G Bulletin

October/November 2019Volume 13- Number 1

To Foster and Nurture Girls’ Interest in Mathematics

SPB6! ! UBRE (U9
II& )
=



From the Founder

Our 258" session welcomes wonderful new and returning mesnéehuge
Thank You to Anya Bear and Rohan Kundargi of M &@ammie Smith
Barnes and her colleagues at Google Cambridgengslimg our club to
stay abuzz with math without a skip. - Ken Fansklent and Founder
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An Interviewwith
Christina Eubanks-
Turner

Christina Eubanks-Turner is an associate
professor of mathematics at Loyola
Marymount University. She earned both her
Master of Science and Doctoral degrees in
mathematics from the University of
Nebraska-Lincoln.

Melissa: When was the moment you knew
you wanted to be a mathematician?

Christina: | knew | wanted to be a
mathematician later when | was in

college? | originally majored in computer
science, but | really disliked computer
programming. | loved the logical thinking
involved in creating computer algorithms,
which | realized was just mathematical
thinking, but | found the actual coding and
learning of the syntax of languages like C++
and Java to be mundane, tedious work. As
far as enjoying math when | was growing
up, | really did not know I liked math, | just
like to solve puzzles and play logic games.

Melissa What do you mean by
“mathematical thinking”?

Christina: There’s a thinking that lends well
to doing mathematics. Mathematicians have
to be precise in their thinking and they have
to be good at analyzing definitions and
proofs. In fact, even when mathematicians
have found a solution to a problem, they

...you don’t need a special
brain to do math.

1 The interviewer, Melissa Carleton, is an
undergraduate at Wellesley College.

often go even further and seek ways to make
the solution more efficient or clearer.

Melissa Elsewhere, you spoke about how
one of your grade school teachers would
give you logic puzzles outside the regular
curriculum. Did you do math outside the
curriculum throughout your K12 math
education?

Christina: Although I did not realize it, |

did many things to build my mathematical
abilities. At home my mom and | would put
together puzzles with thousands of pieces
over several days. | would also complete 3-
D puzzles and build various replica
structures of monuments like the Eiffel
Tower. My mom also bought me books that
included logical puzzles that | would
complete throughout the summers. And in
high school | went to two high schools each
day: one that taught all subjects and one that
only taught science and math. At the high
school that only taught science and math, |
was taught in classes by people with
doctoral degrees.

Melissa Was your mom a mathematician?

Christina: My mom was a nurse for over 30
years, and she was big on science and math,
always regarding both topics as of great
importance. In fact, all my aunts are nurses.
My mom suggested that | study computer
science, but, as | mentioned, | found that |
really took to the more mathematical

thinking aspects of computer science, so |
became a mathematician. I'm the first
mathematician that | know of in the family.

Melissa What kinds of things did you do in
your K12, college, or graduate education
that enabled you to become a successful
mathematician today?

2 Prof. Eubanks-Turner attended Xavier University
of Louisiana.
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AMERICAN MATHEMATICAL SOCIETY

The American Mathematical Society is generously offering a 25%uli$©n the two book set
Really Big NumberandYou Can Count On Monstets readers of this Bulletin. To redeem, go
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Zigzags, Part 5

by Ken Fan | edited by Jennifer Silva

Emily: Let’s record these results in a table to hel
us stay organized.

Emily and Jasmine create the table below and fi
it in with what they have figured out so far.

Jasmine: Isn’t your piano lesson today?
Emily glances at her watch.

Emily: Oh, gosh! Yes, itis. | need to run, but I'n
so curious to know if your dream is actually true

Jasmine: | can wait for you.

For your convenience, here are the different
types of triangles and quadrilaterals that Emily
and Jasmine defined in “Zigzags, Part 3.” Alsg,
recall that they are assuming tineandm are
relatively prime andh > m. They found that
there are @h triangles of typéd andn—m
triangles of typer.

Emily: | wish | could skip my lesson and do math. All we're going to do is sélegiieces for
my upcoming recital, but | already know what | want to perform.

Jasmine: Well, you shouldn’t miss your piano lesson. [I'll tell you whas t&té the bus there
together. I'll go to Cake Country, and you can join me there after your lessom the mood
for one of Mr. ChemCake’s signature brownie bonanzas. I'll save one for you.

Emily: It's a deal! We’d better get going.

Content Removed from Electronic Version
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Learn by Doing

Plane Geometry and Complex Numbers
by Addie Summer | edited by Amanda Galtman

Complex numbers are a wonderful tool for studying plane geometry. In #mis bg Doing, we
illustrate with a variety of examples that we hope will inspire you to exilother.

But first, let’s review complex numbers and the complex plane. If you'rachireomfortable

with these concepts, skip ahead to Problem 12.

Complex numbers are what you get when you tr
to create a square root of -1.

Our main goal in this Learn by Doing is to apply
complex numbers to problems in plane geometr'
To achieve that goal more efficiently, we introdu
complex numbers in a formal rather than
exploratory way. This has the advantage of beir
quick and efficient, and it immediately connects
complex numbers with points in a plane. The
disadvantage is that the motivations are obscure
because the method is retrospective.

In a coordinate plane, points are specified by
ordered pairsg, b), wherea andb are real
numbers. We now define an addition and a
multiplication for points of the coordinate plane:

Addition: @b)+(,d (a+c,b+d).
Multiplication: (a, b)(c,d) (ac—bd, ad+ bc).

(As with multiplication of real numbers, we’ll
denote multiplication by juxtaposition or the
symbol “-".) The first item of business is to
establish that these definitions satisfy the basic

laws of arithmetic.

Throughout this Learn by Doing, b, ¢, d, e, andf
always denote real numbers.

If this is your first exposure to complex numbéehs
formula that we gave for multiplication must look
bizarre. Here’s how it comes about:

Let’'s assume that there is a number whose square is
equal to -1 and that it interacts with real numbéas
addition and multiplication while obeying all thadic
laws of arithmetic (i.e., the commutate, assoacgtiv
and distributive laws of addition and multiplicatjo
Call this numbet, so thai?=-1. We can then
multiply i by the real numbéy to getbi, and then add
this to the real numbexto geta + bi. If we multiply
a + bi by another such number+ di, we find:
(a+bi)(c+di) = a(c+di) +bi(c +di)
ac+ adi + bci + bdi?
ac+ (ad+bo)i —hd
(ac—hd) + (ad + bo)i.

If we associate the numbar+ bi with the point 4, b)
in the coordinate plane, the result of the above
computation translates to

(a, b)(c, d) = (ac—bd, ad + bc),

which is what we gave for the definition of
multiplication.

Perhaps you are concerned about whether introductio
of i is logically incompatible with the basic laws of
arithmetic, or whether there are other numbershot
the forma + bi (in which case, our multiplication law
would be incomplete). The formal approach to
complex numbers that we are using in this Learn by
Doing addresses the second concern by its very
construction and systematically establishes the laiw
arithmetic in Problems 1-11.

It is a retrospective, “we already know the ansWer,
approach.

1. Show that addition of points is commutative and associative. That is, show that

(@& b)+(d)=(d)+(ab)

and (@, b) + (¢, d)) + (&) = (& b) + (¢, d) + (& 1)).

2. Show that the origin, (0, 0), is the additive identity. That is, showahia € (0, 0) = &, b).
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3. Show that every poing(b) has an additive inverse. That is, fimedndy such that
(a b)+(xy)=(0,0).

4. Show that mU|tip|icati0n of points is If you are having trouble with Problems 1-7, hewe’s
commutative and associative. That is, show th solution to the first part of Problem 4.

We must show thag( b)(c, d) = (c, d)(a, b).

(a, b)(C, d) = (C, d)(a’ b) (b)(c, d) = (c, d)(a b)

Using the definition for multiplication, we find

and (&, b)(c, d))(e. ) = (@, b(c. d)(e, ). @560 = (@0_bd, ad b6

5. Show that the point (1, 0) is the multiplicative and €, d)(a, b) = (ca—db, ch+da).
identity. That is, show thaa(b)(1, 0) = &, b).

These represent the same point if they have the sam
horizontal and vertical coordinates, that is, if

6. Show that every poina(b), other than (0, 0), aC—lald_=c?ﬁdb?)ndad+bcd=dg:p+dadBut |the|'se .
H H H H H equal ities follow because addition and mu tlploato

has a multiplicative inverse. That is, firéindy real nUMbers are commutative.

such thatd, b)(x, y) = (1, 0).

7. Show that multiplication distributes over addition. That is, show that
(& b)((c,d) + (e ) = (a b)(c, d) + (a b)(e ).

Any set on which we can define an addition and multiplication that have the propestabetd

in Problems 1-7 is known adiald. What you have done so far is to show that with the addition
and multiplication defined above, the plane becomes a field of numbers. These numbers are
known ascomplex numbers

Letzandw be complex numbers. By =w”, we mean Z plus the additive inverse of,” and
by “ziw’ (i.e., “z divided byw”), we mean Ztimes the multiplicative inverse of.” Note that
division by (0, 0) is undefined.

Next, let's take a look at some of the basic properties of complex numbers.

8. Show that the horizontal axis, i.e., the set of poirgs]) |a is a real number}, is closed under
addition and multiplication. In other words, if you add or multiply two such points, thé iesul
also on the horizontal axis.

9. Convince yourself that the horizontal axis is a real number line. In other wortis|dloé
complex numbers contains the field of real numbers as a “subfield.” (In addition togsolvi
Problem 8, you have to check that the horizontal axis contains the additive identityn@ tiog a
multiplicative identity (1, 0), and that the horizontal axis is closed under both additive a
multiplicative inverses. However, you don’t have to check commutativity, assagiadr the
distributive law because they follow from Problems 1, 4, and 7.)

Because of Problem 9, we associate the real nuanweh the complex numbeg(0).

10. Find the two square roots of -1 (which we are now thinking of as (-1, 0)).

© Copyright 2019 Girls’ Angle. All Rights Reserved. 20



Spoiler Alert! Let’s definé to be the point (0, 1), so thdt= -1 (and ()? = -1).

11. Show thatg, b) =a + bi. Remember, we are associating a real numbeth the point X, 0)
and we have just definedo be the point (0, 1), so+ bi is shorthand forg, 0) + o, 0)(0, 1).

Geometric interpretations of addition and multiplication

12. Show that the points (0, O3, b), (c, d), and &, b) + (c, d) form the vertices of a
parallelogram. (If you skipped to here from the beginning, we’re thinking of thé (apb) in
the coordinate plane as the complex nunabebi.)

For this reason, complex number addition is said to obey the “parallelogram famefix a
complex numbew, then the function that sends the complex numalbee + w corresponds to a
translation of the plane. Each point is shifted in the same direction and by the daneedis

The next problem asks you to interpret complex multiplication geometricayulhave
trouble, read on for help with it.

13. Find a geometric interpretation for complex multiplicationw i$ a fixed complex number,
what does the function that sends the complex nuatwanz correspond to geometrically?

If you solved Problem 13, feel free to skip ahead to Problem 16. To understand complex
multiplication, it's helpful to use polar coordinates. Lath) be a complex number. Lebe

the distance ofg b) from the origin (0, 0). (By the Pythagorean theorem, we know that
r’=a?+b%) Let be the angle from the positive real axis to the ray that points from the origin
through &, b) as measured counterclockwise. Thenr cos andb =r sin . In other words,
every complex number can be expressed in the fogog , r sin ).

14. Show that multiplication by (cos sin ) corresponds to a counterclockwise rotation by
That is, if ¢ cos ,r sin ) is a complex number, show that

(cos ,sin )-(rcos ,rsin )=(rcos( + ), rsin( +)).

15. Letr be a real number. Show that the funcfi@h=rz, defined on complex numbezs
corresponds geometrically to a dilation by a factar with center of dilation the origin.

Notice that( cos ,r sin ) =r (cos , sin ). Because multiplication is associative, we can
determine the effect of multiplying by(cos , sin ) by first multiplying by (cos, sin ), and
then multiplying byr. In this way, we can see that multiplicationrkigos , sin ) corresponds
to a counterclockwise rotation byfollowed by a dilation by a factor ofwith center of dilation
at the origin. Since can be any positive real number ancan be any angle, all rotations and
dilations centered at the origin correspond to multiplication by some complex number

To summarize, in the complex plane, addition by a constant corresponds to translation, and
multiplication by a constant corresponds to a rotation and dilation, both centered &ithe or

16. By what complex number should you multiply if you want to effect a 90° rotation
counterclockwise about the origin?
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17. Letf(z) =w + (cos , sin )(z—w), wherew is a complex number andis a real number.
Show thaff(2) is the counterclockwise rotation nabout the poiniv through the angle.

Complex Conjugation

Given a complex numbea,(b), we define itcomplex conjugateby (a,b)° (a- b).
Geometrically, complex conjugation is reflection in the real (horizontad) axi

18. Let and be complex numbers. Show that and

In other words, if you have an algebraic identity involving complex numbers, the identity
remains valid if you replace every number with its complex conjugate.

19. Let be a complex number. Show that is the distance of from the origin.

For real numbersg, the distance of from the origin is given by|. We extend the absolute
value function to complex numbers by defining

Applications
Solve these problems using complex numbers.

20. A bug starts at the origin and begins a journey. The bug walks due east for 1 unit, then turns
left 90° and walks 2 units, then turns left 90° and walks 4 units, etc. After each leg of the
journey, the bug turns left 90° and walks straight for double the distance of the pregious le

After 100 legs, where does the bug end up?

21. A bug starts at the origin and begins a journey. The bug walks due east for 1 unit, then turns
left 45° and walks 2 units, then turns left 45° and walks 4 units, etc. After each leg of the
journey, the bug turns left 45° and walks straight for double the distance of the pregious le

After 100 legs, where does the bug end up?

22. A bug starts at the origin and begins a journey. The bug walks due east for 1 unit, then turns
left 90° and walks 1/2 unit, then turns left 90° and walks 1/4 unit, etc. After each leg of the
journey, the bug turns left 90° and walks straight for half the distance of the previoWseg)

point is the bug ultimately heading for?

23. The law of cosines states that in triangC, BC* = AB? + AC*> — 2(AB)(AC)cosA. Place
the triangle in the complex plane so that its vertices are located, angiw. Use complex
numbers to deduce the law of cosines.

24. This problem is essentially Problem 15 from the 2017 AIME I. A right triangllkeba®f
lengtha andb. Find the area of the smallest equilateral triangle that has & varegach of the
sides of the right triangle.

25. Let and be real numbers. Rotate about the origin lolegrees and then bydegrees.

The result is a rotation about the origin by degrees. Did you know that if you rotate by
degrees and then bydegrees aboutdifferent centefrom the first rotation, the result sill a

© Copyright 2019 Girls’ Angle. All Rights Reserved. 22



rotation by + degrees about some center, provided that is not a multiple of 360°? Show
this. What happens when+ is a multiple of 360°7?

26. Use complex multiplication to show that

27. This is Problem 2 from the 2009 AIME I. There is a complex nuaNvéh imaginary part
164 and a positive integarsuch that/(z + n) = 4i. Findn. (Theimaginary part of a complex
number &, b) isb.)

Spoiler Alert! Instead of solving Problem 27 algebraically, let’s thinkrgetacally. The
equation can be written= 4i(z + n), which says that is z + n rotated 90° counterclockwise
about the origin and scaled by a factor of 4 (from the origin). Hence, the pangn@z + n

are vertices of a right triangle with one leg 4 times the length of the otlmee nSs an integerz
andz + n have the same imaginary part, namely, 164. Geometrically, this mearsethat t
hypotenuse of our right triangle is horizontal and has lemgaind the altitude of the triangle to
the hypotenuse has length 164. By computing the area of this right triangle inysonegdind
that 82 = 2 + n’. By the Pythagorean theorem,= z+nf? + (4g +n|)> = 17 + nf. We
eliminate z + n| and obtain the equation: 182 2(n?/17). Thusn = 82(17)/2.

Collinearity

Through any two points in a plane, there is a unique line. But when do three points lie on the
same line?

28. Can you come up with an explicit mathematical fundioyv, w) whose inputs are three
distinct complex numbers v, andw and which returns a real number if and only, ¥, andw
are collinear?

Spoiler Alert! This problem doesn’t have a unique answer, so if you came up witthsgnet
different from the following, please don’t assume that yours isn’t a solution.p@sility is to
definef(u, v, w) = (U —w)/(v —w).

29. Letu, v, andw be distinct complex numbers. Prove thet)/(v—w) is real if and only if
u, v, andw are collinear.

The Cross Ratio

Drawing inspiration from geometry, we will devise a nifty way to deteenfifour distinct
complex numbers, v, w, andz are collinear or cocircular. Suppose, for now, that the four
numbers are cocircular, and imagine the anglesandwvz If you've taken a geometry class,
recall that angles inscribed in a circle that cut off the same arc hasantfeemeasure. If you
didn’t know this, see if you can prove it, or check Migith, A Magical Substanam pages 13-
15 of Volume 5, Number 2 of this Bulletin.

In the other direction, fix two poin#s andB in the plane. Given a constant between 0° and
360°, the locus of pointS such that the measure of the ari§f@A equals that constant is an arc
of a circle. Note: We measure the angle counterclockwise from tl@A&ythe rayCB,

yielding a measure between 0° and 360°. (If we instead took the measure of the angle to be
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between 0° and 180° by allowing oneself to measure either clockwise or counteisiptken
the locus would be a union of two circular arcs that are reflections of each othelire kg
Please check this.) Caveat: The locus consists of all points of a circle on ooktlselkneAB.

In other words, if we pick four distinct complex numbers, w, andz, and if the measures of
the anglesvuzandwvzare equal to the same number between 0° and 180° or 180° and 360°
(where we measure as described in the previous paragraph), then the four, ppimtaindz are
cocircular. Now observe thaw ¢ u)/(z—u) is a complex number of the fonn{cos , sin ),
where is the measure of the angleizandr = w —u|/z—ul, which is a real number. Similarly,
(w—=V)/(z—vV) is a complex number of the forsr{cos , sin ), where is the measure of the
anglewvzandsis a real number. This suggests the possibility thatifw, andz are cocircular,
then the ratio of the ratiosv( u)/(z—u) and (v —Vv)/(z—V) will be a real number. The reason
we write “possibility” is because of the caveat in the previous paragraph.wétiibrge ahead
and define theross ratio (u, v; w, 2) to be this ratio of ratios:

“U, WV
Z-U 2z V

(u,v; w, 2

30. Letu, v, w, andz be distinct complex numbers. Prove that(w, 2) is a real number if and
only if u, v, w, andz lie on the same line or the same circle.

31. There are 24 permutationswt, w, andz. Which ones preserve,(v; w, 2)?
32. Show that the cross ratio is invariant under translations, rotations, and dilations.

33. Define the functiof(z) = 1/z on the complex plane minus the origin. Show that the image of
a line or a circle in the complex plane under the fundtispagain, a line or a circle. Which
lines are mapped to circles? Which circles are mapped to lines?

A Mdbius transformation is a transformation of the complex plane that sends thkexom
numberzto (Az+ B)/(Cz+ D), whereA, B, C, andD are complex numbers that satisfy
AD-BC 0. (We can say that the Mdbius transformation is undefined=feb/C.
Alternatively, we can extend the complex plane by adding a “point at irifamty say that B/C
is mapped to this point at infinity and the point at infinity is mapped to the st

34. Show that Moébius transformations send lines and circles to lines and circles. Sfidint:
that every Mobius transformation can be composed of translations, rotations, dikatidtise
functionf(z) = 1/z. Alternatively, show that the cross ratio is invariant under Mébius
transformations.)

35. If you're bothered by having to consider both lines and circles in Problems 30-34, consider
stereographic projection, i.e., center a unit sphere at the origin of the congriexapld send the
complex numbegz to the point (other than the north pole) where the sphere intersects the line
throughz and the north pole. This projection sends the plane onto the sphere minus the north
pole. You could even think of the north pole as the “point at infinity.” Show that lines and
circles in the plane all become circles on the sphere under stereographiti@roje

Problem 35 suggests that perhaps we should be talking about the “complex sphere” inetead of t
“complex plane” Indeed, the complex sphere is known as the Riemann sphere.

© Copyright 2019 Girls’ Angle. All Rights Reserved. 24



Another Diophantine Equation

by Lightning Factorial | edited by Jennifer Silva

If you enjoyed Konstanze Rietsch’s article “An Architect in Wonderland” ge ga
here’s another family of Diophantine equations for you to explore. (A Diophamjuadien is
one that is to be solved in integers.)

As a starting point, let's take the Pythagorean relatioreghih? = ¢2. What solutions
are there to this equation in integar®, andc? In geometric terms, which lattice points in the
plane are a whole number distance from the origin?

A well-known way to find the solutions is to first observe that if0, then we can divide
by ¢ on both sides to obtaia/t)? + (b/c)? = 1. Ifa, b, andc are integers, thea'c andb/c are
rational numbers. So instead of looking for solutions in integea+do? = ¢, we seek
solutions tax? + y? = 1 in rational numbersandy. (If ¢ = 0, what integer values afandb
satisfya? + b? = ¢2?)

The equation? +y? = 1 describes a circle of radius 1 centered at the origin. This circle
passes through the points (1, 0), (0, 1), (-1, 0), and (0, -1), so we know there are at least four
rational solutions to + y?> = 1. Supposey( q) is another rational solution, i.e., suppose
p? + ¢? = 1. Here’s the idea: observe that the line that passes through the points (-1 p0jand (
has a rational slope, and, conversely, any line through (-1, 0) with rational slopatenssict
the circlex? + y? = 1 in points with rational coordinates. To see this, note that the slope of the
line that passes through (-1, 0) apdd) isd/(p + 1); if p andq are rational, so ig/(p + 1).
Conversely, the line though the point (-1, 0) with slopean be described by the equation
y=m(x + 1). To find out where this line intersects the cixéle y*> = 1, we must solve the two
equations simultaneously. By substitutm¢x + 1) fory in the equation for the circle, we get the
equationx® + m?(x + 1¢ = 1, which is a quadratic equationxin If mis a rational number, then
the coefficients of this quadratic equation are also rational numbersptieetgy Vieta's
formulas, the sum and product of the roots will be rational. However, we already knetvithat
a root, which means that the other root, cgll imust also be rational. This other rpas the
horizontal coordinate of the point of intersection of the line and the circle other thah (HL, 0
we call this point of intersectiop,(q), theng =m(p + 1). And sincemis rational, so is).

In this way, we can parameterize all the rational points on the xfrelg? = 1 by the
slopem of the line through (-1, 0). For examplemf= 1/2, then§, q) = (3/5, 4/5). By
rationalizing the denominators, we get the solutibn & = 5 to the Pythagorean equation.

Please take a moment to work out the idea just described in detalil.

Let’s look at another approach to finding integer solutioras tob? = 2. Suppose that
(a, b, ) is a solution t@? + b?> = c2. Notice thatlf, a, c) is also a solution, as area( +b, +c), for
any of the eight possible choices of sign. Let’s call these various chdrsigs and the
switching of the first two coordinates “Pythagorean moves.” While you can ugentioe®s to
get new solutions from known solutions, the new solutions you get aren’t that different.
However, let’s throw in one more transformation to our collection of Pythagorears mokies
transformation sends the solutiaf, c)to @+ 2o+ 2c, 2a+b + 2c, 2a + 20 + 3¢). For
example, (3, 4, 5) is sent to (21, 20, 29).

Show that this last move also sends solutions of the Pythagorean equation to solutions.
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By the way, notice that ia( b, c) is a solution to the Pythagorean equation, then so is
(da, db, dc) for any numbed. For this reason, to find all integer solutionsde b? = ¢?, it
suffices to find the solutiong,(b, c) such thag, b, andc have no common factor. Such
solutions are calledrimitive . If you know all the primitive solutions to the Pythagorean
equation, then you can find all the solutions by multiplying the primitive ones musaxrhole
numbers.

Show that every primitive solution to the Pythagorean equation can be obtained from the
solution (1, 1, 0) and applying Pythagorean moves repeatedly in various ways.

Pretty neat, huh?
But... we said that the Pythagorean equation will be our starting point. So for the next
equation, consider the Diophantine equatidr b? + 2 = d?>. For example, one solution to this

Diophantine equation i# 2 + 2 =3

Can you adapt the slope parametrization method described earlier to find all solutions to
the Diophantine equatior’a b? + ¢ = d??

Are you wondering if there is a way to find solutionste- b? + ¢? = d? using an
analogue to the Pythagorean moves? Well, there is'alletq, d) be a solution to the
Diophantine equatior? +y? + Z2 =w?. Our collection of moves will consist of the following
transformations ofg, b, c, d):

l. Any permutation of the first 3 coordinates.

ll. Any sign changes to any of the 4 coordinates.

lll. The transformation that sends b, c, d) to
(-b-c+d,-a-c+d,-a-b+d,-a-b-c+ 2d).

Please check that all of these transformations send solutions to solutions.

Show that every primitive solution t6+&y? + 2 =w? can be obtained from the solution
(1, 1, 0, 0) and applying these moves repeatedly in various ways.

Isn’t that neat?

You've probably predicted what Diophantine equation comes next. What can you say
about the Diophantine equation

a’+at+af+ ... ral =X,
wheren is a fixed positive integer? Let us know what you discover!

The method described here for generating primitive solutions may be found in the book
Infinite Dimensional Lie Algebrasy Victor Kac.
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Notes from the Club

These notes cover some of what happened at Girls’ Angle meets. In these notekidee

some of the things that you can try or think about at home or with friends. We also incl@de som
highlights and some elaborations on meet material. Less than 5% of what happercsud is
revealed here.

Session 25 - Meet 1 Mentors: Emily He, Adeline Hillier, Rebecca Nelson,
September 12, 2019 Kate Pearce, Laura Pierson, Gisela Redondo,
Christine Soh, Rebecca Whitman, Jasmine Zou

Ten new members joined us for our first meet of Session 25. In accordance sith Gir
Angle tradition, our mentors conducted interviews with each new member to learnboote a
her. We were interested in learning what she likes or dislikes about math, wieatsshg
enjoys, what she likes to do and think about, whether she prefers to work alone or in groups,
whether or not she likes challenges, and any other details about her learningfarahpes that
we can glean. We also wanted to learn about her expectations and goals, bothrfar &er ti
Girls’ Angle and with respect to math overall.

Alongside these interviews, several math activities were going on ordaniaesarious
stations. Many returning members had projects they were continuing from thesamm
spring; others embarked on new projects. All in all, it seemed as if the math picked tiepese
were no summer break!

Session 25 - Meet 2 Mentors: Talia Blum, Katie Gravel, Emily He, Adeline Hillier,

September 19, 2019 Rebecca Nelson, Kate Pearce, Laura Pierson,
Gisela Redondo, Melissa Sherman-Bennett,
Christine Soh, Savannah Tynan, Rebecca Whitman

It is a fairly well-known fact that the sum of the angles of a triarsgl80°, but can you
prove it? Can you use this fact to find the sum of the interior angles in a polygansides?

Session 25 - Meet 3 Mentors: Adeline Hillier, Jenny Kaufmann, Rebecca Nelson,
September 26, 2019 Kate Pearce, Laura Pierson, Gisela Redondo,
Savannah Tynan, Rebecca Whitman,
Angelina Zhang, Jasmine Zou

How can you draw a realistic depiction of a 3D world? If you try to makawaimly of a
complex interior with windows, doors, desks, chairs, tables, bookshelves, and a staimcase, y
will likely find that “eyeballing” the drawing will only get you so far.hifigs will start to look
off. There’s interesting mathematics at work in such drawings, and if yoytsigdnath of
perspective drawingand adhere to the math instead of going with what you intuit, you'll be
able to produce depictions of 3D worlds that are spot on.

Session 25 - Meet 4 Mentors: Katie Gravel, Tina Lu, Rebecca Nelson,
October 3, 2019 Kate Pearce, Laura Pierson, Gisela Redondo,
Melissa Sherman-Bennett, Christine Soh,
Savannah Tynan, Rebecca Whitman, Angelina Zhang
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How random do you think you can be? Mentor Rebecca Whitman challenged members
to produce lists of coin flip outcomes both by faking them and by using actual coin tosses, and
see if they could fool her as to which lists were made using actual coin flipsoBheclaimed
that she couldn’t be so fooled! The members tried, but Rebecca could not be fooled. How do
you think she did this?

Session 25 - Meet 5 Mentors:  Adeline Hillier, Jenny Kaufmann, Rebecca Nelson,

October 10, 2019 Kate Pearce, Laura Pierson, Melissa Sherman-Bennett,
Christine Soh, Rebecca Vessenes, Karissa Wenger,
Rebecca Whitman

What is division? Try to imagine yourself living at a time before divisias defined.
How do you think you would have defined it? What properties would you want your division
operation to have?

Session 25 - Meet 6 Mentors:  Emily He, Adeline Hillier, Tina Lu, Kate Pearce,

October 17, 2019 Laura Pierson, Nehar Poddar, Melissa Sherman-Bennett,
Christine Soh, Rebecca Vessenes, Karissa Wenger,
Angelina Zhang

Probably for as long as there has been human civilization, there has been the problem
creating a method to communicate with friends in such a way that your foes fignreobut
what you are saying, even if they are eavesdropping. Mathematiciansdeavdrawn to this
problem, and modern solutions involve sophisticated mathematics from number theory. What
solutions can you devise for this secret communication problem?

And if you'd like to try your hand at deciphering a secret message, try to éigtuthis
one: “Sd sc swzyccslvo dy lo k wkdrowkdsmskx gsdryed losxq k zyod sx cyev.” - Cypik
Uyfkvofcukik.

Session 25 - Meet 7 Mentors: Emily He, Adeline Hillier, Jenny Kaufmann, Tina Lu,
October 24, 2019 Aileen Ma, Kate Pearce, Laura Pierson, Savannah Tynan,
Rebecca Vessenes, Karissa Wenger, Angelina Zhang

Visitor: Sally Seaver, Biotechnology Consultant

Sally Seaver was born in Marblehead, Massachusetts, attended high school inrtkew Y
then went to Harvard-Radcliffe for college, earned a doctoral degree incah@mysics from
Stanford, then did a postdoc at the Louis Pasteur University Institute at thediipigér
Strasbourg in France. After serving on the faculty at Vanderbilt, she defeaa for industry,
eventually founding her own company: Seaver Consulting. There, she worked with
pharmaceutical corporations by helping them to communicate their goals and gtochan-
scientists. She also helped to formulate an industry standard for evaluatireffibagy.

Today, she owns two horses that compete in dressage at the Grand Prix level. Slee deliver
us three main messages:

- Be comfortable with math so you are able to appropriately challenge people’s
mathematical arguments.

- There is no such thing as failure. Experiences that feel like failurengpé/snore data
for you to learn from, so be open to trying new things.

- The only stupid question is the one you didn’t ask.
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Calendar

Session 25: (all dates in 2019)

September 12 Start of the twenty-fifth session!
19
26
October 3
10
17
24
31
November 7
14
21
28 Thanksgiving - No meet
December 5

Session 26: (all dates in 2020)

January 30 Start of the twenty-sixth session!
February 6
13
20 No meet
27
March 5
12
19
26 No meet
April 2
9
16
23 No meet
30
May 7

Girls’ Angle has been hosting Math Collaborations at schools and librarieb. Qdlaborations
are fun math events that can be adapted to a variety of group sizes and skillFevetre
information and testimonials, please visitw.girlsangle.org/page/math_collaborations.html

Girls’ Angle can offer custom math classes over the internet for snalbgron a wide range of
topics. Please inquire for pricing and possibilities. Engailsangle@gmail.com
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Girls’ Angle: A Math Club for Girls

Membership Application

Note: If you plan to attend the club, you only need to fill out the ClutiEnrollment Form because all
the information here is also on that form.

Applicant’s Name: (last) (first)

Parents/Guardians:

Address (the Bulletin will be sent to this address):

Email:

Home Phone: Cell Phone:

Personal Statement (optional, but strongly encouraged!): Plelase addout your relationship to
mathematics. If you don'’t like math, what don't you like? If you love math, whavddoye? What
would you like to get out of a Girls’ Angle Membership?

The $50 rate is for US postal addresses oRly: international rates, contact us before applying.
Please check all that apply:

Enclosed is a check for $50 for a 1-year Girls’ Angle Membership.

I am making a tax free donation.

Please make check payable@®ixls’ Angle. Mail to: Girls’ Angle, P.O. Box 410038, Cambridge, MA
02141-0038. Please notify us of your application by sending engiltangle @gmail.com

A Math Club for Girls
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Girls’ Angle
Club Enrollment

Gain confidence in math! Discover how interesting and excitg math can be! Make new friends!

The club is where our in-person mentoring takes place. At the club, girlsiweckly with our mentors
and members of our Support Network. To join, please fill out and return th&@ialment form.
Girls’ Angle Members receive a significant discount on club atteceléees.

Who are the Girls’ Angle mentors? Our mentors possess a deep understanding of mathematics and
enjoy explaining math to others. The mentors get to know each member as igliéha@ind design
custom tailored projects and activities designed to help the mempenie at mathematics and develop
her thinking abilities. Because we believe learning follows nayundien there is motivation, our
mentors work hard to motivate. In order for members to see math as a liviniyecsabject, at least one
mentor is present at every meet who has proven and published original theorems

What is the Girls’ Angle Support Network? The Support Network consists of professional women
who use math in their work and are eager to show the members how and for what they ugeaoia
member of the Support Network serves as a role model for the membersheFoipety demonstrate that
many women today use math to make interesting and important contributionsetg.soci

What is Community Outreach? Girls’ Angle accepts commissions to solve math problems from
members of the community. Our members solve them. We believe that when dagrsiafiorts are
actually used in real life, the motivation to learn math increases.

Who can join? Ultimately, we hope to open membership to all women. Currently, we are openilgrima
to girls in grades 5-12. We welcorak girls (in grades 5-12) regardless of perceived mathematical
ability. There is no entrance test. Whether you love math or suffer fedmanxiety, math is worth
studying.

How do | enroll? You can enroll by filling out and returning the Club Enrollment form.

How do | pay? The cost is $20/meet for members and $30/meet for nonmembers. Members get an
additional 10% discount if they pay in advance for all 12 meets in a sessitsmaré&iwelcome to join at
any time. The program is individually focused, so the concept of “catchinglupheigroup” doesn’t

apply.

Where is Girls’ Angle located?Girls’ Angle is based in Cambridge, Massachusetts. For security
reasons, only members and their parents/guardian will be given the esictiaf the club and its
phone number.

When are the club hours?Girls’ Angle meets Thursdays from 3:45 to 5:45. For calendar detailsepleas
visit our website atvww.girlsangle.org/page/calendar.htarlsend us email.

Can you describe what the activities at the club will be like®irls’ Angle activities are tailored to each
girl's specific needs. We assess where each girl is mathemastiodlihen design and fashion strategies
that will help her develop her mathematical abilities. Everybodys¢eaath differently and what works
best for one individual may not work for another. At Girls’ Angle, we ang sensitive to individual
differences. If you would like to understand this process in more detail, pleaseigim
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Are donations to Girls’ Angle tax deductible?Yes, Girls’ Angle is a 501(c)(3). As a nonprofit, we rely
on public support. Join us in the effort to improve math education! Please oualkdopation out to
Girls’ Angle and send to Girls’ Angle, P.O. Box 410038, Cambridge, MA 02141-0038.

Who is the Girls’ Angle director? Ken Fan is the director and founder of Girls’ Angle. He has a Ph.D.
in mathematics from MIT and was a Benjamin Peirce assistant proféssattematics at Harvard, a
member at the Institute for Advanced Study, and a National Science Foundatidoctoral fellow. In
addition, he has designed and taught math enrichment classes at BostonisiMiiSeience, worked in
the mathematics educational publishing industry, and taught at HCSSiM. &eoluateered for

Science Club for Girls and worked with girls to build large modular origaajects that were displayed
at Boston Children’s Museum.

Who advises the director to ensure that Girls’ Angle realizeds goal of helping girls develop their
mathematical interests and abilities?Girls’ Angle has a stellar Board of Advisors. They are:

Connie Chow, founder and director of the Explonator

Yaim Cooper, Institute for Advanced Study

Julia Elisenda Grigshy, professor of mathematiast@n College

Kay Kirkpatrick, associate professor of mathematidsiversity of lllinois at Urbana-Champaign

Grace Lyo, assistant dean and director teachinga®ning, Stanford University

Lauren McGough, postdococtoral fellow, UniversifyGhicago

Mia Minnes, SEW assistant professor of mathemalti€& San Diego

Beth O’Sullivan, co-founder of Science Club for I&ir

Elissa Ozanne, associate professor, Universitytah$chool of Medicine

Kathy Paur, Kiva Systems

Bjorn Poonen, professor of mathematics, MIT

Liz Simon, graduate student, MIT

Gigliola Staffilani, professor of mathematics, MIT

Bianca Viray, associate professor, University ofshiagton

Karen Willcox, Director, Institute for Computatidriangineering and Sciences, UT Austin

Lauren Williams, professor of mathematics, Harvdrdversity

At Girls’ Angle, mentors will be selected for their depth of understanding of mathematics as well as
their desire to help others learn math. But does it really mattethat girls be instructed by people
with such a high level understanding of mathematicsWe believe YES, absolutely! One goal of
Girls’ Angle is to empower girls to be able to tackte/field regardless of the level of mathematics
required, including fields that involve original research. Over the destithe mathematical universe
has grown enormously. Without guidance from people who understand a lot of math, thihask is
student will acquire a very shallow and limited view of mathematicshenghtportance of various topics
will be improperly appreciated. Also, people who have proven original theamashesstand what it is
like to work on questions for which there is no known answer and for which tlgitermot even be an
answer. Much of school mathematics (all the way through collegalvesvaround math questions with
known answers, and most teachers have structured their teaching, whetheustnscnot, with the
knowledge of the answer in mind. At Girls’ Angle, girls will learn tetgies and techniques that apply
even when no answer is known. In this way, we hope to help girls become solvergatfuthsolved.

Also, math should not be perceived as the stuff that is done in math klaksad, math lives and thrives

today and can be found all around us. Girls’ Angle mentors can show girls how méhastreo their
daily lives and how this math can lead to abstract structures of enormenesi and beauty.
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Girls’ Angle: Club Enroliment Form

Applicant’s Name: (last) (first)

Parents/Guardians:

Address: Zip Code:

Home Phone: Cell Phone: Email:

Please fill out the information in this box.

Emergency contact name and number

Pick Up Info: For safety reasons, only the following peopl# ¢ allowed to pick up your daughter. Names:

Medical Information: Are there any medical issues or conditions, suclargies, that you'd like us to know about?

Photography ReleaseOccasionally, photos and videos are taken to deotiiand publicize our program in all media forms Wil
not print or use your daughter’s name in any waywe have permission to use your daughter’s imagéhese purposes?yYes No

Eligibility: Girls roughly in grades 5-12 are welcome. Althlowge will work hard to include every girl and torsmunicate with you
any issues that may arise, Girls’ Angle reservediilcretion to dismiss any girl whose actionsdigeuptive to club activities.

Personal Statement (optional, but strongly encouraged!)}Ve encourage the participant to fill out the
optional personal statement on the next page.

Permission:| give my daughter permission to participate in Girls’ Angle. | haael and understand
everything on this registration form and the attached information sheets

Date:
(Parent/Guardian Signature)
Participant Signature:
Members: Please choose one. Nonmembers: Please choose one.
Enclosed is $216 for one session | will pay on a per meet basis at $30/meet.
(12 meets) _ )
I’'m including $50 to become a member,
| will pay on a per meet basis at $20/me and | have selected an item from the left.

| am making a tax free donation.

Please make check payable@xls’ Angle. Mail to: Girls’ Angle, P.O. Box 410038, Cambridge, MA
02141-0038. Please notify us of your application by sending engiiltangle @gmail.comAlso,
please sign and return the Liability Waiver or bring it with you to ths fireet.
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Personal Statement (optional, but strongly encouraged!)this is for the club participant only. How
would you describe your relationship to mathematics? What would you like to gdtymuir Girls’
Angle club experience? If you don'’t like math, please tell us why. If you lotle, piaase tell us what
you love about it. If you need more space, please attach another sheet.

/[ 0 102 ! /
Liability Waiver

[, the undersigned parent or guardian of the following minor(s)

do hereby consent to my child(ren)’s participation in Girls’ Angle and do foesceirrevocably release Girls’
Angle and its directors, officers, employees, agents, and volunteers (eelletlie “Releasees”) from any and
all liability, and waive any and all claims, for injury, loss or damagdydag attorney’s fees, in any way
connected with or arising out of my child(ren)’s participation in Girls’ Angleetlver or not caused by my
child(ren)’s negligence or by any act or omission of Girls’ Angle orddrilie Releasees. | forever release,
acquit, discharge and covenant to hold harmless the Releasees from any andsatifcactson and claims on
account of, or in any way growing out of, directly or indirectly, my minor chitg{separticipation in Girls’
Angle, including all foreseeable and unforeseeable personal injuries or prd@erige, further including all
claims or rights of action for damages which my minor child(ren) may agaiiher before or after he or she
has reached his or her majority, resulting from or connected with his or herpgaditin in Girls’ Angle. | agree
to indemnify and to hold harmless the Releasees from all claims (in other worlmlianse the Releasees ar
to be responsible) for liability, injury, loss, damage or expense, including attofeeygincluding the cost of
defending any claim my child might make, or that might be made on my child(bemalf, that is released or
waived by this paragraph), in any way connected with or arising out of my ehildg(participation in the
Program.

Signature of applicant/parent: Date:

d

Print name of applicant/parent:

Print name(s) of child(ren) in program:
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