | don't think | really
considered a career in education until | was
in college. | was always planning on
studying mathematics but was going to
double major in physics or engineering or
computer science (fields my parents
considered more “useful”). My sophomore
year of college | was a Teaching Assistant
for an instructor at my university, someone
whose job was teaching-focused instead of
research-focused. That position is what
solidified that what I really enjoyed doing
most was helping others learn.

Grace: Can you describe your current
position and the college environment at
which you teach?

Aisha: While most of what | do is teach
courses, | also help advise students and lead
extracurricular activities. Because
community colleges accept students with a
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Meditaté’ath

by Lightning Factorial | edited by Jennifer Sidney Silva

Let A andB be two points on a number line. Their midpoint can be computed with the formula
(A +B)/2, also written (1/2 + (1/2B. But suppose we want to specify a point betwkendB

that isn’'t precisely halfway. How can we do that? One way would be to imagieértgafrom

A to B, but going only a fractiohof the way. This interpretation is expressed by the formula
A+f(B—A). Asfvaries from 0O to 1, the expression yields points that move AtorB.

1. The expressioA + f(B — A) makesa andb look different. An expression that accomplishes
the same thing, but treadsandB equally, isxA + yB, wherex + y = 1. What values of andy
correspond txA + yB being betwee andB? What values of andy correspond to being &t
or atB? Show thay corresponds tbandx corresponds to 1+

2. Now suppose th# andB are points in a two- (or more-) dimensional coordinate plane. The
same expressioxA + yB, wherex andy are nonnegative real numbers that sum to 1 and addition
and multiplication are done for each coordinate separately, can be used as igyt@sesion

the line segment connectirigandB.

3. Now consider three non-collinear poiA$B, andC in 3D coordinate space (or a hyperspace
of any dimension). Consider the expressiéri+ yB + zCwherex, y, andz are nonnegative real
numbers that sum to 1. Convince yourself that each such tfjplez) corresponds uniquely to

a point in or on the boundary of the triangBC. Which triples correspond to being at a vertex?
Which to the interior of a side? Which to the interior of triamge?

The numberg, y, andz are called théarycentric coordinatesof xA + yB + zC.

4. When you fixz and letx andy vary (subject tax +y = 1 —2), the expressiorA +yB + zC
yields points along a line segment that is parallel to A&leAs a result, the triangles whose
vertices aré\, B, andxA + yB + zC (for fixed 2) all have the same area. Notice that when
x=1-zandy =0, the poinkA+yB +zC= (1 —2)A + zCreverts to the two-point version of
the expression. Deduce tlzas the ratio of the area of the triangle with vertideB, and

XA +yB + zCto the area of triangl&BC.

5. The centroid of trianglaBCis the point A + B + C)/3. Show that the line segments
connecting the centroid to the vertices of a triangle split the trianglehiree triangles of equal
area.

6. Determine the barycentric coordinates of as many special points indsiasgyou can.

7. Let’s generalize this to four poimsB, C, andD that are not coplanar. We consider four
nonnegative real numbexsy, z, andw that sum to 1 and look &8 + yB + zC + wD, which
corresponds to a point inside or on the boundary of tetrah@&dBGD. What constraints ox y,

z, andw correspond to being at a vertex of tetrahed&B&D? On an edge? On a face? Inthe
interior?

8. Convince yourself that is the ratio of the volume of the tetrahedron with vert&gds, C,
andxA +yB +zC+ wD to the volume of tetrahedr@BCD.



I

J J I I
In the previous issue, we presented the 2020 Summer Fun problem sets.

In this issue, we give solutions to many of the problems. Our solutions mayebartdrsn

some cases, are more of a hint than a solution. We prefer not to give detailed soltdiens be

we know that most of the members have spent time thinking about the problems. The reason is
thatdoing mathematics is very important if you want to learn mathematics wetbulhaven’t

tried to solve these problems yourself, you won't gain as much when you readothésas

If you haven’t thought about the problems, we urge you to defwereading the solutions.
Even if you cannot solve a problem, you will benefit from trying. By working on the pnoble
you will force yourself to think about the associated ideas. You will gain faityilgith the
related concepts and that will make it easier and more meaningful to reds sohgrons.

With mathematics, don't be passive! Be active!

Move your pencil and move your mind — you might discover something new.

Also, the solutions presented a@ definitive. Try to improve them or find different solutions.

Solutions that are especially terse will be indicateckih
Please do not get frustrated if you read a solution and hav
difficulty understanding it. If you run into difficulties, we ar
here to help! Just ask!

MembersDon't forget that
you are more than welcoms
to email us with your
guestions and solutions!

Please refer to the previous issue for the problems.

Summenun!




Cannonballs and Combinatorics

by Girls’ Angle Staff

1. There are 45 ways to select 2 apples from 10 apples. The(@ aré)/2 ways to select 2
apples fronm apples.

_ |
n(n-H(r 2) (A x H_ (Also,nCk 0Oifk<0ork>n.)

2. We haveCk =
k(k-D)(k 2) 1 kKl(n K!

3. (By convention, 0! = 1.) Pascal’s triangle consists of the numBersrhenth row consists
of the numbersCo, nC1, nC2, nCs, ...,nCn. We prove this by showing that the numhb€issatisfy
the defining properties of Pascal’s triangle. First notenb@t nCn = 1 for alin 0. Next we
show that, + 1Cx =nCk-1+nCkforalln>0,0<k n:

n! n!

(k- DY W 1)!+ K(n R!

k xn! N (n-k+) A
kKi(n- k+1)! K(n k1)
kxn! n -k+1) rl

kKI(n- k+1)!

(n+Dn!
ki(n- k+1)!

(n+1)!
ki(n- k+1)!
n+lck-

nCk-1+nCk

4. For an algebraic proof, see the solution to Problem 3 above. For a bijective pr&ohdet

the set of subsets of {1, 2, 3, n},with k elements. For any eleme®in » +1S;, if Sdoes not
containn + 1, pair it with itself, considered as a subset of {1, 2, 3n}..Jf n+ 1 isinS pair it

with the subset of {1, 2, 3, ..n} which is obtained by removing the element 1 fromS. We
must show that no two subsets,inS are paired with the same set, and that every subg®t in

or n&- 1is matched with some elementnafiS.. For the first part, suppoSandT are inn+ 1&

and are paired with the same set. Since sets that do not costadiare paired with sets of size

k, whereas sets that contair+ 1 are paired with sets of sike- 1, the setSandT either both
containn + 1 or both do not. If neither contains 1, then they are both paired with themselves,
and hence, are equal. If both contain 1, then they must agree on all their other elements, and
since they also both containt 1, they, again, must be equal. For the second part, note that
every element ofSc is matched with itself, thought of as an element.af, and every element

of n&-1is matched with the element of 1S obtained by adding + 1 to the set.

5. There are many patterns in Pascal’s triangle,

and new ones are still being discovered!
9



6. Thenth triangular numberis 1 + 2 + 3 + . . njwhich equali(n + 1)/2 =p + 1Co.

7a. We seek triangular numbers that are also perfect squares. In other wmdskuntegens
andm such that(n — 1)/2 =n?. If we multiply both sides of this equation by 8, we obtain the
equation #(n — 1) = 8r?, which is equivalent to (2— 1¥ — 1= 2(2n)%. Thus, the problem is
equivalent to finding a solution to the Pell equatida 2y = 1, wherex = 2n — 1 andy = 2m.

7b. Let’'s assume that

J2=1+ 11
2+— =
2+ 1
2+ 1
2+

This is an example of @ntinued fraction. What this means is that the sequence of fractions
obtained by truncating the continued fraction before each plus sign in the expoess/erges

to the (positive) square root of 2. If we write the fraction obtained by tragdagifore theith
plus sign as a ratix/yn of two relatively prime integers, andy,, we find

n 1 2 3 4 5 6 7 8
Xn 1 3 7 17 41 99 239 577
Yn 1 2 5 12 29 70 169 408

Notice thatx+ 1/yk+1=1 + 1/(1 +Xyk) = (% + 2¥k)/ (% + Yk) for k> 0. We claim thatk + 2y«
andxx + yk are relatively prime, so that, in fagt+ 1 = X« + 2yk andyk+ 1 = X + Y. Suppose that
divides bothx + 2y andx« + yk. Thend must divide their difference, whichys But ifd
divides bothyk andxk + yk, it must also dividex. Thus, ifxc andyk are relatively prime, thed
must be 1. Hence, by inductiof 1 = X« + 2k andyk + 1 = Xk + Yk.

Note thatx’, - 2y2.,= (x+ 2y.)> 2(x+ Y)=- (% 2y). Sincex’ - 2y’=- 1, this
computation shows that’ - 2y?= ¢ 1). Thusxx andyz are integer solutions to the Pell
equationx® — 2% = 1.

Furthermore, ik is odd, then + 1 = X« + 2yx must also be odd, and singe= 1 is odd, all thex
are odd. Sincgk+1 =Xk + Yk, theyk alternate odd, even, odd, even. Therefeandy are
odd and even, respectively. We conclude that2)? is a perfect square which is also a
triangular number.

To be complete, we should show teaeryperfect square that is a triangular number will be
equal to Ya/2)? for somek. To do that, we can solve farandyk in terms ofxc+ 1 andyk + 1: We
find thatxk = 2yk+ 1 —Xk+1andyk = Xc+1—Yk+1. We can then use these formulas to get smaller
solutions to the equationd — 22 = +1, eventually reaching the solutiog ) = (1, 1). For
details, see the solution to Problem 14aio Whole Squaresn page 28.

Summeneun!



7c. Check that whexx andyk are so defined, they satisfy the recursion obtained by
applying the recursion formulas in the answer to Problem 7b twice.

Correction to the Summer Euf 8- LEISh = P+2+3F+...+n?andTh =n+2C3 +n+1Cs. Check
Problem Set: We said that one thatTa =n(n + 1)(2h + 1)/6. Notice thak, is the unique sequence
in from the border of Pascal's| such that =1 andS,+1=S+ (n + 1), forn > 0. We will show

triangle, every integer greater| thatS, = T, by induction om.
than 1 appears twice, but

actually 2 only appears once.

First, Ta = 1(1 + 1)(2(1) + 1)/6 = 1.

Next, forn > 0, we compute

Tn+ (n+ 1Y nin+ 1)(n + 1)/6 + g + 1Y

= (n+]) ”(z%ﬂ)ﬂnﬂ)

n(2n+1)+6(n+1)
6
2n°+7n+6
6
(n+2)(2n+3)
6

= (n+])

= (n+])

= (n+1)
- Tn+1.

9. Multiplying both sides of the equatior.J‘.(n+1)6(2n+l): m* by 4, we obtain the equation

4n(n+ 162(2”*‘ D_ 4m?, which is equivalent t02

andb = 2m, this is equivalent teCs = b?.

n2n+2)n+ 1)_ (2my*. If we leta=2n+2

10. The only perfect square 3 in from the borderasfdal’s triangle is ... 19,600 = 1%4@vhich

is also equal tasoCs. In terms of cannonballs, 4900 =*%@annonballs can be arranged in a
square pyramid arrangement with 24 layers.

Note that:Cs = 4 is also a perfect square, b0 is only 1 in from the border of Pascal’s triangle.

11. We refer the reader to “The Square Pyramid leuzay W. S. Anglin on pages 120-124 of
The American Mathematical MonthNMolume 97, 1990.

12. We refer the reader Ryoofs from THE BOOKby Aigner and Ziegler, pages 15-18.

Summeneun!



Tetrahedra with Congruent Faces

by Girls’ Angle Staff

There are many ways to solve these problems and we ouge yind your own. These
solutions are by no means definitive.

1. All tetrahedrons have 4 vertices, 6 edges, andetfa

2. The four faces of a regular tetrahedron of sidee equilateral triangles with side length
The altitudes of an equilateral triangle with sidegl s all have Iength/és/Z, which can be
found by applying the Pythagorean theorem. Theeethe area of an equilateral triangle with
side lengthsis \/552/4. Since a regular tetrahedron has 4 faces, thedttzce area is/35%.

One way to compute the volume of a regular tetralredrto use the fact that
a regular tetrahedron can be carved out of a cliby@u have a cube of side
lengthL and then paint each vertex of the cube one ofclars in such a
way that vertices that are joined by an edge amg@different colors, then
you'll find that vertices of the same color form thetiees of a regular

tetrahedron of side IengthL . To carve one of these tetrahedrons out of the
cube, we have to lop off 4 pieces which are all coagt to a right triangular pyramid with
heightL and an isosceles right triangular base with leg lesigt The volume of these right
triangular pyramids are eatA/6, so combined, they have volume’3. That means that the
resulting regular tetrahedron has voluiie- 2.%3 =L%/3. To make the side length of the

regular tetrahedron ks we must také to be s/\/z . In this way, we can deduce that a regular
tetrahedron of side lengtrhas volumeJ/2s® /12.

3. Suppose that the face is not acute. Then thegidagthc is opposite the angle that has
measure 90° or more. (Recallthatb c.) Consider two faces of the tetrahedron that share a
side of lengtle. LetC andC be the vertices of these two triangles not on theditengthc.
Note thatC andC’ are joined by an edge of the tetrahedron of leegtLet be the measure of
the dihedral angle between these two faces.hbetthe length of the altitude of these two
triangles fromC andC, and letd be the distance along the side of lengbetween the feet of
these altitudes. By the Pythagorean theorem, thendestzetweel€ andC is also given by
\/dz +4h sin*(g/ 2). Since 0° < < 180°, this expression is less thad? +4h? , which is the
value of the expression wherns a straight angle, which corresponds to thefawes lying in
the same plane. When so flattened, KO#NdC are inside or on the border of the circle with
diameter the common side of lengtbecause the angles@andC measure 90° or more.
Thus, the maximum distance separatihgndC in the tetrahedron i5 and this can only occur

whenC andC are right angles andlis a straight angle, which is impossible since our
tetrahedron is not flat. Therefore, the faces rbasacute triangles.

SummenEun!




5. The area of a triangle in terms of its sidgls, andc is \/s( s- 9(s B(-s T,
wheres s half the perimeter. This is known as Herowsriula.

6. When you derive a formula, it's generally a gadeh to check that your formula agrees with
known cases. So it’s good to check that 4 timeddimula found in Problem 5 is consistent
with the surface area found in Problem 2 whenb = c.

7. Imagine attaching two triangles with side lesgthb, andc along their
sides of lengtle to form a parallelogram (not a kite!). Think betcommon
side of lengtlt as a hinge. The isosceles tetrahedrean be formed by
d L1 folding along this hinge until the two vertices ogfie the side of lengthare,
themselves, a distanceapart from each other. Letdenote the dihedral angle
P b between the two triangles when the isosceles tedran is formed. Lét
denote the height of the triangle with side lengths andc with respect to
.| the side of lengtle as base. In our parallelogram, the altitudesesponding
to h meet the common side of lengtlat two points separated by a distance
we will denote byd. (See the figure.) L&, B, andC be the measures of the angles opposite
sidesa, b, andc, respectively, in the triangle with side lengéh®, andc. Finally, letK be the
area of the triangle with side lengts, andc.

] o

By the Pythagorean theorem, in our tetrahedione have
2 =d? + (2h sin( /2))>.
Using the half-angle formula for sine and solviogd¢os , we find

c’- d?

cos =1-——
2h

Note thatd =b cosA—a cosB. (Recallthan b c.) Thus,

c’- d? c®- (bcosA acosBj
2h? 2h?
2, 2. S 2
= ath 2abcos(;h2(bcosA acoss) (using the law of cosines)
a’sin® B+ b’ sin® A+ 2ab(cosA cosB- co€
2h?
2 -
= A 2ab(co§:2 Cos3- cos (becausér =a sinB=b sinA)
ab(cosAcosB- co

h2

= 1-

ab(cosAcosB- coL

B UnnienEin!

Hence,cosg =




Using the formula “1/3 area of base times heigthe’ volumeV of T is Kh(sin )/3.
Note thath = 2K/c andK = ab(sin C)/2. We compute

V = K—h\/l- a’l’(cos AcosB- coL?)
3 h*

= %\/h“- a’b’(cos AcosB  co<?)

_ c\/a“b“sin4 C
C4

5 - a’b’(cosAcosB  co<?)

abc\/ ghsin® C
6 c*

- (CosA coB- cof ?)

= %m\/smz Asirf B- (cosA coB  co€?) (applying the law of sines).

We take a break from our computation to observedbsC = -cos@ + B), since the angles in a
triangle sum to 180°. That is, c6s= cos(180° -A + B)) = -cos@ + B). Also, recall the angle
sum formula for cosine, which says that #0%(B) = cosA cosB — sinA sinB.

Continuing our computation, we find

vV = a?bc\/sinzAsin2 B- (cosA co8 co€?’

- "’l?bc\/sinzAsin2 B- (cosA co®+ cosl B ?

- a?bc\/sinzAsinz B- (2c0SA COB  SiA siB?’

= a?bC\/4COSA coB SirA siB- 4cbésA coB

= a?bc\/cosA coB (SiMA sirB- coé coB

= a?bcx/cosA coB cof.

Substituting expressions for the cosines of thdéesngf a triangle obtained from the law of
cosines yields the formula in the problem statement

9. See the solution to Problem 7.

10-13. Let’s think about the inscribed and circuritmex spheres of. LetO be the center of the
circumscribed sphere and ldbe the center of the inscribed sphere.

SummenEun!



The pointO is equidistant from the 4 verticesTf LetH be the foot of the

perpendicular dropped frof to one of the faces di Call this facd=. The 3 right

triangles formed by, H, and each of the 3 verticesfofire congruent because they

all share the common leg of lengitiH and a hypotenuse of length the radius of the
circumscribed sphere. Therefokejs the center of the circumcircle Bf Since all the faces of
T are congruent, they all have the same circumradns so the distance Ofto each face is the
same. Hence&) =1. (This answers Problem 12.) Since all 4 faceE lzdve the same area, the
barycentric coordinates @ =1 must be (1/4, 1/4, 1/4, 1/4), and her@es | is also the centroid
of T. (This answers Problem 13. Also, see point Blediitate to the Matlon page 7.)

Letr = OH be the radius of the inscribed sphere. We canthpltetrahedron into 4 congruent
triangular pyramids where each face becomes adiasee of these pyramids and they all have
apexO and height. All 4 of these pyramids have the same voln8. Thereforey = Sr/3.
Solving forr, we findr = 3V/S. (This answers Problem 11.)

Let R be the radius of the circumscribed sphere. ByPithagorean theorem®? =r? + 2,

where s the radius of the circumcircle of any face. ¥da expressin terms ofa, b, andc by
using the answers to Problems 5 and 7, and theufams 3V/Sfrom the previous paragraph.
We can use the formula 4 abdK and the answer to Problem 5 to expressterms ofa, b,

andc. One can then verify that the resulting expres&im R? simplifies to the expression inside
the radical of the formula in the statement of Reob10 to solve Problem 10.

14. Observe thaty is the altitude to the side of lengtlin an isosceles triangle with side lengths
¢, m, andm, wherem s the length of the median to sid& any face off. By Stewart’s
theorem, &¢ = 2a2 + 20> —c2. By the Pythagorean theorem,

2 2 2
nf = nf- (@2y= 2E0C

as desired. The formulas fios andm, follow by symmetry.

15. Return your attention to the figure used indbkition to Problem 7. You are looking
straight down upon a parallelogram with one diagoh&engthc. Imagine the two triangles
rotating about the common side of lengtlifting off the page at the same rate, uifitis

formed. Note that the side ®fopposite the hinge is parallel to the plane ofgaallelogram
(because the two traveling vertices of the twotnaggtriangles end up at the same height above
the plane of the parallelogram). Also, by symmgtng midpoint of the side opposite the hinge
sits directly above the midpoint of the hinge. lisam. is perpendicular to the plane of the
parallelogram. The other two segmemtsandm, connect the midpoints of opposite sides, and
these midpoints are all contained in the planetbkhalfway between the plane of the
parallelogram and the plane containing the side @pposite the hinge and parallel to the plane
of the parallelogram. Hence, they are both perpeiat tome. By a symmetric argument, we
conclude that all three segmentg m,, andm. must be mutually perpendicular to each other.

(Also, see this issue’s cover image.)
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Bernoulli Numbers

by Matthew de Courcy-Ireland

For the re%der’s conv%mence, we repeat thg diefindtf th_e e

sequenc®" here. LeB” =1, and_forn 1, define recurs!vely Fun problem seB? andB? are
- =b, where this IS 10 be Interprete expanain not “B squared” andB

(B—1)'=B", where this is to be interpreted by expanding q

(B — 1), but then interpreting the exponents as indicaken cubed”! Instead, they are the

sequence. For example, the definition en®ils 1/2 because zgggg‘f ?Q«;jutehr;rgeti;mnﬁn(—)]{;zrs

. ) h Z oo

the recursion relatlo_n fozr— 2 ?aysothatl?(z— 1Y - B-. 0The2 A superscript that directly

expansion of— 1f isB* - 2B + B , SOB - ZB +_B =B~ decorates a capit8l stands for

Interpreting the exponents as indices, this singslifoB' =B%2, | anindex and not an exponentl

and we already know th& = 1. ThusB! = 1/2.

T ———— L. Takingn = 3 in the definition give8® — 382 + 381 —B° = B=.
cited as the first computer We knowB® = 1 andB* = 1/2, whileB2 cancels on both sides.
program ever published was an ~ Solving forB? gives

algorithm for computing

Bernoulli numbers? It was B? = (3B —BY%)/3 = 1/6.

written by Ada Lovelace and

published in 1843. It was written — .
for Charles Babbage's When we reason similarly for= 4, everything cancels out. By

“Analytical Engine,” a plan fora  definition,
computer which was never built.

B* - 4B% + 682 — 4B! + B = B~
We solve foB® using the known value®® = 1,B! = 1/2, andB? = 1/6 and find

s_ 6B%- 4B+ B’ _ 6(1/6) 4@/ 1
4 4

B 0.

To find B*, we taken = 5 in the definition:
B> — 3%+ 10B° — 1B + 5B —B° = B>.
Solving forB?, we find

_108°- 108°+ 58~ B°_ 0 10(1/6) 51/2) 1
5 5 0

B4

You can continue as far as you like, dependingaunr patience for binomial coefficients. The
first few values might suggest that the Bernoulinbers are all between -1 and 1, but this is
misleading. You will find the pattern broken iflygo as far aB'*. From that point on, it seems
the even terms in the sequence grow very quickihylehe odd terms are 0.

Summeneun!



n] 1 3 5 7 9 11 13 15 17 19
B[ 12 0 0 0 0 0 0 0 0 0
n| 2 4 6 8 10 12 14 16 18 20
el 16 | a0 | a2 | amo|l B | 691 | 7 | 3617 | 43867 | 174611
66 2730 | 6 510 | 798 330

2. The general case is similar to the gasel, but we use the binomial expansion for expbnen
p + 1 instead of second powers. To start, vBiten — 1 =B — 1 +n and then expand:

p+l p +

1
(B- 1) nPtk,
ko K

B+n—-1p*t=B-1+npP*l=

The definition implies thatg — 1= B¥, except fok = 1, so we had better give that term special
treatment. Separating the tekns 1 from the rest of the sum gives

Bk np+1— k .

B+n-1p"1= @+ DB 1P+ 1B+

k=0
We recognize this last sum as the binomial expansi@d + n)***. Also,
(Pp+1)B-1p"—(+1)BrP=-(p+ 10"

Therefore,
B+n—1P*"1=-p+ 1P+ B +n)P*L

Solving for @ + n)P* ! completes our mission.
3. We make repeated use of the previous idenBty )P " = B+n—1P" 1+ (p + 1)nP.
Applying it again withn — 1 in place oh gives
B+nP i=B+n-2P 1+ P+ 1) - 1P+ (+ 1y’
And once more, witlm — 2 in place of, gives
(B+nP i=B+n-3P "+ P+ 1)((-2F+ (-1 +rP).
After n applications, for each of n—1,n— 2, ..., 1, we obtain
B+nP*l=B+n-nP 1+ pP+LP+..+0O-2P+ N-1P+nP).

Finally, we solve for the sum and note ti&t{n —n)°* 1is justB? * 1. Therefore,

SummenEun!



(B+n)p+1_ Bp+l
p+1

P+ ...+ -2P+(n—-1P+nP=

Using the binomial expansion, we can restate thisifila in terms of the sequen8g B, B, ...
without mention of the indeterminaiitself. The ternBP* In° cancels wittBP * 1, leaving only

1 P p+l
plko K

P+ ... +Q-2P+(nN—-1P+nP= B¥nPk,

4. We substitute the known valuesBSin the formula obtain in Problem 3.

Forp = 1, the sum involves onBP = 1 andB! = 1/2. The binomial coefficients are 1 for 0
and 2 fork = 1. It follows that

1+1

-+
BOr2 + 1+1
0

nn+1)
>

1+2+3+...w|=1:l B'n :Enz+—1n:
2 2 2

Forp = 2 we also need to knoBf = 1/6. The binomial coefficients in this case &8, and 3.
The general formula for’} . . . +nP implies

no+ H(@+ 1
6 6

12+22+32+...+n2:%(n3+3 > +3— nF = n3 —r|2+

(Note that the fraction on the right must be aeger for all integer values af because the left
is clearly an integer. This can also be seen tjrezithernorn + 1 is even, and one ofn + 1,
or 2n + 1 is a multiple of 3, so their product is dibi by 6.)

Forp = 3, we substitut® = 0 and the binomial coefficients are 1, 4, 6, andhe result is

13

4 3 2
PB+2B+F+.. . +n== (n +4 —2n+6 L g on'3 mraen

4

We can recognize this as a square, in fact, thareqpf 1 +2 + 3 + . . . f!

n(n+1) 2
2

PB+2B+F+. . . +nP=

5. Here is a picture for=4. Thesum 1 + 2 + 3 + .. gives the area of
a staircase built with one extra square at eaddl.lelwo such staircases
make a rectangle of area (n+ 1), so each has are@ + 1)/2. The
geometric meaning of the sum formula is that theesarea is expressed in

IS e REUN)!




To see how this sum is related fo+12° + 3* + . . . +n?, examine this figure:

The third-power sum is the square of the first-poswan. This result is called Nicomachus’s
Theorem, and an online search for “Nicomachus’sofdma” will lead you to a variety of proofs
and geometric interpretations of the identity. ©he in the hint goes as follows. In the middle,
we have 4 squares of side 1. These are surround@dquares of side 2, then 12 of side 3, and
16 of side 4. The picture can be continued witlsguares of side at thenth layer. The areas

of all these squares together can be computedamiays. Layer by layer, we obtain

47 12+(4° 2 22+...+& n’

which is 4 times the third-power sum. On the otieand, the big square formed from all of these
has arean(n + 1)¥ because each side consists ef 1 squares of side Comparing these areas
and dividing by 4 completes the proof.

6. There are two trivial solutions and another vatgresting one. The sum of the finst O
squares is empty, and an empty sum should alwayddypreted as O (so that we can add it to
other sums without changing their value). Of ceulss & counts as a perfect square. Only
slightly less vacuous is the case 1, where 1= 12,

The interesting case iis= 24 Using your formula for the sum of the firsisquares,
12+2+F+. .. +24=24(24 + 1)(2(24) + 1)/l6 = 70

It turns out that there are no other solutionse problem asks for integer solutions to the

equationy? = x(x + 1)(2 + 1)/6, which is an example of an “elliptic curvé he well-developed

theory of equations of this type makes it posdiblshow that this one has no other integer

solutions. There are also more elementary prasfsliscussed in W. S. Anglin on pages 120-
124 of The American Mathematical MonthNMolume 97, 1990.

SummenEun!



7. The expressions are cBs) = gcotlz( and sinBx) = g This implies that all odd-

indexed Bernoulli numbers are 0, exceptB4rjust compare both sides of

§=sin(Bx): Bx- B 2B 5 B g g X
2 TR TIAY

The key property used to find these expressiotisaisfor any power seridéx), we have
f(BX) —f((B — 1X)

is the linear part df(x). What we mean by the “linear part” of a sef{gy= a,x" isax. The
sum is finite iff(x) is a polynomial, but could equally well extenceoalln 0. We have

f(BY) —f(B-1x = aB'x- a(B 1) X.

By definition, 8 — 1)' = B" except whem = 1. Thereforef(Bx) —f((B — 1)x) = aix.

For example, consider the power sef{@s= sinx =x —x3/6 +x°/120 — .... lts linear part is so
sinBx) — sin(B — 1x) = x.
Forf(x) = cosx = 1 —x?/2 +x%24 - ..., the linear part disappears. In this case

cosBx) — cos(B—1x) = 0.
We apply the angle-sum formulas for sine and cosirieese equations, namely

sin(u + V) = sinu cosv + cosu sinv
cosfu +v) = cosu cosv — sinu sinv

Let us do the calculation formally before discugsirhy these identities remain valid in the
presence oB. We have first, using the identity for cosfv), with u = Bxandv = -,

0 = cosBX) — cos(B — 1)X) = cosBX) — cosBx)cosk) — sinfk)sin(BX).
Second, using the identity for sint v), we find
X = sinBx) — sin(B — 1X) = sinBx) — sinBX)cos) + sink)cosBx).

We now have two linear equations for 8ir and codBx). Write the unknowns as§ = cosBx)
andY = sinBx), and to abbreviate the coefficients of the equmsti letc = cosx ands = sinx:

(1—)X—sY=0

B Uik



1 s 1
The solution is =(=—X, =X).
X )= (G ox 50

This can be simplified using some classical trigaatry (noB involved), in particular the
double angle formulas sin(R= 2sink)cosk) and cos(?) = 1 — 2siA(X). We find

s _ sin x 23|n(x/2)cosé</2)_
1-¢ 1+ cosx 2sif k /2)

cot(x / 2).

Thus, cosBx) = ECOtE and sinBx) =

l\)|><

To find an expression for eXpx), we can take what we already know for &g§@nd sinBx)
and feed it into Euler’s formula exg)(= cos(i/i) +i sin@/i), wherei? = -1. We find

expBX) = cosBxi) +i sin@xi) = lelcot Xé' +'Xé'.

The cotangent function for imaginary argumentstoahandled using Euler’s formula again.
Recall that

cosu _  (exp{u ¥ exp{iu ))/2 _ _i expd +) explu

cotu =— , :
sinu (exp(u)— exp(iu ))/(2) expd-) exp(u

Takingu = (x/1)/2 gives

X/ i . X/
oty P2 PN S ) expie
2 xliy X iL“) expk)- 1

2 2

Substituting this into exBX), we obtain

X/, exp(x)+1 X_y expk ) _ X

expBx)= 2 exp(X) 1 2 expk-) 1 -1 exp(x .

Finally, we comment on why the trigonometric id&at remain valid. This is because these
identities can be proved by manipulating the posesgies of sine and cosine, and substituting the
relation 8 — 1)' =B". What would not be valid is multiplying terms:

B"B™ B""™.

For exampleB!B! = (1/2)(1/2) = 1/4, whered®’ = 1/6. For example, one trigonometric identity

that does not work is si(BX) + cog(Bx) 1.



8. Computing ¥+ 219+ 31+ . + 1008 was an example Bernoulli gave to
illustrate the power of the formula, writing tha bould compute the sum “intra
semiquadrantum horum,” that is, within a half afuarter of an hour. To use the
formula
1 P p+l
P+ ... +0-2P+(n—-1P+nP= —

Bknp+1— k
P+l K '

we need the binomial coefficients
1, 11, 55, 165, 330, 462, 462, 33m5, 55, 11

To give ourselves a head start, assume these leavecbmputed in advance. Likewise, we refer
to our table of Bernoulli numbers instead of commuuthem again. We only need them as far as
B Thus, before the clock starts ticking, we know

1104+ 2104304+ +nl0= i(n“+1—1n1°+53n9- 330n7+ 462n5- 165n3r 11 —50.
11 30 42 30 66

Many of the fractions simplify, even more so tharhe seemingly easier caset1?® + . . . +n

0404 g0y ypoz L Lo, S g e g S
1 2 6 2 66

Now we letn = 1000 and write the fractions as repeating delsim@hen the powers ofwill
simply shift the decimal place. So the thousamditeum is equal to

(0.09...)13% + (0.5)16° + (0.833...)16" — 1¢* + 10— (0.5)16 + (0.0757575...)1D
The positive contributions are

90209(90809(908)9(80909(908090.909090909090...
50000000000000000000000C000000.000000000000...
0005383333333333333333333333.333333333333. ..
00020C00000000100000000C000000.000000000000...
00000C00000000000M00C0C00CI 75 757575757575...

+ + + + +

The negative ones are

-0000C00C00100000000C00CO0O000CD00.000000000000...
-0000C00C000000000D0C000>0000C000.000000000000...

The result is
91,409,924,241,424,243,424,241,924,242 500.

SummenEun!



Matrix Expedition

by Jasmine Zou

) ) a b _ a a b 1 b a b O
Consider the matri¥ = . Notice that = and = . Also,
c d c c d O d c d 1

notice thatM is alinear transformation, that is,M(av + bw) = aMv + bMw, wherea andb are
scalars and andw are vectors.

X -
1. The reflection in the vertical axis sends thsifpan vector to the position vector

y

1 -1 0 0
In particular, it sends0 to 0 and ) to = Applying the comment at the top of this

page, we conclude that the matrix that represefitsction in the vertical axis |s0

1 0
2. As in our solution to Problem 1, we note th8t and ) are swapped by the reflection in

0
the liney = x, hence the answer is1

1
3. The 180° rotation about the origin sends thetijposvector 0 to 0 and the position

0 0 -
vector ) to . Thus, the answer is

. cost - sirt . . .
4. The matrix sint  cod corresponds to a counterclockwise rotation ababtigin by the

anglet. To see this, note that its first and secondroakicorrespond to the counterclockwise

1 0
rotation of the vectorsO and L by the anglé about the origin.

: . 1 1 0 0 10
5. The matrix corresponding fosends to and to . Thus,1= . We
0 0 1 1 01

compute
a b a b 1 0 alb+b0 aOrb@ a b
c d c d 01 c@+d0) cOpdd '

A similar computation shows



a b 2 3
6. Suppose c d 3 = 5 This means thate2+t =3 and 2+ 3d=2. Thisis
a system of 2 linear equations in 4 unknowns. fReging, we find thab = 1 — 2/3
a (3-2a)/3

2
andd = 2(1 —¢)/3. Thus, the most general matrix that sends to IS :
3 2 c (2- 2c)/3

0
7. LetM be a desired matrix. The position vect%r points to a point on the line= 2. Hence,

M must send it to a position vector that points fmeat on the ling/ = 1 —x, so let’s declare that

0 a Q 2
M sends 5 to . , for somea. Every vector is a linear combination to and 5 , SO If

2
we also specify whergl maps 5 the matrixM will be determined. Nowl must also send

2
5 to a position vector that points to a point onlthey = 1 —x, so let’s send it to the vector
b 0 a 0 2
, for someb. If M = , thenM = 3 , by linearity. Also, since
1-b 2 1- a 1 (1- a)/2
1 2 0 1 b b- 8/2
= 1 - , it must be tha = 1 .7 - (b- 3/ , by linearity.
0 2 2 2 0 2 1-b % a (a b2
(b-a)/2 g2 .
ThereforeM = . If we sety =a/2 andx = (b —a)/2, this can be expressed
(a-b/2 & a2
in the form y .
-x 1/2 vy

8. While the commutative property of multiplicatibolds for all numbers (i.@b =bafor all
real numbers andb), this property does not hold for matrices. Baraple

1110 2 1 10 11 11
= , whereas )
0111 11 11 01 1

a b
9. A 2 by 2 matriXM that satisfie$1? = 1 must bel, -1, or a matrix of the form c -5’ where

a’+bc=1.

cos(/ 3) - sin(@/ 3)
sin(2p/3) cos(p/ 3)

SummenEun!

10. In factE =1 works. Another example E=



1 T VIVODIVIIUL YYVIIIGII]

who use math in their work!

G‘..\\ Bu“cﬁ“
G Bulletin

Improve how you
Think and Dream!

Girls' Angle
A math club for ALL
girls, grades 5-12.

girlsangle@gmail.com
girlsangle.org

Gz




Content Removed from Electronic Version

26



Two Whole Squares

by Girls’ Angle Staff

SC

2. We havea= )
252 - 2s@ @

3. Whenc = 0, the value o& is 0. Whert =s, the value ofiss. Asc goes from 0 t@, the
value ofa varies continuously from 0 ®and, hence, passes through every whole number less
than or equal te.

4. See the solutions to Problems 5 through 14.
Recall that we are restrictirto be strictly between 0 arsd

5. The lengttc is the hypotenuse of a triangle with one leg ofjtba,
hencec > a.

6. The green and red triangles in the figure dttrage similar right
triangles. By similarityp/a = (s—c)/s.

7. Since we are assuming tisat, anda are all whole numbers, the formula in Problem @ssh
thatb must be a rational number. Alb=c?> —a? is an integer. If the square root of an integer
is rational, the integer must be a perfect squacalise the square root of a non-square integer is
irrational.

8. If you were unable to show thatb, andc are a primitive Pythagorean triple, congratulation
because you are correct! Apologies for our midtake

Solving the equation in the solution to Probleno6sf we find thats = ad(a—b). Now consider
any primitive Pythagorean tripke b, c with ¢ >a >b. We then construct the square of side
lengths =ad/(a—b). This side length may not be an integer. Howewe can scale the figure
by the factoa —b. We would then obtain the tripte= ac, C = c(a—b), andA =a(a—Db), which
we claim is a primitive solution to our problem.

To see this, note that—b is relatively prime ta, for if not, then we would have a common
prime factomp of a —b anda, andp must divide the difference&— (@a—b) =b. But if p divides
botha andb, thenp must dividec, sincec? = a2 + b?, contradicting our assumption tratb, c is
a primitive Pythagorean triple. Similarlg—b is relatively prime td. We also claim tha —b
is relatively prime ta. For suppose we have a prime fagtaf botha —b andc. Note thap
cannot be 2 since primitive Pythagorean triplehalle odd hypotenuse. Now observe that
must divide & —b)? = a2 + b? — 2ab= ¢ — 2ab, and hence dividesab. This impliesp dividesa
orb. But if p divides two sides of an integer-sided right trieng must also divide the third,
contradicting our assumption tregtb, andc are a primitive Pythagorean triple.
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Now suppose there is a prime numpevhich dividesS C, andA. Sincea andc are
relatively primep must divide eithea or c, but not both. Ip dividesa, then the fact
thatp dividesC shows thap dividesa —b. If p dividesc, then the fact that divides
A shows thap dividesa —b. Either way, we get a contradiction. Theref&e:, A

is primitive and all primitive solutions must betaimable in this manner (why?).

In summary, for each primitive Pythagorean tripée,get a primitive solution to our
Diophantine problem, but the corresponding prineitbolution may involve a non-primitive
Pythagorean triple, b, andc. For fun, let’s find those primitive solutiossc, a for which the
corresponding triple, a, b is a primitive Pythagorean triple.

9-11. When willc, a, b be a primitive Pythagorean triple? In our cotigactto Problem 8, we
saw that it will be primitive precisely when-b = 1. So we seek primitive Pythagorean triples
whose leg lengths are consecutive whole numbers.

13. We show this by induction &n Note thako = 1 andyo = 0, SOX. - 2y>= 1. Also,

X1+ Vkr 172 = (L +2) 1= (1 +v2) (% + Ykv/2) = 0+ 20 + (% + Vi) V2 .

Thus,Xc+1 =X + 2k andyk + 1 =X + Y. We compute
X~ 2¥en= (X 2% )% 20 W)=- F 2¥--( B - (J"
The identity follows by induction.

14. (Modified to find primitive solutions that inde a primitive Pythagorean triple.) We claim
that all integer solutions ¢ — 22 = +1 in positive integers andy correspond to some pair of
termsxx andyk from the sequence defined in Problem 13. Tolsseguppose that we have
positive integersn andn that satisfym? — 2072 = +1, withn > 0. By reversing the map that sends
(X%, YK) to (% + 1, Yk + 1) in the solution to Problem 13, we can get anasiodution to the equation
x> — 2% =4+1. Thatis, (& —m, m—n) is also a solution t&% — 2> =+1. Furthermore, we claim
that 0 m—n<m. Sincen> 0, we knowm—-n<m. Also,n?=+1 + 2. Sincen> 0, we
knowthatn 1,son®> land2?=n’+n®> n’+ 1. Hence,®—1 n? Thusn? n? which
means thatn n, som—n 0. This means that our new solution has a smaltemegative
value fory. By continuing this procedure, we eventually\arat a solution where

y =0, and the only such solution has 1, that is, wher = xo andy = yo. We can then undo the
steps taken to get to the solution (1, 0) to saedhbr original solutionng, n) is equal toXk, y«)

for some positive integé«

For positive evel, we letn = ykx andm = x + yk, and our Pythagorean tripleds= n? + n?,
a=n?-n? andb = 2mn And for positive odd, we letn = yx andm = X« + yk, and our
Pythagorean triple is=n? + n?, a= 2mn andb = n? —n?. In both cases, the square will have
side lengthca =t —n*,
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Calendar

Session 27: (all dates in 2020)

September 10 Start of the twenty-seventh session!
17
24
October 1
8
15
22
29
November 5
12
19
26 Thanksgiving - No meet
December 3

Girls’ Angle has been hosting Math Collaboratiohsanools and libraries. Math Collaborations
are fun math events that can be adapted to ayafigfroup sizes and skill levels. For more
information and testimonials, please visiww.girlsangle.org/page/math_collaborations.html

Girls’ Angle can offer custom math classes overititernet for small groups on a wide range of
topics. Please inquire for pricing and possileititi Emailgirlsangle@gmail.com

Author Index to Volume 13
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Noam Elkies 4.20 Darius Sinha 4.13
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Girls’ Angle: A Math Club for Girls

Membership Application

Note: If you plan to attend the club, you only need to fill out the ClutiEnrollment Form because all
the information here is also on that form.

Applicant’s Name: (last) (first)

Parents/Guardians:

Address (the Bulletin will be sent to this address):

Email:

Home Phone: Cell Phone:

Personal Statement (optional, but strongly encouraged!): Plelase addout your relationship to
mathematics. If you don'’t like math, what don't you like? If you love math, whavddoye? What
would you like to get out of a Girls’ Angle Membership?

The $50 rate is for US postal addresses oRly: international rates, contact us before applying.
Please check all that apply:

Enclosed is a check for $50 for a 1-year Girls’ Angle Membership.

I am making a tax free donation.

Please make check payable@®ixls’ Angle. Mail to: Girls’ Angle, P.O. Box 410038, Cambridge, MA
02141-0038. Please notify us of your application by sending engiltangle @gmail.com

A Math Club for Girls
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Girls’ Angle
Club Enrollment

Gain confidence in math! Discover how interesting and excitg math can be! Make new friends!

The club is where our in-person mentoring takes place. At the club, girlsiweckly with our mentors
and members of our Support Network. To join, please fill out and return th&@alhment form.
Girls’ Angle Members receive a significant discount on club atteceléees.

Who are the Girls’ Angle mentors? Our mentors possess a deep understanding of mathematics and
enjoy explaining math to others. The mentors get to know each member as igliéha@ind design
custom tailored projects and activities designed to help the mempenie at mathematics and develop
her thinking abilities. Because we believe learning follows nayundien there is motivation, our
mentors work hard to motivate. In order for members to see math as a liviniyecsabject, at least one
mentor is present at every meet who has proven and published original theorems

What is the Girls’ Angle Support Network? The Support Network consists of professional women
who use math in their work and are eager to show the members how and for what they ugeaoia
member of the Support Network serves as a role model for the membersheFoipety demonstrate that
many women today use math to make interesting and important contributionsetg.soci

What is Community Outreach? Girls’ Angle accepts commissions to solve math problems from
members of the community. Our members solve them. We believe that when dagrsiafiorts are
actually used in real life, the motivation to learn math increases.

Who can join? Ultimately, we hope to open membership to all women. Currently, we are openilgrima
to girls in grades 5-12. We welcorak girls (in grades 5-12) regardless of perceived mathematical
ability. There is no entrance test. Whether you love math or suffemfiatinanxiety, math is worth
studying.

How do | enroll? You can enroll by filling out and returning the Club Enrollment form.

How do | pay? The cost is $20/meet for members and $30/meet for nonmembers. Members get an
additional 10% discount if they pay in advance for all 12 meets in a sessitsmaré&iwelcome to join at
any time. The program is individually focused, so the concept of “catchingupheigroup” doesn’t

apply.

Where is Girls’ Angle located?Girls’ Angle is based in Cambridge, Massachusetts. For security
reasons, only members and their parents/guardian will be given the esictiaf the club and its
phone number.

When are the club hours?Girls’ Angle meets Thursdays from 3:45 to 5:45. For calendar detailsepleas
visit our website atvww.girlsangle.org/page/calendar.htarlsend us email.

Can you describe what the activities at the club will be like®irls’ Angle activities are tailored to each
girl's specific needs. We assess where each girl is mathemastiodlihen design and fashion strategies
that will help her develop her mathematical abilities. Everybodys¢eaath differently and what works
best for one individual may not work for another. At Girls’ Angle, we ang sensitive to individual
differences. If you would like to understand this process in more detail, pleaseigim
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Are donations to Girls’ Angle tax deductible?Yes, Girls’ Angle is a 501(c)(3). As a nonprofit, we rely
on public support. Join us in the effort to improve math education! Please oualkdopation out to
Girls’ Angle and send to Girls’ Angle, P.O. Box 410038, Cambridge, MA 02141-0038.

Who is the Girls’ Angle director? Ken Fan is the director and founder of Girls’ Angle. He has a Ph.D.
in mathematics from MIT and was a Benjamin Peirce assistant proféssattematics at Harvard, a
member at the Institute for Advanced Study, and a National Science Foundatidoctoral fellow. In
addition, he has designed and taught math enrichment classes at BostonisiMiiSeience, worked in
the mathematics educational publishing industry, and taught at HCSSiM. &eoluateered for

Science Club for Girls and worked with girls to build large modular origaajects that were displayed
at Boston Children’s Museum.

Who advises the director to ensure that Girls’ Angle realizeds goal of helping girls develop their
mathematical interests and abilities?Girls’ Angle has a stellar Board of Advisors. They are:

Connie Chow, founder and director of the Explonator

Yaim Cooper, Institute for Advanced Study

Julia Elisenda Grigsby, professor of mathematiostén College

Kay Kirkpatrick, associate professor of mathematidsiversity of lllinois at Urbana-Champaign

Grace Lyo, assistant dean and director teachingagning, Stanford University

Lauren McGough, postdoctoral fellow, University@ificago

Mia Minnes, SEW assistant professor of mathemalti€s San Diego

Beth O’Sullivan, co-founder of Science Club for I&ir

Elissa Ozanne, associate professor, Universitytah$chool of Medicine

Kathy Paur, Kiva Systems

Bjorn Poonen, professor of mathematics, MIT

Liz Simon, graduate student, MIT

Gigliola Staffilani, professor of mathematics, MIT

Bianca Viray, associate professor, University ofsiagton

Karen Willcox, Director, Institute for Computatidriangineering and Sciences, UT Austin

Lauren Williams, professor of mathematics, Harvdriversity

At Girls’ Angle, mentors will be selected for their depth of understanding of mathematics as well as
their desire to help others learn math. But does it really mattethat girls be instructed by people
with such a high level understanding of mathematicsWe believe YES, absolutely! One goal of
Girls’ Angle is to empower girls to be able to tacktg/field regardless of the level of mathematics
required, including fields that involve original research. Over the destithe mathematical universe
has grown enormously. Without guidance from people who understand a lot of math, thihask is
student will acquire a very shallow and limited view of mathematicshenghtportance of various topics
will be improperly appreciated. Also, people who have proven original theamashesstand what it is
like to work on questions for which there is no known answer and for which tlgitermot even be an
answer. Much of school mathematics (all the way through collegalvesvaround math questions with
known answers, and most teachers have structured their teaching, whetheustnscnot, with the
knowledge of the answer in mind. At Girls’ Angle, girls will learn tetgies and techniques that apply
even when no answer is known. In this way, we hope to help girls become solvergatfuthsolved.

Also, math should not be perceived as the stuff that is done in math klaksad, math lives and thrives

today and can be found all around us. Girls’ Angle mentors can show girls how méghantreo their
daily lives and how this math can lead to abstract structures of enormenesi and beauty.
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Girls’ Angle: Club Enroliment Form

Applicant’s Name: (last) (first)

Parents/Guardians:

Address: Zip Code:

Home Phone: Cell Phone: Email:

Please fill out the information in this box.

Emergency contact name and number

Pick Up Info: For safety reasons, only the following peopl# e allowed to pick up your daughter. Names:

Medical Information: Are there any medical issues or conditions, suclasgies, that you'd like us to know about?

Photography ReleaseOccasionally, photos and videos are taken to deatisnd publicize our program in all media forms Will
not print or use your daughter’s name in any wayw® have permission to use your daughter’'s imagth&se purposes?yYes No

Eligibility: Girls roughly in grades 5-12 are welcome. Althowge will work hard to include every girl and torsmunicate with you
any issues that may arise, Girls’ Angle reservedlilcretion to dismiss any girl whose actionsdiseuptive to club activities.

Personal Statement (optional, but strongly encouraged!)}Ve encourage the participant to fill out the
optional personal statement on the next page.

Permission:| give my daughter permission to participate in Girls’ Angle. | haael and understand
everything on this registration form and the attached information sheets

Date:
(Parent/Guardian Signature)
Participant Signature:
Members: Please choose one. Nonmembers: Please choose one.
Enclosed is $216 for one session | will pay on a per meet basis at $30/meet.
(12 meets) _ )
I’'m including $50 to become a member,
| will pay on a per meet basis at $20/me and | have selected an item from the left.

| am making a tax free donation.

Please make check payable@xls’ Angle. Mail to: Girls’ Angle, P.O. Box 410038, Cambridge, MA
02141-0038. Please notify us of your application by sending engiiltangle @gmail.comAlso,
please sign and return the Liability Waiver or bring it with you to ths fireet.
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Personal Statement (optional, but strongly encouraged!)this is for the club participant only. How
would you describe your relationship to mathematics? What would you like to gdtymuir Girls’
Angle club experience? If you don'’t like math, please tell us why. If you lotle, piaase tell us what
you love about it. If you need more space, please attach another sheet.

_ 11 . Il/ O _
Liability Waiver

[, the undersigned parent or guardian of the ¥alg minor(s)

do hereby consent to my child(ren)’s participaiioGirls’ Angle and do forever and irrevocably e Girls’
Angle and its directors, officers, employees, agesd volunteers (collectively the “Releaseesijrfrany and
all liability, and waive any and all claims, fofjumy, loss or damage, including attorney’s feesny way
connected with or arising out of my child(ren) stpapation in Girls’ Angle, whether or not causeg my
child(ren)’s negligence or by any act or omissibGols’ Angle or any of the Releasees. | forevelease,
acquit, discharge and covenant to hold harmlesRéheasees from any and all causes of action andsbn
account of, or in any way growing out of, direathyindirectly, my minor child(ren)’s participation Girls’
Angle, including all foreseeable and unforeseepblsonal injuries or property damage, further idicig all
claims or rights of action for damages which my anichild(ren) may acquire, either before or afteroh she
has reached his or her majority, resulting froncarnected with his or her participation in Girlsi@le. | agree
to indemnify and to hold harmless the Releasees &ibclaims (in other words, to reimburse the Reées and
to be responsible) for liability, injury, loss, dage or expense, including attorneys’ fees (inclgdine cost of
defending any claim my child might make, or thagiibe made on my child(ren)’s behalf, that isasézl or
waived by this paragraph), in any way connectedl witarising out of my child(ren)’s participatiamthe
Program.

Signature of applicant/parent: Date:

Print name of applicant/parent:

Print name(s) of child(ren) in program:
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