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An Interview with Karen Smith

Dr. Karen Smith is the Keeler Professor of Mathematics at the Univefdtichigan, Ann
Arbor. She received her doctoral degree at the same university under the surpef\Welvin
Hochester. She was recently a Clay scholar at the Mathematical€ciResearch Institute.

Ken: Will you please relate the childhood experiences that led you to want to become a
mathematician?

Karen: | always liked math and was good at it. Although in sixth grade, | was plaeedth
grade class (with about 10 other students) and was intimidated, sat in the back wikilngut as
guestions, and did very poorly! So | actually repeated seventh grade math theanext y

Ken: You are quoted as saying, “l was lucky my | think the main qualities a

high school teacher, Mr. Drinfeld, was willing to . :
run an extra class for a few top seniors. One of mathematician needs is a

the books we read was Underwood Dudley's ~ Willingness to work hard and
‘Elementary Number theory.” | loved it! It not give up, an interest in and

definitely made me a mathematician.” What did C :
you love about number theory? Can you descri curiosity about mathematics...,

something specific that you found lovable in a willingness to dream about
number theory? what might be possible, and to

Karen: Number theory is very simple and accept bemg wrong ost of the

elegant. That appealed to me. |thoughtitwas time... Also, you need to be
neat, for example, how you can check a numbe WiIIing to ask a lot of

divisible by 9 just by adding its digits. For .

example, 1,232,406 is divisible by 9 because 1 JUESHONS.
2+3+2+4+0+6isdivisible by 9. We got to

prove these kinds of facts and many others. It was also rewarding to work hard onra fsoble
days, and finally crack it!

Ken: | found it fascinating that after receiving your bachelor's degama frinceton, instead of
going directly to graduate school in mathematics, you first taught in sstinglol as a math
teacher. Will you please describe your decision process that led you bacteémicand into
math graduate school?

Karen: | was not from a very privileged background. | had never heard of gradhatd, snd

my parents were concerned about my being a math major, because they thougbt{ipcthat

| wouldn’t be able to find a job with a math degree. | had a lot of student loans and never eve
considered continuing my education after college. No one at Princeton offerecéoy ki

career advice (at least at that time), so | responded to my parentg€saaiyaut my

employability by getting a teaching certificate through a @ogPrinceton offered. So at
graduation, the natural step was to get a teaching job, and | did, as a high schoolaghath tea
However, some of the other math majors told me in May that they were going eiflyonsbre
math and that theyould get paido do so! | had had no idea that such an option was available,
or at least, that | was in any way capable or eligible for such an opportunitpnélof my
professors or friends had ever suggested it. It sounded great! Someone wathpayitog



study math? | was incredulous! Looking back, my cluelessness was padlymmaivety, but
perhaps mainly the huge class difference | felt at Princeton which kepblaiedsfrom many
peers and events there even as everyone else assumed | would have heardtefsgrazhlar
viewed myself as eligible. In more recent years, | have also wondeetlertthere may have
been a substantial amount of gender bias: were my professors encouraging thieidéines
(nearly all male) to apply to grad school? Probably if someone had suggestextitwould
have gone directly.

As it was, | accepted a teaching job at a high school in a working class ardastrial
New Jersey with a lot of urban problems. | still love teaching. But that jolneseslibly
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Ken: Relatively speaking, there aren’t very many women in mathematics toaayouxhink
there is gender bias against women in the field of mathematics?

Karen: Yes, | do. Unfortunately, | think that there is gender bias against womerriy exeary
profession and human activity (excepting perhaps the most important: motherhoalodshi
not mean that | think a woman can’t be successful in math, or that | think most male
mathematicians are sexist. (Most are not! And some female mathemaace!) In fact, | think
that academics is one of the better places to find refuge from the gender biagsandtexr
society: an academic career is flexible, and deans tend to be progréssizare excellent
programs to help with the thorny issues of combining parenting and career; titdee is |
emphasis on appearance and other annoying issues women face.

The most insidious kind of sexism that women face, in my opinion, is self-imposed by
the brain-washing we get from society. Many girls and young women a@asieormous
amount of time and energy and money and emotional health worrying about their apgearanc
beating themselves up for not being more like the stereotypes depicted in athentss music
videos, movies, or even in popular shows like “Big Bang theory.” A strong woman who wants
to do math will have no problem seeking out good mentors, and collaborators; when she
encounters sexism, she will find plenty of supportive people to help, provided she has the
confidence to seek and accept that help. | think this especially true in academics.

My main advice for avoiding gender bias in all fields is to stay away TPgmmost
mainstream movies, and pop culture. Instead, read classics, study matleaoel, stay
physically active, and learn about feminism!

Ken: What do you like to do when you’re not doing mathematics?
Karen: Spend time with my kids, outdoors, mostly, or watching them play sports.
Ken: Do you have any advice for the girls at Girls’ Angle?

Karen: Work hard in school, stay physically fit, find people you can help (like maybe tutoring
others!). Also, find people who suppgdu Try to avoid spending a lot of time in front of the
computer, unless you are doing something productive like learning to program! Vojydo a
pop-culture and TV and social networking websites, or at least learn how biased and
brainwashing these are so you don’t fall into that trap yourself.

Ken: Thank you for this interview!

Investigate Further
In her interview, Prof. Smith pointed out that “Gipts determine a conic.” Recall that a conic i/perbola,
parabola, or ellipse. One implication of this etaént is that given any 4 points, no 3 of whichciénear,

there should be a family of conics that pass thnahgse 4 points. To that end, consider the 4tpdin 0),
(0, 1), (-1, 0), and (0, -1) in the Cartesian plaRénd all the conics that pass through theseidtgo

Given 5 points, no 3 of which are collinear, in liane, can you devise a criterion that will teilyif the unique
conic that passes through the 5 points is an elliparabola, or hyperbola?

Can you show that every conic section in the ptzrebe realized as the solutions to an equatidineoform

AX +Bxy+Cy +Dx +Ey+F = 0.



B AN
; I \ The vectors that we
Learn by DOI n g introduce here are
Vectors' w— vectors over the real
by Robert Donley numbers

A vector can be thought of as an arrow. It has a direction and a magnitude (which can be
thought of as the length of the arrow). By contrastaar has a magnitude but no direction.
Numbers, temperatures, and masses are example of scalars. Vekoidsrations, and forces
are examples of vectors. Here are some vectors all contained insidentheffilze paper:

e

\'\¢
T

Can you imagine vectors in 3 dimensions? How about in 1 dimension? In 4 or more
dimensions?

Two vectors are considered to be equal if and only if they point in the same diegation
have the same magnitude. Note that vectors do not have to be drawn in the same place to be
considered equal; they just have to point in the same direction and be of the sdéme leng

The tip of the arrow is called thead of the vector and its other end is calledatst.

The magnitude of the vectaiis denoted by |.

;\_ Vector Addition
[ N\
. \, Let v andw be two vectors. The sum of the two vectors,
Vrw/ “._  which we denote by +w, is obtained as follows: place the footof
__» onthe head of. Now draw an arrow from the foot oto the head
/ f’ﬁf of w. This arrow represents the vector susw, and is illustrated
/jf-f' in the diagram at left.

Problem 1 Draw two vectors andb. Sketcha + b. Convince yourself tha + b andb + a are
equal. Consider a third vectar Convince yourself that you get the same sum regardless of the
order that you add together the 3 vectyris, andc.

The vector with no length at all is called &0 vector. Since the zero vector doesn’t
have a length, it can’t have a direction either. It is the only vector that doesn’t tiagetion.
We'll denote the zero vector Iy

! This content was supported in part by a grant fkéath\Works.



Problem 2 For any vectoy, show thav +0=0+v=Vv.

Problem 3. Given a vectoy, describe the vectav that has the property that- w = 0.

Problem 4. Make a sketch that illustrates the associative property of addition, namely
atb+c)=(@+b)+c

for any vectors, b, andc.

Scalar Multiplication

You can lengthen and shorten a vector to get other vectors that point in the sanamdirect
but have a different magnitude. Stretching and shrinking a vector without chasgiirgation
is calledscalar multiplication. That is, let be a positive real number andVdie a vector. The
scalar multiple of’ by r, denoted byyv, is the vector that points in the same direction, &t
has magnitude times that of.

It's convenient to extend scalar multiplication to all real numbers by defjrrijvgo be
the vector with the same lengthrasbut pointing in the opposite direction, and definind®be
the zero vectoD.

Problem 5. Sketch a vector. For each value af=-2, -1, 0, 1, and 2, sketct

Problem 6. In the setup of Problem 3, show that (-1)v. (Note: (-1y is usually written
simply as v.)

When we writev —w, we mearv + (-w).

Problem 7. Verify that scalar multiplication distributes over vector addition. That is, comvinc
yourself that (v + w) =rv +rw.

Vectors in R? and R®

Let’s fix a plane and temporarily restrict vectors to this plane. Sometiniesmportant
to be able to specify vectors precisely. One way to do this is to introduce coordbates's
imagine that our plane is a Cartesian plane with a horizental
axis and a vertical-axis. .

Letv be a vector drawn in this Cartesian plane. We can @ ™
specifyv precisely with 2 numbei@sandb. To geta, we subtract 4 afis
thex-coordinate of the foot of from thex-coordinate of the head
of v. To getb, we subtract thg-coordinate of the foot of from F 9
they-coordinate of the head uf We write these two numbers as..
an ordered paira( b).

The notation “4, b)” is exactly the same as the notation used to specify points in the
Cartesian plane by their coordinates, but don’t get confused! When used to spedity,ahec
two numbers tell how to get from the foot to the head of the vector, irrespective ofttere
vector may or may not be drawn. But whea, )" is used to specify a point with Cartesian
coordinatex = a andy = b, the numbers give the location of the point with respect to the origin
of coordinates.

Ve



For vectors in 3 dimensions, we introduce a third axis and specify vectors by provid
numbers in an analogous way. For each new dimension, we add another axis.nlt takes
numbers to specify amdimensional vector.

Problem 8 What other ways can you think of to specify vectors in the plane precisely?
Problem 9. Draw vectors that represent (0, 3), (5, 1), (-3, -2), and (-1, 1) in a Cartesian plane.
Letv = (X3, y1) andw = (X, ¥2). Vector addition is
V+W= (X, Y1) + (X, Y2) = (Xa + X2, Y1 +Yo).

Scalar multiplication is
v =r(xy, Y1) = (X, rya),

wherer is a real number. Alsoy|| =/’ +y7 .

Problem 10 Show that =w if and only ifx; =X, andy; =y,. Because of this fact, an equation
involving vectors implies as many scalar equations as the dimension of the vector.

In Problems 11-13, let = (3, 4),v=(-2, 1), andv = (-3, -1).
Problem 11 Sketch all three vectors. Find+ v and sketch it. Find +v +w and sketch it.
Problem 12 For each of the values= -2, -1, 0, 1, and 2, compute and sketch it.

Problem 13 Compute the magnitude of For a real numbet show thatfu | =|r | |u |,
where | | is the absolute value of

The Dot Product

Letv = (X, Y1, 1) andw = (X2, Y2, 22) be 3-dimensional vectors. THet product of v
andw is denoted by w and is equal ta;x; + Y1y, + z12. Note that the dot product of 2 vectors
is ascalar, not a vector.

Problem 14 Show thav v =|v .

Problem 15 Use the law of cosines to show thatv = |v | |w | cosg, wheregis equal to the
angle betweem andw. (If you placev andw so that their feet coincide,is the angle measured
fromvtow. Note that it does not matter if you measure clockwise or counterclockwizesee
cosg=cos ¢.) Show that nonzero vectorandw are perpendicular if and onlyuf w = 0.

Problem 16 Generalize the dot product to higher dimensions in such a way that the equation in
Problem 15 remains valid. W= (as, a, as, ..., &,) andw = (by, by, bs, ..., by), whatisv win

terms of thea, andb,? (Suggestion: Start with 1-dimensional vectors, then do 2-dimensional
vectors, and so on.)

Problem 17. Show that w=w vandv (w+u)=v w+v u.

10



The Cross Product

In contrast to the dot product, the cross product takes two 3D vectors and returns andector a
only appliesto 3D vectors. (If we think of the plane as a slice in 3D space, then we can also
apply the cross product to the vectors in the plane by thinking of them as belongie@ t
space, but there is no cross product for vectors in 4 or higher dimensions.)

First, a word about why the cross product is limited to 3 dimensional vectors. Suppose
you want to create an operation other than vector addition that takes two vectotsigrsdare
vector. Not only would we have to specify the magnitude of the result, we would also have to
specify its direction. If you take two generic vectors in 3D, they will detex a unique
direction (up to sign): the direction perpendicular to both vectors. In 4 dimensions arrd highe
this is no longer true. For example, in 4D, if you fix 2 generic vectors, there vailinbimole
circle of directions that are perpendicular to both of them. Without additionais&uthere’s
no natural way to pick out 1 direction from among a whole circle of directions.

So the cross product of two vectors is going to point, in general, in the direction
perpendicular to both of them. But, which way should it point? The choice is a matter of
convention. To explain the convention that has been adopted, we have to be careful about which
way things point, starting with the coordinate axes.

By convention, the axes should be set up according tagtitehand rule : with your
right hand, point your index finger in the direction of the positheis, your middle finger in
the direction of the positivg-axis, and extend your thumb; your thumb should point in the
direction of the positive-axis.

Now we're ready to define the cross productw of two 3-dimensional vectorsandw.

The magnitude of the cross product is equaktp|v | sing, where 0 g 180 is the angle

betweernv andw. Notice that the magnitude is O if either vector has magnitude 0. It is algo O if

is 0 or 180 degrees (which means thahdw point in the same or in opposite directions to each
other). Therefore, we only have to specify the direction of the cross product in the gase

when neither norw is 0 and they do not point in the same or in opposite directions. In this

casey andw, as discussed above, define a unique direction up to sign, namely the direction that
is perpendicular to both vectors. To figure out which of the 2 perpendicular directions to use, we
use the right-hand rule. First, positieandw so that their feet are in the same place. If you

point your index finger in the direction wf(the first factor) and your middle finger in the

direction ofw (the second factor), then your thumb will tell you which way to pointv.

Problem 18 Show that (1, 0, 0) (0, 1, 0) = (0, 0, 1). Show that (1, 0,"0}0, 0, 1) = (O, -1, 0).
Problem 19 Letv = (Xg, Y1, 1) andw = (Xp, Y2, Z2). Letp = (Y122 — V221, Xozs — X122, XaY2 — X2Y1).
Showthatp|=|v" w|. Show thatp is perpendicular to bothandw. (Hint: Use the dot
product.) Convince yourself thatpoints in the direction that is consistent with the right-hand
rule. Conclude that” w=p.

Problem 2Q Letu, v, andw be 3-dimensional vectors. Show thatv=-v" u. For any real
numberr, show thatu) “ v=r(u” v). Showthat  (v+w)=u" v+u” w.

Problem 21 Show thaty~ w | is equal to the area of the parallelogram spannechbgw.

For more details on vectors, consult any book on vector analysis or linear atysras the
free Google ebookector Analysidby Gibbs and Wilson.
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Mobile Magic: The
Law of the Lever

by Addie Summer
edited by Jennifer Silva

Have you ever played on a seesaw with a
partner who was much heavier than you?

you have, you may have noticed that it's n
much fun if you both sit the same distance
away from the pivot. Your heavier friend

will sink to the ground and the seesaw will
basically be stuck there. But there’s an eagy
remedy. All your friend has to do is scoot i

toward the pivot. At some point, the seesa O! )Q \/\/OQLD
will balance.

The same principle applies when
you're trying to keep a door shut from the inside while someone is trying to emtettfe
outside. The farther away from the hinge that you push, the easier it will beufto keep the
person out.

X
N\
Jo\

f X1 2 —>
These are all examples of taev of the lever. Look at the figure above. Each weight
dangles from the horizontal beam at a different distance from the pivot. Lakftthe
horizontal beam as a number line, with the pivot located at X} {saegative). If we multiply a
weight by its coordinate on the number line, we get a quantity calledrthee. The law of the

lever says that the horizontal beam will balance exactly when the sumarfiaks is equal to 0.
For the example above, this means that the beam balanceswxhenw,x, = 0.

f X1 X5 |
X4

X
N\ 3
/oY

f X2 —
If there are several weights hanging from our horizontal beam, we simply ale up t
torques for all of the weights. When the total torque is negative, the left side oathenie

drop, and the right side will drop when the total torque is positive. If the total torque ia 0O, the
the beam will balance. The beam above balances wher wox, + WsXs + WsX4 + WsXs = 0.

12
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The law of the lever is not a mathematical fact. It is a physical lasewsed through
experiment. The law can also be derived from Newton’s laws of motion; if yourkoes
about this, we recommend that you consult a physics book sdtted®ynman Lectures on
Physics particularly Volume 1, Chapter 4. We will assume the law of the lever and eaplore
application.

Design a Mobile Let’s use the law of the lever to figure out

how to design the mobile shown at right. The mobile consists G 1

of 2 sticks (the horizontals), 5 pieces of thread (the verticals),

and 3 colored weights. Although the sticks themselves have 2 4
some weight and will contribute to the total torque, we will

assume that their contribution to the torque is negligible and

can be ignored. The numbers indicate distances with respe. .

to some unspecified unit of length.

Our problem: how much should each circle weigh so that
the mobile will balance?

To figure this out, lex, y, andz be the weights of the blue,
red, and green weights, respectively. If everything is balanced as
indicated, the thread hanging from the right tip of the top stick will
feel the same as if it were holding a single weight equal to the sum
of the weights of the red and green circles. By applying the law of
the lever to the top stick, we require that6l(y + z); by applying
the law of the lever to the bottom stick, we know that
2y =4z, ory = 2z. If we substitute 2fory in 6x =y + z, we find

g that & = 3z, or 2 =z Hencey = 2z=4x. We can now express all
e v of the weights in terms of a single numkethe blue weight
I weighsx pounds, the red one weighspgbunds, and the green one
g weighs X pounds. We are free to choos® be anything we
d please (as long as it is significantly heavier than the sticks). The
math tells us that even though the blue weight is but one-sixth of
the red and green weights, it will counterbalance them.

Seeing Is BelievingThe photograph
above shows an actual mobile, based on
our specified design, made out of two 1 4
straws, thread, 7 quarters, and tape. No il
that | hung each straw from its midpoint. 1 S 3 11
By doing so, there is excess straw, but |
don’'t have to worry about torque from the _3 12
weight of the straw (even if it isn’t i
negligible) because the straws themselve
are balanced.

Another mobile design is shown a A E
right. The circular weights weigh, B, C,
D, E, andF pounds, as indicated. a
Assuming that the weights of the sticks
and thread are negligible, express weigh
B, C, D, E, andF in terms ofA. For the
answer, turn to page 29.

10 | 4
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More on Torque We have been computing torque under very special circumstances. In every
case, the force of the weight pulled straight down from a horizontal stick. Also, owmpsobl
involved levers and mobiles that fit inside of a flat plane. If you create moree@ompbiles,

you will need to understand how to compute the torques around each pivot in more general
settings.

For example, perhaps you wish to design a mobile
where objects hang from curved wires instead of straight
sticks, like the situation depicted at left. In this more general
setting, it is useful to draw in two vectors (¢@arn by
Doing on page 8). One of these vectors extends from the
pivot point to the place where the weight is attached; we'll
call this the “position” vectox. The other vector will
represent the force of the weight, which in our case points
straight down; we’ll call this the “force” vectér. The length
of the force vector equals the weight of the hanging object.

Notice that the position vector and the force vector are
no longer perpendicular, unlike in all of our previous examples. Torque is a measureyof rotar
force. Some of the weight of the object does tend to rotate the object about the pivot, but some
of the weight pulls directly away from the pivot. We can see just how much of the wggbet
and how much pulls away from the pivot by breaking the force vector into a sum of tws, piec
one perpendicular to the position vector and one pointing in the same direction as the position
vector (see the diagram below right). Since torque measures rotary foroéghtémagine that
the component of the force that points in the same direction as the position vector does not
contribute anything to the torque; in fact, this is the case. To

Pivot Wire

compute the torque of the weight about the pivot, we multiply Pivot

the length of the position vector by the magnitude of the

component of the force perpendicular to the position vector. gerPerelisl X

We also have to establish a convention for the sign of the  pesition arrow

torque. For example, one might use negative torques for 4 gﬂmﬁmm
torques that would cause counterclockwise rotation about the 4 . to position arrow
pivot, and positive torques for torques that would cause @ X

clockwise rotation. With this convention, the torque caused by 4

the purple weight about the pivot is equal to |-|F | sing. Fy

Torques in 3D The above example was planar in the sense that the mobile could still fit inside a
plane. What do we do if our mobile is fully 3-dimensional? Perhaps there is a tripo@ad the
of a thread, instead of a stick. In this case, we really have to use torque ingeséuality.
The general formula for torque is best expressed using vectors. In fact, teedfus it
really a vector. If is the position vector pointing from the pivot point to the point where a force
represented by the vectéris applied, then the torque producedrogibout the pivot point is
given byr © F, where” denotes the vector cross product (searn by Doingon page 8). In
fully planar situations, the vectors representing torque will always point ieetidin
perpendicular to the plane. That's why for planar mobiles we could model torque witheposi
and negative numbers; we used negative torques to represent vectors comimgostraiigthe
page toward you, and positive torques for vectors pointing into the page directljramayou.

Take It To Your World

Design and build a fantastic mobile. Send us a picture!

14



By Anna B.

Mathematics is a journey of discovery. As mathemaais take this journey, they follow many wrong
turns, believe many incorrect facts, and encountany mysteries. Out of these twists and turns some
the reward of truth and understanding. Howeveypifi look at math books, you might get the impressio
that mathematicians rarely err. In this column, Argives us a peek into her mathematical process of

discovery, bravely allowing us to watch even assthmbles.

Anna takes a break from products of consecutive integers and finds all soluttrs(€o5§->.
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Newton’s Law of Gravitation

by Lightning Factorial | edited by Jennifer Silva

Content Removed from Electronic Version
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Center of Mass

by Ken Fan | edited by Jennifer Silva

In Math In Your Worldpage 12), several weights were placed on a number line and we
answered the following question: How much must the weights weigh, relativentotbac, in
order for the number line to balance about the origin? Let’s turn the question around add instea
ask this: From what point should a stick bearing weights be hung so that it balahe¢s®, T
suppose we have a number line and hang weights on it. We hang awdigint the pointx,,
a weightw, from the pointx;, and so on, fon weights, so that weight is hanging from point
X, Where 1 k n. We think of the number line as a rigid stick with no weight at all. Where on
the number line should we place a pivot so that the number line balances?

Since we don’'t know where the pivot should be yet, we’ll just give it a namep Let
denote the point where the number line will balance. From the law of the lever, if the number
line balances, then

(X1 —p)W1 + (2 —p)W2 + (G —P)W3 + . . . + & —p)wn = 0.

Solve this equation fqu to find

p=&W+&%+&%+ TXW
WAW, + W+ W

1)

This expression is an example afraighted average (That's an unintentional pun!)
Center of Massor Center of Weight?

You might have noticed that we obtained an expression involving weights, and yeetbg titl
this article is “Center oMass” Mass is a measure of an object’s resistance to force. Weight is
the force on an object due to gravity. Since mass and weight are different coneapsdwo
be explicit about the difference between the center of mass and the centgyhbf{wieich is
more commonly called theenter of gravity).

If our weights are part of an actual object that isn’t too big, then the gravéabtorces
on the weights, to a high degree of accuracy, will equal the mass of each weigtltetudy
the gravitational constagt this is explained at the end déwton’s Law of Gravitatioon page
17. That s, iimg is the mass of thikh weight, located at on the number line, them = gm.
(Recall thaig = GMJ/R?, whereG is the universal gravitational constalt, is the mass of the
Earth, and=e is the Earth’s radius.) Furthermore, to a high degree of accuracy, thedoects
gravity will all point in the same direction because the center of the Earth istantdiThis
means that we can substitgey for wy in our formula forp to obtain

plemt”xzmz”)&r@* +a<m. 2)
m+m+m+ +m
This expression is the correct formula for the center of mass. If thegafigtances of the
weights from the center of the Earth becomes significant or the gravitdbores begin to
noticeably point in different directions, then the center of mass and the centavitf will
generally not be the same.
I'll focus on the center ahassfor the rest of this article.
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Center of Mass in Higher Dimensions

If the masses are not collinear, we can compute the center of massihyg #aah coordinate
separately. A shorthand way of expressing this is to use vectors. Desigpaidal point in
space as the origi@. The vector pointing fror® to thekth mass will be denotag and is
called itsposition vector. The formula for the center of mgsbecomes

_rmrmAT,mE o
C om+m+m+ +m

In generalp will be located within the convex hull of the poim{sry, rs, ..., .

We could define the center of mass as the point where a system of objects wandd bal
in a uniform gravitational field; however, | urge you to consult Chapter 18 of Volum&Heof
Feynman Lectures on Physits a more widely applicable physical definition.

Computing the Center of Mass

A very nice property of the center of mass is that it can be computed pieceday piec
Suppose | split the objects into two sets. One set consists of therfasses, where
] <n, and the other set consists of the remainirg masses. To compute the center of mass of
all n masses, one can begin by computing the center of mass of the two sets sepdrately
compute the center of mass of two point masses, one located at the center of heaBssbfét
and with mass equal to the total of all masses in that set, and the other locatee @iethef
mass of the second set and with mass equal to the total of all masses in the second set
Here’s the proof: lgh, be the center of mass of the masses in the first sghdedthe
center of mass of the masses in the second set. By applying formula 2 to eaeHfisétthat

— r1mi+r2mz+r3”5+ +rj m and p _ r.j+lmj+1+rj +2m+2+rj +3m+3+ +rn m
= , = .
n‘!l.+n‘b+n%+ +nj1 mj+1+rr]+2+nj1+3+ +m

We now find the center of mass of two point masses, one ofvVhassy + My + Mg + ... +m
and located gt;, and the other of masé, =my+1+m..+m.3+ ... +m, and located gt,:

nm +r,m,+r,m+ +rj nﬂM
pM,+pM,_ m+m+m+ +m Mo+ m,+ M+ +m
M1+M2 M1+M2

rj+1m1'+rj +2m21‘j +3jm3+ LIS
+ M2

After simplifying the expression on the right, it is seen to be the same fasrthda 2.
This tells us that if we want to find the center of mass of a
complicated object with lots of different parts, we can do it in stages.
First, we can compute the center of mass for each part. Then, we can
pretend that we have point masses at the center of mass of each part
with each mass equal to the total mass of each part. We can then
compute the center of mass of these point masses to find the center of
mass of the original object.
For example, let's compute the location of the center of mass of the 2-dimensgioal
shown above. It has a uniform mass density of 1 unit of mass for every unit of areatsAlso,
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sides meet in right angles. To find the center of mass, we can split the objeattevwhose
centers of mass are easier to find, such as rectangles. By symmetrpi¢he@tmass of a
rectangle with uniform mass density must be located at its center, \whet@gonals intersect.
The figure at right shows the piece split up into 2 rectangles
and a square. The center of mass of each of these 3 rectangles is
indicated with a red dot, and the associated number is the mass of that
rectangle (which is equal to its area since the mass density is 1).
We have reduced the problem to finding the center of mass of
the 3 red point masses. The two masses that are 72 units will have a
center of mass located halfway between them, which is the midpoint
of the lower edge of the sandwiched 6 by 6 square.
Thus, we simply need to find the center of
mass of the 36-unit point mass and a 144-unit point
mass located at the midpoint of the bottom edge of
the sandwiched square. Using formula 2, we find
that the center of mass of these 2 point masses
(and, hence, of the entire object), is located

144(0)+ 36(3)
144+ 36

units directly above the 144-unit point mass, which
simplifies to 3/5 of a unit.

The notion of the center of mass comes from physics. However, this fact about
computing the center of mass piece by piece is a mathematical congeqglifEmmula 2. That
is, we could take formula 2 as tHefinition of the center of mass, irrespective of any physical
motivation, and view our piece-by-piece computational fact as a mathemadigattgror
theorem about the center of mass. By abstracting out the physics, we canh \seeatiea
discovering properties that apply to any situation that involves weighted aserag

Because we can take this mathematical point of view, we can use the cerdassof m
concept to prove mathematical theorems. Let’s do that next!

Ceva’s Theorem

A cevianis a line connecting a vertex of a triangle to a point on the
opposite side. The figure at right shows 3 cevians that intersect in
a pointP. Ceva’s theorem says that when 3 cevians intersect in a
point, thenEBE =1,
abec

wherea, b, c, &, b, andc’

are the lengths as indicated in the figure.

We’re going to prove this theorem using the center

of mass concept. The idea is to place point masses at the

vertices of the triangle in such a way that their center of

mass i. For reasons that will become clear in a

moment, let’s start by placing a point mass of nmsst

vertexA, as indicated in the figure at right.
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If we put a point mass of malss’ at B, then we
know by the law of the lever that the center of mass of the
point masses at verticdsandB will be located at poinZ.
Similarly, if we place a point mass of mdxsat vertexC,
then the center of mass of the point masses at ve&iaed
C will be located at poinY. Let's place these masses on
our triangle. (Now we can explain that the reason why we
started with a mass bfc at vertexA is merely to ensure
that the expressions for the desired masses at velBtimed
C have no denominators.)

| claim that the center of mass of all 3 point masses is located aPpolr see this, we
repeatedly use the “piecemeal” property of the center of mass. We can cdmeméater of
mass of all 3 point masses by first computing the center of mass of the poies @iagsrtices
andB and pretending that their total mass is located there, then computing the cerdss of m
this pretend point mass and the point mass at vexteBy construction, the center of mass of
the point masses at verticBsandB is located at poinZ. Since the center of mass of point

masses located tandZ will be on cevianCZ, we learn that the center of mass of all 3 point

masses must lie along cevi@z . If, on the other hand, we compute the center of mass by first
computing the center of mass of the point masses at veit@edC, we learn by the same

reasoning that the center of mass of all 3 masses must lie along B&viaftherefore, the

center of mass of all 3 point masses must be on the intersect@n ahd BY , which isP!

But we can also compute the center of mass of all 3 point masses by firstiogrttpait
center of mass of the point masses at vericeasdC. Suppose this center of mass (of the point
masses at verticésandC) is located at the poiW. We already know that the center of mass of
all 3 point masses is locatedrat ThereforeP must lie along the line segment fréxio W,
which means that W must coincide with By the law of the lever, in order fa¥ =X, it must be
thatb’'c’a’ =bcg that is Ceva’s theorem.

Can you prove the converse of Ceva’s theorem by balancing point masses?

Theorem of Menelaus

In triangleABC, draw a cevian from verte®. The cevian will
split sideAB into two pieces. In fact, we can specify which
cevian from vertexC by specifying the ratio/c’. Now draw
another cevian from vertex We can specify this cevian by
specifying the rati@/a’. What is the ratio of lengthgy?
As a/a’ tends to infinity,x/y approaches/c’. As a/a’
tends to Ox/y also tends to 0. How can we figure out exactly
whatx/y is in terms of, @, ¢, andc’? We place point masses
atA, B, andC so that their center of mass is located at the
intersection of the two cevians. We’'ll leave the details to you. The upshot is that

X _a
y a+a

alo

In other wordsxly is equal tac/c’, adjusted by the fraction that tells how far along <idithe
cevian from verteX intersects it. This result is essentially equivalent to Menelaus’ theorem
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by Barbara Remmers | edited by Jennifer Silva

You: Hi 3/7. Might you happen to know the least common multiple of 3827, 3847, and 38677
3 .

2! Off the top of my head, | do not. Whyever are you asking?

You: Look at my homework. It's only two questions. Usually, I like short homework
assignments because they contain problems that are interesting to think @bpptsed to

calculation practice. This time, however, massive calculations are unavoidableach

problem, I'm going to have to give all of the fractions the same bottom numberrscdropare
them.

%&(

«cC -~
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Henri attends the
Hexagon/Equilateral Triangle and Nichols Middle.

School in Cambridge.

When challenged to devise a tiling of a regular hexagon with pieces that camréegeato
form an equilateral triangléjenri dreamed up the tiling shown above. He also specified the
shapes of all 5 tiles by giving their exact side lengths and angles meadles deliberately
withholding this information to provide you with a fun puzzle:

Figure out how these 5 tiles form an equilateral triangle and determine thetir ex
measurements up to a scale factor.
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Notes from the Club

These notes cover some of what happened at Girls’ Angle meets. They sevmfaeing

complete. In these notes, we include some of the things that you can try or think abow at hom
or with friends. We also include some highlights and some elaborations on me&lmbaéss

than 5% of what happens at the club is revealed here.

Session 14 - Meet 1  Mentors: Hannah Larson, Jennifer Matthews, Liz Simon, Isabel Vogt
January 30, 2014

We played a variation of One Minute! PleaseNetes from the Clubf Volume 7,
Number 1 of this Bulletin for more information on One Minute! For one of the tasks, member
had to successfully get a blindfolded mentor to feed water to another blindfolded.mentor

Session 14 - Meet 2 Mentors: Elenna Capote, Hannah Larson, Wangui Mbuguiro,
February 6, 2014 Liz Simon, Isabel Vogt

This semester, each member will embark
on their own “personal math project.”
Mathematical journeys begin with a question
and launch as soon as one seeks an answer. So
to begin these journeys, all members were asked
to come up with a math question. The only
conditions were that the member had to come up
with the question on her own and it had to be a
guestion that she found she could not answer.

Unrelated to the personal projects, here’s
a question that arose at this meet: Imagine two
lines rotating clockwise around 2 different pivot
points in the plane. The lines rotate at the same
rate and are not parallel to each other. What
curve is traced out by their intersection? See
figure at left.

Session 14 - Meet 3 This meet was cancelled due to lots of snow.
February 13, 2014

Session 14 - Meet 4 Mentors: Hannah Larson, Jennifer Matthews, Liz Simon
February 27, 2014

Members who have been studying parametric equations were presented with the
following problem: In a coordinate plane, 3 points were selected in a randonmAwagmber
would start at the first point. Her goal was to make it to the third point and visietlad point
along the way. She had to produce parametric equations each defined by singkoexiirats
achieved these objectives.
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Calendar

Session 13: (all dates in 2013)

September 12 Start of the thirteenth session!
19 No meet
26
October 3
10
17 Anna Frebel, Department of Physics, MIT
24
31
November 7
14 Kate Jenkins, Akamai Technologies
21
28 Thanksgiving - No meet
December 5
12

Session 14: (all dates in 2014)

January 30 Start of the fourteenth session!
February 6
13
20 No meet
27
March 6
13 Sarah Spence Adams, Olin College
20
27 No meet
April 3
10 Anna Frebel, Department of Physics, MIT
17
24 No meet
May 1 Karen Willcox, Dept. of Aeronautics and Astronautics, MIT
8

Solution to mobile weights on page B3=2A, C=3A,D =A E = 3A, andF = A

Girls’ Angle has been hosting Math Collaborations at schools and librarieb. Qd#aborations
are fun math events that can be adapted to a variety of group sizes and skillFevet®re
information and testimonials, please visitw.girlsangle.org/page/math_collaborations.html

Girls’ Angle can offer custom math classes over the internet for snoalbgiron a wide range of
topics. Please inquire for pricing and possibilities. Engailsangle@gmail.com

All Girls’ Angle Members and Subscribers are invited to email math questmospss,
comments, and suggestions. We will respond!
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Girls’ Angle: A Math Club for Girls

Membership Application

Note: If you plan to attend the club, you only need to fill out the ClutiEnrollment Form because all
the information here is also on that form.

Applicant’s Name: (last) (first)

Parents/Guardians:

Address (the Bulletin will be sent to this address):

Email:

Home Phone: Cell Phone:

Personal Statement (optional, but strongly encouraged!): Plelase addout your relationship to
mathematics. If you don'’t like math, what don’t you like? If you love math, whavddoye? What
would you like to get out of a Girls’ Angle Membership?

The $36 rate is for US postal addresses oRly: international rates, contact us before applying.
Please check all that apply:

Enclosed is a check for $36 for a 1-year Girls’ Angle Membership.

I am making a tax free donation.

Please make check payable@®ixls’ Angle. Mail to: Girls’ Angle, P.O. Box 410038, Cambridge, MA
02141-0038. Please notify us of your application by sending engiltangle @gmail.com

A Math Club for Girls
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Girls’ Angle
Club Enrollment

Gain confidence in math! Discover how interesting and excitg math can be! Make new friends!

The club is where our in-person mentoring takes place. At the club, girlsiweckly with our mentors
and members of our Support Network. To join, please fill out and return th&@alment form.
Girls’ Angle Members receive a significant discount on club atteceléees.

Who are the Girls’ Angle mentors? Our mentors possess a deep understanding of mathematics and
enjoy explaining math to others. The mentors get to know each member as igliéha@ind design
custom tailored projects and activities designed to help the mempenie at mathematics and develop
her thinking abilities. Because we believe learning follows nayundien there is motivation, our
mentors work hard to motivate. In order for members to see math as a liviniyecsabject, at least one
mentor is present at every meet who has proven and published original theorems

What is the Girls’ Angle Support Network? The Support Network consists of professional women
who use math in their work and are eager to show the members how and for what they ugeaoia
member of the Support Network serves as a role model for the membersheFoipety demonstrate that
many women today use math to make interesting and important contributionsetg.soci

What is Community Outreach? Girls’ Angle accepts commissions to solve math problems from
members of the community. Our members solve them. We believe that whemauensieefforts are
actually used in real life, the motivation to learn math increases.

Who can join? Ultimately, we hope to open membership to all women. Currently, we are openilgrima
to girls in grades 5-12. We welcorak girls (in grades 5-12) regardless of perceived mathematical
ability. There is no entrance test. Whether you love math or suffer fedmanxiety, math is worth
studying.

How do | enroll? You can enroll by filling out and returning the Club Enrollment form.

How do | pay? The cost is $20/meet for members and $30/meet for nonmembers. Members get an
additional 10% discount if they pay in advance for all 12 meets in a sessitsmaré&iwelcome to join at
any time. The program is individually focused, so the concept of “catchingttughe group” doesn’t

apply.

Where is Girls’ Angle located? Girls’ Angle is located about 12 minutes walk from Central Square on
Magazine Street in Cambridge, Massachusetts. For security reasonmagambers and their
parents/guardian will be given the exact location of the club and its ploomeer.

When are the club hours?Girls’ Angle meets Thursdays from 3:45 to 5:45. For calendar detailsepleas
visit our website atvww.girlsangle.org/page/calendar.htarlsend us email.

Can you describe what the activities at the club will be likeGirls’ Angle activities are tailored to
each girl's specific needs. We assess where each girl is matradipatncl then design and fashion
strategies that will help her develop her mathematical abilitieeryBudy learns math differently and
what works best for one individual may not work for another. At Girls’ Angle,re@ery sensitive to
individual differences. If you would like to understand this process in maaé, gg¢ase email us!
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Are donations to Girls’ Angle tax deductible? Yes, Girls’ Angle is a 501(c)(3). As a nonprofit, we
rely on public support. Join us in the effort to improve math education! Pleaseymakdonation out to
Girls’ Angle and send to Girls’ Angle, P.O. Box 410038, Cambridge, MA 02141-0038.

Who is the Girls’ Angle director? Ken Fan is the director and founder of Girls’ Angle. He has a Ph.D.
in mathematics from MIT and was a Benjamin Peirce assistant protéseathematics at Harvard, a
member at the Institute for Advanced Study, and a National Science Foundatidoctoral fellow. In
addition, he has designed and taught math enrichment classes at Bost@aisMtScience, worked in
the mathematics educational publishing industry, and taught at HCSSiM. &eoluateered for

Science Club for Girls and worked with girls to build large modular origaajects that were displayed
at Boston Children’s Museum.

Who advises the director to ensure that Girls’ Angle realizeds goal of helping girls develop their
mathematical interests and abilities? Girls’ Angle has a stellar Board of Advisors. They are:

Connie Chow, executive director of Science ClubGats

Yaim Cooper, graduate student in mathematics, Btamc

Julia Elisenda Grigsbhy, assistant professor of pratttics, Boston College

Kay Kirkpatrick, assistant professor of mathematigsiversity of lllinois at Urbana-Champaign

Grace Lyo, Moore Instructor, MIT

Lauren McGough, MIT ‘12

Mia Minnes, SEW assistant professor of mathemalti€&sSan Diego

Beth O’Sullivan, co-founder of Science Club for I&ir

Elissa Ozanne, assistant professor, UCSF Medidad@c

Kathy Paur, Kiva Systems

Bjorn Poonen, professor of mathematics, MIT

Gigliola Staffilani, professor of mathematics, MIT

Bianca Viray, Tamarkin assistant professor, Browrversity

Lauren Williams, assistant professor of mathematik3 Berkeley

At Girls” Angle, mentors will be selected for their depth of understanding of mathematics as well as
their desire to help others learn math. But does it really mattethat girls be instructed by people
with such a high level understanding of mathematics2Ve believe YES, absolutely! One goal of
Girls’ Angle is to empower girls to be able to tackle/field regardless of the level of mathematics
required, including fields that involve original research. Over the destithe mathematical universe
has grown enormously. Without guidance from people who understand a lot of math, thihask is
student will acquire a very shallow and limited view of mathematicshenghtportance of various topics
will be improperly appreciated. Also, people who have proven original theamashesstand what it is
like to work on questions for which there is no known answer and for which tlgitenmot even be an
answer. Much of school mathematics (all the way through collegalvesvaround math questions with
known answers, and most teachers have structured their teaching, whetheustnscnot, with the
knowledge of the answer in mind. At Girls’ Angle, girls will learn tetgies and techniques that apply
even when no answer is known. In this way, we hope to help girls become solvergatfuthsolved.

Also, math should not be perceived as the stuff that is done in math klaksad, math lives and thrives

today and can be found all around us. Girls’ Angle mentors can show girls how méghastreo their
daily lives and how this math can lead to abstract structures of enormenesi and beauty.
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Girls’ Angle: Club Enroliment Form

Applicant’s Name: (last) (first)

Parents/Guardians:

Address: Zip Code:

Home Phone: Cell Phone: Email:

Please fill out the information in this box.

Emergency contact name and number

Pick Up Info: For safety reasons, only the following peopl# ¢ allowed to pick up your daughter. Names:

Medical Information: Are there any medical issues or conditions, suclarsgies, that you'd like us to know about?

Photography ReleaseOccasionally, photos and videos are taken to deotiiand publicize our program in all media forms Wil
not print or use your daughter’s name in any wayw2 have permission to use your daughter’s imagéhtse purposes?yYes No

Eligibility: Girls roughly in grades 5-12 are welcome. Althlowge will work hard to include every girl and toremunicate with you
any issues that may arise, Girls’ Angle reservediilcretion to dismiss any girl whose actionsdigeuptive to club activities.

Personal Statement (optional, but strongly encouraged!}Ve encourage the participant to fill out the
optional personal statement on the next page.

Permission: | give my daughter permission to participate in Girls’ Angle. | hawael rand understand
everything on this registration form and the attached information sheets

Date:

(Parent/Guardian Signature)
Participant Signature:
Members: Please choose one. Nonmembers: Please choose one.

Enclosed is $216 for one session | will pay on a per meet basis at $30/meet.

(12 meets) _ ;

I’'m including $36 to become a member,
| will pay on a per meet basis at $20/me¢ and | have selected an item from the left.

I am making a tax free donation.

Please make check payable@xls’ Angle. Mail to: Girls’ Angle, P.O. Box 410038, Cambridge, MA
02141-0038. Please notify us of your application by sending engiltangle @gmail.comAlso,
please sign and return the Liability Waiver or bring it with you to tis¢ fireet.
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Personal Statement (optional, but strongly encouraged!)this is for the club participant only. How
would you describe your relationship to mathematics? What would you like to gdtymuir Girls’
Angle club experience? If you don't like math, please tell us why. If you @ik, please tell us what
you love about it. If you need more space, please attach another sheet.

Girls’ Angle: A Math Club for Girls
Liability Waiver

[, the undersigned parent or guardian of the following minor(s)

do hereby consent to my child(ren)’s participation in Girls’ Angle and do foesceirrevocably release Girls’
Angle and its directors, officers, employees, agents, and volunteers (eelletlie “Releasees”) from any and
all liability, and waive any and all claims, for injury, loss or damagdydag attorney’s fees, in any way
connected with or arising out of my child(ren)’s participation in Girls’ Angleetlver or not caused by my
child(ren)’s negligence or by any act or omission of Girls’ Angle orddrilie Releasees. | forever release,
acquit, discharge and covenant to hold harmless the Releasees from any andsatifcactson and claims on
account of, or in any way growing out of, directly or indirectly, my minor chitg{separticipation in Girls’
Angle, including all foreseeable and unforeseeable personal injuries or prd@erige, further including all
claims or rights of action for damages which my minor child(ren) may agaiiher before or after he or she
has reached his or her majority, resulting from or connected with his or herpgaditin in Girls’ Angle. | agree
to indemnify and to hold harmless the Releasees from all claims (in other worlmlianse the Releasees ar
to be responsible) for liability, injury, loss, damage or expense, including attofeeygincluding the cost of
defending any claim my child might make, or that might be made on my child(bemalf, that is released or
waived by this paragraph), in any way connected with or arising out of my ehildg(participation in the
Program.

Signature of applicant/parent: Date:

d

Print name of applicant/parent:

Print name(s) of child(ren) in program:
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