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An Interview with
Kristin Lauter, Part 3

This is part 3 of a multi-part interview with
mathematician Kristin Lauter, which was
conducted by Ke Huang at the University of
Washington in April of 2018.

Ke Huang: Today you work at Microsoft
Research, but you began your career in
academia. What is the difference between
academia and industry and what led to your
decision to shift into industry?

Kristin : As | alluded to earlier, in the 90s, |
enjoyed teaching engineering students who
had real connections with industry, because
| felt that they had more of a sense of how
the mathematics was being used. | knew the
mathematics and the foundational stuff, but |
didn’t know what questions were interesting
and what research would be like in industry.
And so, basically it was curiosity that led me
to try it out. | first came to Microsoft
Research as a Postdoctoral Researcher. It
was a joint postdoc with MSRI, which is the
NSF-funded Mathematical Sciences
Research Institutén Berkeley. And so |

was supposed to come to Microsoft
Research for a year and then | was supposed
to go to MSRI for a year. But when | came
here | liked the research environment so
much and got involved in elliptic curve
cryptography right away, so that | never
wanted to leave. So, I didn’'t go to MSRI.

Ke Huang: What was it about the research
environment at Microsoft Research that
proved so alluring?

Kristin : Well, what | really liked was that
everybody had their doors open. Everybody
had this expectation that they would be able
to talk to anyone and explain their work to

1 National Science Foundation.

anyone, and there were several really
concrete instances of that in my first couple
of months that kind of surprised me. For
example, one thing was that people would
just get up and walk out of talks or meetings
if the explanations were too esoteric. In
academia, we tolerate very extreme levels of
incoherence and bad presentation style and
choices in talks that are not designed to
communicate to a wide audience. But in
industry, you simply don’t have to listen to
that. You just get up and leave. And it
made me realize, hey, if | don’t understand
what the person is talking about and it
doesn’t have a clear relevance to something
of interest or importance, then there’s no
reason to sit here and keep wasting my time
listening. And that was a huge culture shift
from academia to industry. And | was really
impressed by that. And then a second thing
was that | was asked to explain elliptic curve
cryptography to lawyers, and | had never
really been asked to explain very deep and
difficult mathematics to, not just a non-
mathematician, but a non-scientist. And the
lawyers showed up and they had videotaping
equipment and they had booked a couple of
hours in a conference room and a
whiteboard and everything. And they were
really expecting me to explain it so that they
could understand it. And | thought, “Oh,
great!” | was really inspired by that.

Ke Huang: That's really interesting. | think
that when | was younger it would've been
really, really helpful for me to realize that |
should speak up, and that if | didn’t
understand something, it might not have
been my fault. It could have been the
instructor’s fault.

Kristin : Yeah, and it gave me the
confidence to start asking a lot more
guestions in math talks at conferences,
because | also had a mentor and a role
model who was a very famous number

2 Girls’ Angle is grateful to MSRI for providing
initial funding critical to enabling Girls’ Angle’s
existence.
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Exploring Math Contest Problems

Bézout's Lemma
by Marlie J. Kass | edited by Amanda Galtman

Let's take a look at Problem 14 from the 2006 AMC 12A math competition, which is created by
the Mathematical Association of America. For your convenience, here is themrobl

Two farmers agree that pigs are worth $300 and that goats are worth $210. When
one farmer owes the other money, he pays the debt in pigs or goats, with
“change” received in the form of goats or pigs as necessary. (For example,

$390 debt could be paid with two pigs, with one goat received in change.) What
is the amount of the smallest positive debt that can be resolved in this way?

To start, let's create an algebraic equation representing the prob&tmbéd the smallest
positive debt that can be resolved as in the problem statement.x8artde resolved, it means
that it is possible to exchange some pigs and goats so that the net changet sbe the
number of pigs and be the number of goats needed to resolve this debt. We'll take negative
values ofp to mean that we receive pigs instead of giving them away, and, similarigdative
values ofg. We then have

x=30(Q + 21Q.
Notice that the greatest common factor of 300 and 210 is 30, so we can change the equation to:
x=30(1( + 7g).

Sincep andg are integers, so is A6 79. Hence, the above equation shows ¥raust be a
multiple of 30. If we can fingh andg so that 1¢ + 7g = 1, therx is 30.

Going one by one through the multiples of 7, we find that 7 x 7= 49, which is one away
from 10 x 5 or 50. Therefore, if we let= 5 andg = -7, we find that

x = 30(1® + 7g) = 30(10(5) + 7(-7)) = 30(50 — 49) = 30.

Therefore, the smallest amount of debt is $30, which can be paid by exchanging 5 pigs for
goats.

What Does This Problem Teach Us?

This problem is an application of an important mathematical result known as Bézout's
lemma. Bézout's lemma states the following:

SupposeX andY are integers. Lat be the greatest common factoncandy.
Then there exist integeasandb such thatl = aX + bY.

The AMC problem can be generalized like this: Suppose that pigX cadliars and
goats cosY dollars, whereX andY are positive integers. What is the smallest positive intéger
such thatd can be expressed aX + bY for integersa andb?



Let d be the greatest common factonoédndY. Then we can write
aX+ bY =d(a(x/d) + b(Y/d)).

Note that botX/d andY/d are integers becaudas, by definition, the greatest common factor of
XandY. Thereforea(X/d) + b(Y/d) is also an integer, and so the smallest positive amount that
can be resolved with pigs and goats must be a multigle 6n the other hand, by Bézout's
lemma, there exist integeasandb such thatl =aX + bY. Hence, the smallest positive debt that
can be resolved @, the greatest common factorXfndY. The contest problem is the special
case wher& = 300 andy = 210.

Proof of Bézout's Lemma

Bézout's lemma is so important that we give a proof of it here. We shall gioefaipat
uses the Euclidean algorithm.

Let X andY be positive integers. Without loss of generality, assimé&. We can
divide X by Y to get a quotient; and a remainder. That is,

X=Yq +r1.

Notice that 0 r1 <Y. (We cannot have Y because when one divid&dy Y, one finds the
biggest multiple olY less than or equal % and subtracts this froixito get the remainder. If
rv Y, it means that there are bigger multiple¥ dhat are less than or equalXg

If r1 = 0, thenY dividesX, and their greatest common facto¥isIn this case, we can
prove Bézout’'s lemma by observing tivat X —Y(q1 — 1). So assume; > 0. We can then
divide Y byr; to get a quotient, and a remaindeb:

Y =r1Qz +r2.

Notice that 0 r2 <ri.
If r > 0, we can divide; by r, to get a quotierds and remainders:

rL=roQs +rs.

Notice that 0 rz<ro.
So long as we get a remaindep 0, we can continue dividing -1 byrk to get a quotient
Ok+1and remainderi + 1 such that O rk+1 <r.

The remainders form a strictly decreasing sequence of nonnegativesnt&gece
whenever a remainder is positive, we can divide again, we must eventually reachirader
that is equal to 0. Defineto be the index of the last nonzero remainder. That is, our last
equation in this sequence of divisionsdsi=rngh+1+ 0. (For notational convenience, we set
ro=Yandri=X)

We claim that, can be expressed as a linear combinatibX andY with integer
coefficients and that, is the greatest common factorXoandy.

1 A linear combination oK andY is an expression of the foraxX + bY. A linear combination oX andY with
integer coefficients is an expression of the fax+ bY wherea andb are integers.



We'll first show thatr, is a linear combination of andY with integer coefficients. To
see this, we repeatedly use substitution in the sequence of equations we obtaipedtbglye
dividing. First, we rewrite the first equation

X=Yq+r
as
rn=X-Ya,

which shows that; is a linear combination of andY with integer coefficients. We substitute
this into the next equation

Y=rig+r2
to obtain
Y=X-=-Yq)q2 +r2,
or
ro=-pX+ (1 +qip)Y,

which shows that: is a linear combination of andY with integer coefficients. We can then
substitute these expressionsifoandr: into the next equatiomg =r2qgz + r3, to see thats is also

a linear combination of andY with integer coefficients. By continuing this process, we see that
eachrg is a linear combination of andY with integer coefficients. In particular, is a linear
combination ofX andY with integer coefficients, which is what we wanted to show.

Now we will prove that, is the greatest common factorandY. From the equation
'n—1="rn0n+1, We know that, dividesrn_1. Also, sincea is the largest factor of itself, is the
greatest common factor of- 1 andr,. Now let’'s examine one of the equations in the sequence
of equations we obtained by repeated division, say,

Mk =Tk+10k+2 + lk+2

We claim that the greatest common factorkandrk -+ 1 is equal to the greatest common factor
of rk+1andrk+2 To see this, IdD be the greatest common factorpéndri -+ 1, and letd be the
greatest common factor of+ 1 andrk+2. SinceD dividesrx andrk + 1, we see from the equation
thatD must also dividex+2. HenceD dividesrk+1 andrk+ 2, SoD must also divide their greatest
common factor, which id. Likewise, we know thad dividesrk + 1 andrk+ 2, and from the
equation, we deduce théiimust also dividex. Sinced divides bothrk andrk + 1, d must divide
their greatest common factor, whichDs Sinced dividesD andD dividesd, it must be the case
thatd = D, which is what we wanted to show.

Using this fact repeatedly, we see that the greatest common factorn ahdr, is the
greatest common factor of- > andrn -1, which is the greatest common factorr©f s andrn - »,
and so on. Continuing this argument, we find that all these greatest common factorsahte
the greatest common factorXfandy.

Since we have shown thatis the greatest common factorXandY and is also a linear
combination ofX andY with integer coefficients, we have proven Bézout's lemma.



A S ERRELLAY SN EON

By Katherine Dawson
Computer graphics by Amy Fang, Adeline Hillier, and Elise McCormack-Kahma

Katherine Dawson one of our fifth grade members, really took to tessellations and designed an
entire tessellating font for all the letters and digits. Every one of thesaaters can be used to

tile the plane. To make full use atherine Dawsoris accomplishment, we wanted to create a
cover for this issue using her “G” and “A” for “Girls’ Angle”. However, her ‘@d “A” do not

allow for a simultaneous tiling of the plane, so we contakkegtierine Dawsoris mom and

hours laterKatherine Dawsoncame back to us with a new “G” and “A” that nicely do the job!
See the cover for her “G” and “A” tiles that can be used simultaneously to tileathe pl

© Copyright 2019 Girls’ Angle. All Rights Reserved. 10



- W

© Copyright 2019 Girls’ Angle. All Rights Reserved.

11



© Copyright 2019 Girls’ Angle.

J]
il
:

All Rights Reserved.

T

12



Meditaté’ath

Pascal on Pascal
by Addie Summer | edited by Jennifer Silva

Make Pascal’s triangfe.Now take another copy of Pascal’s triangle, flip it over, then place its
apex over an entry of the first Pascal’s triangle.

Find a row where the two triangles overlap and add up the products of overlapping reitvaes i
row. No matter which row you pick, you will always get the same answer, pdotfidethere is
some overlap in that row.

In this installment of Meditate to the Math, your first task is to sit back,rédank, and figure
out why.

Here’s an illustration with the apex of the inverted red triangle placed oven the upright

blue triangle. The products of the overlapping entries in any row that has theatwaits add
up to 792.

1 14 91 364 1001 2002 3003 3432 30 03 2002 1001 364 91 14 1
1 13 78 286 715 1287 1716 1716 12 87 715 286 78 13 1
1 12 66 220 495 792 924 792 49 1 5 220 66 12 1
1 11 55 165 330 462 462 330 16 11 5 55 11 1
1 10 45 120 210 252 210 1210 él 1 5 10 1
1 9 36 84 126 126 84 36 9 1
1 3 3 1

1 8 28 56 70 56 28 8 1
1 4 6 4 1

1 7 21 3 35 21 7 1
1 5 10 10 5 1

1 6 15 20 15 6 1
1 6 15 20 15 6 1

1 5 10 10 5 1
1 7 21 3 3 21 7 1

1 4 6 4 1

1 8 28 56 70 56 28 8 1
1 3 3 1

1 9 36 84 126 126 84 36 9 1
1 2 1

1 10 45 120 210 252 210 120 45 10 1
1 1
1 11 55 165 330 462 462 330 165 55 11 1
1
1 12 66 220 495 792 924 792 495 220 66 12 1
1 13 78 286 715 1287 1716 1716 1287 715 286 78 13 1
1 14 91 364 1001 2002 3003 3432 3003 2002 1001 364 91 14 1
1 15 105 455 1365 3003 5005 6435 6435 5005 3003 1365 455 105 15 1

IPascal’s triangle is a triangular array of numtieas has a 1 at the very top and each entry beddtei sum of the
two nearest numbers just above the entry. For plgrthe leftmost 66 in the blue Pascal’s triarafleve is equal
to the sum of the 11 and 55 above it. We can im@amifinitely many unwritten zeros that extend esmh to the
left and right.

13



These identities are known as Vandermonde’s identities. Let’s takelsp®eiaf the case
where we place the apex of the inverted triangle overand add up the products of the
overlapping entries in thath row. We obtain the identity

n o K

For your next task, we again overlap two copieBasgcal’s triangle, although we arrange one
triangle so that it is left-justified (i.e., so tredl entries  for fixed k run down a single

column), and another triangle so that each rowastBI's triangle is written as a column to the
left of the previous column. We then place thesdmne so that its apex falls anywhere on or
to the right of the apex of the first one, as iitated below for the case where the apex of the
second triangle (in red) is placed ten entriebiéoright of the apex of the first triangle (in blue

1 1 1 1 1 1 1 1 1 1 1
1

100 9 8 7 6 5 4 3 2 1
1 1

45 36 28 21 15 10 6 3 1
1 2 1

120 84 56 35 20 10 4 1
1 3 3 1

210 126 70 35 15 5 1
1 4 6 4 1

252 126 56 21 6 1
1 5 10 10 1

210 84 28 7 1
1 6 15 20 15 6 1

120 36 8 1

1 7 21 3 35 21 7 1

45 9 1

1 8 28 56 70 56 28 8 1

10 1

1 9 36 84 126 126 84 36 9 1

1

1 10 45 120 210 252 210 120 4 5 10 1

1 11 55 165 330 462 462 330 16 5 55 11 1

1

1

12

13

14

15

66 220 495 792 924 792 49
78 286 715 1287 1716 1716 12
91 364 1001 2002 3003 3432 30

105 455 1365 3003 5005 6435 64

5 220 66 12 1
87 715 286 78 13 1
03 2002 1001 364 91 14 1

35 5005 3003 1365 455 105 15 1

Now pick any column that contains overlapping @striAs you go down that column,
alternately add and subtract the products of tleglapping entries, starting with the first place
where entries overlap. For example, if we werngitt the third column from the left, we would
compute 28 x 1 —56 x3+70x 6 —-56 x 10 + 2% *xB x 21 + 1 x 28. Amazingly, you will
always get zero, unless you happen to pick themwolwhere the only overlapping entries are
two ones.

Sit back, relax, meditate on this, and figure obyw

14



Zigzags, Part 2

by Ken Fan | edited by Jennifer Silva

Jasmine: The 1-zigzag, 3-zigzag case is amusimgivér knew that
16 you could cut a rectangular cake into sixths they.wWe're going to
have to tell Mr. ChemCake the next time we go t&e3@ountry.

v 16 Emily: | don’t see much rhyme or reason in thetirats we're getting,
nor in the shapes the cake gets split into, eit@@me to think of it,

15 | we’'ve only seen triangles and quadrilaterals so far

Jasmine: | have a hunch that we’ll only get trimsghnd quadrilaterals.
Maybe we can try to prove just that for now.

Emily: Okay. I'm inclined to add the two zigzagsdne at a time; with just one zigzag, we can
see that there will be two congruent right triasgéthe ends and some number of congruent
isosceles triangles in between.

Jasmine: | agree. Specifically, aizigzag will split the square into two right tridag andh — 1
isosceles triangles. The isosceles trianglesmalterin orientation, pointing up then down, then
up then down, and so on.

Emily: Now we have to understand what happensdsdltriangles if we add in time-zigzag.

How will they be sliced? We understand them = 1 case, so let's assume thandm are
relatively prime and unequal. By doing so, we8ler have to worry about the zigzags sharing a
line segment, because the linear segments of gaags will have different slopes.

Jasmine: I'm with you. Please keep going.

Emily: Actually, it seems like it could get a birmplicated. Suppose thatis much larger than
n, for example. Then in each of the triangles poediuby then-zigzag, themzigzag will zig and
zag back and forth many times, chopping the treungl into lots of pieces.

Jasmine: Or we can assume, without loss of gehgréidlatm < n, since there’s no harm in
assuming that we’ve drawn the high frequency zigzagg That might make our analysis easier.

Emily: Yes, let's assume that! We can travel aldrgm-zigzag and see how it slices through
the triangles created by thezigzag, using the assumption that m. We might as well start on
the left edge of the square and travel towarditite.r It seems that there

are two cases. Either thezigzag starts in the right-angled vertex of the
leftmost right triangle, or it starts in one of @&sute-angled vertices. If the

m-zigzag starts in the right-angle vertex, it wiits through the right & i
triangle and exit it somewhere along its hypotenaseer returning to that § ¢
right triangle again. So the right triangle isisito two triangles. 4

Jasmine: And if then-zigzag starts in an acute-angled vertex of thiet tigangle, it won’t even
cut through the triangle since the slope ofrtheigzag is shallower than that of theigzag.

15
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Explaining the Next Dimension, Part 2

by C. Kenneth Fan | edited by Jennifer Silva

In Part 2, we solidify our understanding of the tdimnension by observing an ant.

You: Great! To solidify your growing
understanding of thé®dimension, let's
imagine a little ant crawling around the

surface of the cube. To get oriented, let m¢
show you movements in the various possii

directions.
Skate Okay.

You: Here's movement in the forward,
backward, left, and right directions:

Forward

Left =

= Right

Backward

Skate Those are the directions | know well

You: | cannot really show you the up and
down directions because when you move if
those directions, you essentially come out ¢
your 2D world. But I think these directions
will be clearer once we place our ant on the
cube and have her walk about a bit. You w
see the projection of the ant moving about
projection of the cube.

Skate: Okay.

You: Let's have the ant start in a corner of 1
cube.

Hyperia: Great! To solidify your growing
understanding of thé™dimension, let’s
imagine a little ant crawling around the
2 surface of the hypercube. To get oriented, let
lene show you movements in the various
possible directions.

You: Okay.

Hyperia: Here’s movement in the forward,
backward, left, right, up, and down directions:

Z
S

Frrwrmd

dwea
.'.
Tell +—F- -
3
Lp

Eudrwanl

D

You: Those are the directions | know well.

Hyperia: | cannot really show you the ana
nand kata directions because when you move
pfin those directions, you essentially come out
of your 3D world. But I think these directions
> will be clearer once we place our ant on the
ilhypercube and have her walk about a bit.
t(éou will see the projection of the ant moving
about the projection of the hypercube.

You: Okay.

hedyperia: Let's have the ant start in a corner
of the hypercube.

20



Skate I've never seen a pink ant before. | You: I've never seen a pink ant before.

You: The ant has graciously agreed to be | Hyperia: The ant has graciously agreed to be
dyed pink to make her easier to find. Now | dyed pink to make her easier to find. Now
watch what happens when the ant walks as featch what happens when the ant walks as far
as she can to the right on this cube. as she can to the right on this hypercube.

Skate That makes sense. You: That makes sense.

21
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Learn by Doing

Euclidean 4D
by Ken Fan | edited by Amanda Galtman

Let's get to know the fourth dimension by explors@ne 4D objects.

Because it's hard to visualize the fourth dimensit® extra valuable to learn how to feel one’s
way around using mathematics. Mathematics prowidesith tools that we can use to inform us
about the geometry of objects without ever havingee the objects.

In these problems, we will be working in Euclidegrace, which means that the distance
between the pointx{, Xz, X3, . . .,Xn) and {1, y2, ¥, . . .,yn) is given by

,/i(xk-yk)2=J(>s- WH (s W (x W + (x Y.

We assume that you have some experience with analyticefigoamd are familiar with the
equations for lines and planes as well as basic trigonoméhig Learn by Doing is more
computationally intensive than average, so please havdrarti@ck pile of paper on hand.

Let’'s warm up with a few exercises in 2D and 3D.

1. Consider the points (1, 3, 8), (3, 8, 1), and (8) In 3D space. They are the vertices of a
triangle. Exactly what kind of triangle is it?

2. Consider the three points (12, 7), (20, 10), an@3pin the coordinate plane. Without using
pictures, determine whether these points are the verti@safute, right, or obtuse triangle.

(Spoiler Alert!) Using the distance formula, we can comfhidengths of the sides of this

triangle. We find the lengths to K&73, /292, and+/365. These three lengths satisfy the
Pythagorean relationship since 73 + 292 = 365. Therdfwdriangle is a right triangle.

Another way to solve this problem is to observe that the lssipg through (12, 7) and (20, 10)
has slope 3/8 and the line passing through (12, 7) a23)®as slope -16/6 = -8/3. Since -8/3
is the negative reciprocal of 3/8, these lines are perpendioutach other. As a consequence,
the triangle has two sides that are perpendicular to eaahaottiés therefore a right triangle.

By the way, note that you can’t use pictures to solve ProBles nice picture might suggest
the type of triangle, but from the drawing alone, you carenbe absolutely sure if the triangle
has a right angle or one that is only very nearly & aggle.

3. LetABCbe a triangle. Prove thaB? = CA? + CB? — 2 CA-CB-cosPACB. This is known as
the Law of Cosines and can be used with the distance @tmagompute the measure of angles
formed by two intersecting lines in any dimension.

4. LetA= (3, 5, 10)B = (10, 3, 5), an€ = (12, 8, -2). What imDBAC?

© Copyright 2019 Girls’ Angle. All Rights Reserved 25



For problems 5 and 6, I8&={(1, 2, 3), (1, 3, 2), (2, 1, 3), (2, 3, 1), 3,2), {3, 2, 1)}.
5. Show that the points &are coplanar.

6. By Problem 5, the convex hull 8fis a polygon. Show that this polygon is a regular hexxago

7. Letg :—_. Consider the 12 pointsdt+1, 0), (0, 8, £1), and (1, 0, @), taking all

possible combinations of signs. Show that these points avettiees of aegular
icosahedron (A regular icosahedron is a polyhedron with 12 vertiz@squilateral triangular
faces, and 30 edges.)

Now let's move into the fourth dimension. The first probleithbe about an object that lives in
4D space but is actually a 3D polyhedron. Throughoetabel the 4 axes byy, z, andw.

8. LetSconsist of the point (1, 2, 3, 4), together with all pointt®se coordinates are a
permutation of the coordinates of (1, 2, 3, 4). Sinceethee 4! = 24 permutations of 4
coordinates, there are 24 pointsSinNotice that all the points i&sit in the hyperplane
consisting of pointsx(y, z, w) such thak +y +z+w = 10. For this reason, we know ti&ives
inside a 3D hyperplane in 4D space. Bdie the convex hull of the points$ How many
faces doe® have? What are the shapes of its faces? How maey dd@ach shape ddes
have?

(Spoiler Alert!) The polyhedroR has 14 faces, 6 of which are squares and 12 of vanech
regular hexagons.

The objects examined in Problems 5-6 and 8 are examplpsmnutohedrons”

9. A hyperplane in 4D space is given by the set of p@ints z, w) that satisfy an equation of
the formax + by + cz+ dw=e¢, wherea, b, ¢, d, ande are constants and not all four of the
constants, b, ¢, andd are equal to 0. Show that a hyperplane divides 4D spictvo
disconnected pieces.

Notice, by the way, that while a 2D plane splits 3D space iraadisconnected pieces, a 2D
plane in 4D does not split 4D space into disconnected pieces.

10. LetP be the plane in 4D space consisting of the points @w),wherez andw can be any
real numbers. Find a continuous path that connects the(ghi@, 0, 0) to the point (1, 0, 0, 0)
without intersecting®. (Note that the straight line path between the two points icteRBat the
origin, so you’ll have to come up with a different path.)

11. LetSbe the set of points (x1, £1, £1, +1), taking all possiblabinations of plus and
minus signs. §consists of 16 points.) L&tbe the convex hull of the points$ ThenT is a
4D polyhedron known ashaypercube

A. Notice that all 8 points (1, £1, +1, 0) sit inside the mgfame consisting of points

(%Y, z, w) such thatv = 0. LetP be this hyperplane. Explain why the intersectioR of
with T is the convex hull of the 8 points (x1, £1, +1, 0), which cube. In other words,
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the cross-section df by the hyperplan® is a cube. However, explain why this cross-
section isnota 3D face off.

B. What are the 3D faces ©?

(Spoiler Alert!) The hypercube has 8 faces, all cubess&I8 faces are cross-sections by
the hyperplanes=1,x=-1,y=1,y=-1,z=1,z=-1,w=1, andwv = -1.

C. Show that each cubic 3D facelok adjacent to 6 other cubic 3D facedof

D. LetD be the hyperplane consisting of the poimty,(z, w) such thak +y +z+w = 0.
Let C be the cross-section dfby D. Identify the polyhedrog.

12. Let’s augment the s8tfrom Problem 11 by including the 8 points obtained by pi&ing the
coordinates of (£2, 0, 0, 0) in all possible ways and taliotg sign choices. L& be the
convex hull of the points in our new s8t,

A. Show that the points iBare exactly the vertices 6K

B. Show thaO has 24 3D faces, all congruent to the same regulareatrtai

C. How many edges emanate from each vert&?oHow many edges do€shave in
total?

D. LetS be the set of 24 points obtained by taking the 24 centeaobf 3D face. Show
that the convex hull of the points $is similar toO. What is the scale factor?

E. The dihedral angle (i.e., the angle between vectaratbgerpendicular to the 3D
faces) between adjacent 3D faces of a hypercube is\WWhat is the dihedral angle
between adjacent 3D faces@?

One could spend days explori@g We’'ll instead move on to an even bigger 4D object.

13. Let’s further increase the sfrom Problem 12 by including the 96 points given by all
combinations of sign anelen permutationsof the coordinates of ¢-+1, £14, 0), whereg =

——. (An even permutation is a permutation that can be exgute@ssa product of an even
number of transpositions. There are 12 even permutaifeghelements. For each of these 12

even permutations, there are 8 combinations of sign, yielding8 = 96 points in total.) Lét
be the convex hull of the 120 pointsSn

A. Show that has 600 3D faces, all congruent to a regular tetrahedron.

B. How many edges doéfiave? How many edges emanate from each of its \&ttice

C. Show that has 1200 equilateral triangular faces.

D. Letl be the convex hull of the 600 points that are the centexaabf of the 600 3D
faces ofi. Show that the faces bfare all regular dodecahedra.

© Copyright 2019 Girls’ Angle. All Rights Reserved. 27



Notes from the Club

These notes cover some of what happened at Girls’ Angéts. In these notes, we include
some of the things that you can try or think about at hametb friends. We also include some
highlights and some elaborations on meet material. Les$%af what happens at the club is
revealed here.

Session 24 - Meet 1 Mentors: Mandy Cheung, Anna Ellison, Neslly Estrada,

January 31, 2019 Adeline Hillier, Elise McCormack, Rebecca Nelson,
Laura Pierson, Melissa Sherman-Bennett, Shohini Stout,
Jane Wang, Josephine Yu

Some members played “goal-based” origami. In gaakd origami, either a member or
a mentor would suggest a shape and then participants wotieid best to create that shape by
folding a piece of origami paper.

Related to goal-based origami, one can ask: What aressligbe isosceles triangles that
can be made using at most two folds, starting with an origguaire? Or, what are all possible
guadrilaterals the can be made using at most two folds, stastingn origami square? Etc.

Session 24 - Meet 2 Mentors: Grace Bryant, Samantha D’Alonzo, Anna Ellison,
February 7, 2019 Neslly Estrada, Amy Fang, Katie Gravel, Adeline Hillier,
Claire Lazar, Rebecca Nelson, Kate Pearce,
Laura Pierson, Gisela Redondo, Melissa Sherman-
Bennett, Shohini Stout, Afura Taylor, Jane Wang,
Rebecca Whitman, Jasmine Zou

Some members tried to determine all trapezoids whoseitlas Isave integer lengths.
This would be a generalization of the Pythagorean theorem.

Session 24 - Meet 3 Mentors: Grace Bryant, Anna Ellison, Neslly Estrada, Amy Fang,
February 14, 2019 Katie Gravel, Adeline Hillier, Rebecca Nelson,
Kate Pearce, Laura Pierson, Afura Taylor,
Savannah Tynan, Jane Wang, Rebecca Whitman,
Jasmine Zou

Some members worked through our “anti-calculator’ksbeet. The anti-calculator
worksheet consists of problems which may not seem doatile imead, but can be solved with a
minimum of computation by using a more conceptual approach

Session 24 - Meet 4 Mentors: Grace Bryant, Kelly Chen, Amy Fang, Adeline Hillier,
February 28, 2019 Claire Lazar, Rebecca Nelson, Kate Pearce,
Laura Pierson, Gisela Redondo,
Melissa Sherman-Bennett, Rebecca Whitman,
Josephine Yu

Can mathematics be applied to the concept of fairness® Bembers explored ways to
use mathematics to both define what is fair and develop jptstfmr achieving fairness.
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Calendar

Session 23: (all dates in 2018)

September 13 Start of the twenty-third session!
20
27
October 4
11
18
25
November 1
8
15
22 Thanksgiving - No meet
29
December 6

Session 24: (all dates in 2019)

January 31 Start of the twenty-fourth session!
February 7
14
21 No meet
28
March 7
14
21
28 No meet
April 4
11
18 No meet
25
May 2
9

SUMIT 2019 is scheduled for April 6 and 7, 2019. Regi&in is now open and conducted on a
first-come-first-served basis. We're especially inte@sn including more I0and 11" graders.
Visit http://girlsangle.org/page/SUMIT/SUMIT.htrfdr updates.

Girls’ Angle has been hosting Math Collaborations at schoddilararies. Math Collaborations
are fun math events that can be adapted to a varietpb gizes and skill levels. For more
information and testimonials, please visivw.girlsangle.org/page/math_collaborations.htmi

Girls’ Angle can offer custom math classes over the intdonesmall groups on a wide range of
topics. Please inquire for pricing and possibilities. Engaisangle@gmail.com
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Girls’ Angle: A Math Club for Girls

Membership Application

Note: If you plan to attend the club, you only need to fill out the ClutiEnrollment Form because all
the information here is also on that form.

Applicant’s Name: (last) (first)

Parents/Guardians:

Address (the Bulletin will be sent to this address):

Email:

Home Phone: Cell Phone:

Personal Statement (optional, but strongly encouraged!): Plelase addout your relationship to
mathematics. If you don't like math, what don’t you like? If you love math, ddvgbu love? What
would you like to get out of a Girls’ Angle Membership?

The $50 rate is for US postal addresses oRly: international rates, contact us before applying.
Please check all that apply:

Enclosed is a check for $50 for a 1-year Girls’ Angle Membership.

I am making a tax free donation.

Please make check payable@®ixls’ Angle. Mail to: Girls’ Angle, P.O. Box 410038, Cambridge, MA
02141-0038. Please notify us of your application by sending engiltangle @gmail.com

A Math Club for Girls
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Girls’ Angle
Club Enrollment

Gain confidence in math! Discover how interesting and excitg math can be! Make new friends!

The club is where our in-person mentoring takes place. At the club, girlsiweckly with our mentors
and members of our Support Network. To join, please fill out and return th&@alhment form.
Girls’ Angle Members receive a significant discount on club atteceléees.

Who are the Girls’ Angle mentors? Our mentors possess a deep understanding of mathematics and
enjoy explaining math to others. The mentors get to know each member as igliéha@ind design
custom tailored projects and activities designed to help the mempenie at mathematics and develop
her thinking abilities. Because we believe learning follows nayundien there is motivation, our
mentors work hard to motivate. In order for members to see math as a liviniyecsabject, at least one
mentor is present at every meet who has proven and published original theorems

What is the Girls’ Angle Support Network? The Support Network consists of professional women
who use math in their work and are eager to show the members how and for what they ugeaoia
member of the Support Network serves as a role model for the membersheFoipety demonstrate that
many women today use math to make interesting and important contributionsetg.soci

What is Community Outreach? Girls’ Angle accepts commissions to solve math problems from
members of the community. Our members solve them. We believe that when dagrsiafiorts are
actually used in real life, the motivation to learn math increases.

Who can join? Ultimately, we hope to open membership to all women. Currently, we are openilgrima
to girls in grades 5-12. We welcorak girls (in grades 5-12) regardless of perceived mathematical
ability. There is no entrance test. Whether you love math or suffer fedmanxiety, math is worth
studying.

How do | enroll? You can enroll by filling out and returning the Club Enrollment form.

How do | pay? The cost is $20/meet for members and $30/meet for nonmembers. Members get an
additional 10% discount if they pay in advance for all 12 meets in a sessitsmaré&iwelcome to join at
any time. The program is individually focused, so the concept of “catchinglupheigroup” doesn’t

apply.

Where is Girls’ Angle located? Girls’ Angle is located about 12 minute walk from Central Square on
Magazine Street in Cambridge, Massachusetts. For security reasonmagambers and their
parents/guardian will be given the exact location of the club and its ploomeer.

When are the club hours?Girls’ Angle meets Thursdays from 3:45 to 5:45. For calendar detailsepleas
visit our website atvww.girlsangle.org/page/calendar.htarlsend us email.

Can you describe what the activities at the club will be likeGirls’ Angle activities are tailored to
each girl's specific needs. We assess where each girl is matredipatnol then design and fashion
strategies that will help her develop her mathematical abilitieeryBudy learns math differently and
what works best for one individual may not work for another. At Girls’ Angle,re@ery sensitive to
individual differences. If you would like to understand this process in maaé, gg¢ase email us!
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Are donations to Girls’ Angle tax deductible? Yes, Girls’ Angle is a 501(c)(3). As a nonprofit, we
rely on public support. Join us in the effort to improve math education! Pleaseymakdonation out to
Girls’ Angle and send to Girls’ Angle, P.O. Box 410038, Cambridge, MA 02141-0038.

Who is the Girls’ Angle director? Ken Fan is the director and founder of Girls’ Angle. He has a Ph.D.
in mathematics from MIT and was a Benjamin Peirce assistant proféssattematics at Harvard, a
member at the Institute for Advanced Study, and a National Science Foundatidoctoral fellow. In
addition, he has designed and taught math enrichment classes at BostonishMiiSeience, worked in
the mathematics educational publishing industry, and taught at HCSSiM. &eoluateered for

Science Club for Girls and worked with girls to build large modular origaajects that were displayed
at Boston Children’s Museum.

Who advises the director to ensure that Girls’ Angle realizeds goal of helping girls develop their
mathematical interests and abilities? Girls’ Angle has a stellar Board of Advisors. They are:

Connie Chow, founder and director of the Explonator

Yaim Cooper, lecturer, Harvard University

Julia Elisenda Grigshy, professor of mathematiast@n College

Kay Kirkpatrick, associate professor of mathematigsiversity of lllinois at Urbana-Champaign

Grace Lyo, Instructional Designer, Stanford Uniitgrs

Lauren McGough, graduate student in physics, Pramcgniversity

Mia Minnes, SEW assistant professor of mathemalti€&sSan Diego

Beth O’Sullivan, co-founder of Science Club for I&ir

Elissa Ozanne, associate professor, Universitytah$chool of Medicine

Kathy Paur, Kiva Systems

Bjorn Poonen, professor of mathematics, MIT

Liz Simon, graduate student, MIT

Gigliola Staffilani, professor of mathematics, MIT

Bianca Viray, associate professor, University ofshiagton

Karen Willcox, Director, Institute for Computatidriangineering and Sciences, UT Austin

Lauren Williams, professor of mathematics, Harvdrdversity

At Girls” Angle, mentors will be selected for their depth of understanding of mathematics as well as
their desire to help others learn math. But does it really mattethat girls be instructed by people
with such a high level understanding of mathematics2Ve believe YES, absolutely! One goal of
Girls’ Angle is to empower girls to be able to tacktg/field regardless of the level of mathematics
required, including fields that involve original research. Over the destithe mathematical universe
has grown enormously. Without guidance from people who understand a lot of math, thihask is
student will acquire a very shallow and limited view of mathematicshenghtportance of various topics
will be improperly appreciated. Also, people who have proven original theamashesstand what it is
like to work on questions for which there is no known answer and for which tlgitermot even be an
answer. Much of school mathematics (all the way through collegalvesvaround math questions with
known answers, and most teachers have structured their teaching, whetheustnscnot, with the
knowledge of the answer in mind. At Girls’ Angle, girls will learn tetgées and techniques that apply
even when no answer is known. In this way, we hope to help girls become solvergatfuthsolved.

Also, math should not be perceived as the stuff that is done in math klaksad, math lives and thrives

today and can be found all around us. Girls’ Angle mentors can show girls how méhastreo their
daily lives and how this math can lead to abstract structures of enormenesi and beauty.
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Girls’ Angle: Club Enroliment Form

Applicant’s Name: (last) (first)

Parents/Guardians:

Address: Zip Code:

Home Phone: Cell Phone: Email:

Please fill out the information in this box.

Emergency contact name and number

Pick Up Info: For safety reasons, only the following peopl# ¢ allowed to pick up your daughter. Names:

Medical Information: Are there any medical issues or conditions, suclargies, that you'd like us to know about?

Photography ReleaseOccasionally, photos and videos are taken to deotiiand publicize our program in all media forms Wil
not print or use your daughter’s name in any waywe have permission to use your daughter’s imagéhese purposes?yYes No

Eligibility: Girls roughly in grades 5-12 are welcome. Althlowge will work hard to include every girl and toremunicate with you
any issues that may arise, Girls’ Angle reservediilcretion to dismiss any girl whose actionsdigeuptive to club activities.

Personal Statement (optional, but strongly encouraged!)}Ve encourage the participant to fill out the
optional personal statement on the next page.

Permission: | give my daughter permission to participate in Girls’ Angle. | haael rand understand
everything on this registration form and the attached information sheets

Date:
(Parent/Guardian Signature)
Participant Signature:
Members: Please choose one. Nonmembers: Please choose one.
Enclosed is $216 for one session | will pay on a per meet basis at $30/meet.
(12 meets) _ )
I’'m including $50 to become a member,
| will pay on a per meet basis at $20/me and | have selected an item from the left.

| am making a tax free donation.

Please make check payable@xls’ Angle. Mail to: Girls’ Angle, P.O. Box 410038, Cambridge, MA
02141-0038. Please notify us of your application by sending engiiltangle @gmail.comAlso,
please sign and return the Liability Waiver or bring it with you to ths fireet.
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Personal Statement (optional, but strongly encouraged!)this is for the club participant only. How
would you describe your relationship to mathematics? What would you like ¢otgeft your Girls’
Angle club experience? If you don'’t like math, please tell us why. If you lotle, piaase tell us what
you love about it. If you need more space, please attach another sheet.

Girls’ Angle: A Math Club for Girls
Liability Waiver

[, the undersigned parent or guardian of the followimgpon{s)

do hereby consent to my child(ren)’s participation in Girlsgke and do forever and irrevocably release Girl
Angle and its directors, officers, employees, agentsyahuhteers (collectively the “Releasees”) from any ar
all liability, and waive any and all claims, for injury, loss anthge, including attorney’s fees, in any way
connected with or arising out of my child(ren)’s participatiosirls’ Angle, whether or not caused by my
child(ren)’s negligence or by any act or omission of GAisgle or any of the Releasees. | forever release,
acquit, discharge and covenant to hold harmless the Reddas@eany and all causes of action and claims o
account of, or in any way growing out of, directly oriredtly, my minor child(ren)’s participation in Girls’
Angle, including all foreseeable and unforeseeable persgugks or property damage, further including all

claims or rights of action for damages which my minor cheld(imay acquire, either before or after he or sh¢

has reached his or her majority, resulting from or camdewith his or her participation in Girls’ Angle. | agre
to indemnify and to hold harmless the Releasees from all clanesher words, to reimburse the Releasees :
to be responsible) for liability, injury, loss, damage or espeincluding attorneys’ fees (including the cost o
defending any claim my child might make, or that might beeraadmy child(ren)’s behalf, that is released o
waived by this paragraph), in any way connected withisingrout of my child(ren)’s participation in the
Program.

Signature of applicant/parent: Date:

> a7

D

hnd

Print name of applicant/parent:

Print name(s) of child(ren) in program:

34



