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From the Founder

Girls’ Angle tries to be a safe haven where membarsexplore the
wondrous universe of mathematics in peace. Wedaweintion of current
events, unless they have compelling math educdti@hae. But, the recent
events in Boston were impossible to ignore. Wegaageful to law
enforcement for their bravery and professionalisih & the many citizens
who displayed extraordinary acts of goodness througthis tragic period.
We extend our deepest sympathy to colleaguesdisieand family of the
victims and dedicate this issue to the memory efvilstims.

- Ken Fan, President and Found
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An Interview with
Laura DeMarco

Laura DeMarco is a professor of
mathematics at the University of lllinois at
Chicago. She received her doctoral degree
mathematics from Harvard University unde
the supervision of Prof. Curtis McMullen.

Ken: Normally, | begin interviews by asking how you became interested imematics. But |
was looking at your website and watched an amazing video that you posted showing the
“bifurcation locus” of some mathematical object. What is that? And, how do yohiseedvie
as a mathematician?

Laura: In my field of research, there are very impressive computer toolsualizes some of the
most remarkable phenomena. The pictures and movie on my webpage are illusifations
bifurcation loci for certain dynamical systems. | am most interestaddgisag the dynamics of
rational maps — and how the dynamical concepts relate to algebraic or gecoretepts.

A dynamical system is a configuration of objects that evolves in time. xaorme, our
solar system, consisting of the sun and 8 planets and a bunch of moons, is a dynaencabsys
time passes, the planets move around the sun and the moons move around the planets. As
another example, imagine a billiard ball bouncing around on a rectangular billiked Tde
“configuration” of the ball at any moment in time consists of its location on thedabléhe
direction it is rolling. As time passes, the configuration changes. Or, as ecabst
mathematical example, imagine that the objects are the whole numberggtfezs — negative,
zero, or positive) and the time evolution is that with each passing second, every nusiber ge
squared. So 0 never moves, becadse@ But Z = 4 and 4= 16 and 16= 256. The object
“2” heads off to infinity as time passes.

My goal is to understand stability: what is it and when are we confident thasts?
Stability can mean many things, but here is the idea. Suppose we start witimisiaine i
configuration (e.g., the planets as they are today) and we examine what hapgreh8@®,000
years and again after 1,000,000,000 years. Then suppose we perturb the initial camfigurat
(maybe a giant meteor hits the Earth and the Earth moves a little bitatbii)ls and we look at
the new outcome after 1,000,000 years and again after
1,000,000,000 years. If the new outcome is basically To be successful. we need
the same as the original outcome, we say the systen .
stable. true concentration, over

Is the solar system stable? Is the path of a many days, weeks, months,
billiard ball stable? Is the squaring operation on who years even, on a single
numbers stable? '

Think about these questions. You can read prObIem-

Laura’s answers to them at the end of this interview.

Ken: There’s also a stunning image on your webpage of mostly oranges and gbeens
thing that caught my eye about it is that in the outer regions, and some other plaeegdhes
to be a deformed grid work very similar to images that appear in a receEtXagle Bulletin
(see Volume 5, Number 6) which showed images of conformal maps in the complex plane. Does
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The Mandelbrot Set

How is the Mandelbrot set made? Here, we explain.

The Mandelbrot set (see image a the top of page 5 and on the next page) is namedatiter Be
Mandelbrot. Technically, the Mandelbrot set is a subset of the complex plane, thiigaibe
black region in the image on page 5. We will give two descriptions of it side-by-siég.alléd
identical descriptions, but the one on the left uses complex numbers, while the one dit the rig
only assumes familiarity with the Cartesian plane. Can you reconcit@ohdescriptions?

Let c be a complex number. Let P = (a, b) be a point in the Cartesian plane.

Consider the functiofy that maps the complex Consider the functioge that maps the point
numberz to the complex numbef +c. p = (X, y) to the point X —y* +a, 2xy + b).

Consider the infinite sequence of complex  Consider the infinite sequence of points (0, 0),
numbers 0f¢(0), fe(fe(0)), fe(fe(fe(0))), - 9r((0, 0)),gr (9r ((0, 0))).9r (gr (9r ((0, 0)))), ...

The pointc is contained inside the Mandelbro The pointP is contained inside the Mandelbrot set
set if and only if this sequence is bounded (i. if and only if this sequence is bounded (i.e., all the
all these complex numbers are contained ins points in the sequence are contained inside some
some circle in the complex plane). circle in the plane).

In most images of the Mandelbrot set, the complex plane (or plane) is stunninghgatarkd.
The coloring in these images relates to when the associated sequencadisahabove) falls
outside of the circle of radius 2 centered at the origin. Here are details:

For each complex numberleti. be the For each poinP, letlp be the position of the first
position of the first term in the sequence term in the sequence

0, f(0), fe(fc(0)), fe(fe(fe(0))), .. (0, 0).9r((0, 0)).gr (gr ((0, 0))), ...
that falls outside the circle of radius 2, center that falls outside the circle of radius 2, centered at
at 0. (Notei. can be infinity.) the origin. (Notelp can be infinity.)
If cis in the Mandelbrot set, i.e.,lif= , color If Pis in the Mandelbrot set, i.e.,If = , color it
it black. Otherwise, color it using a color black. Otherwise, color it using a color determined
determined by the indédx. by the indeXp.

The choice of colors is entirely up to you. Traditionally, points in the Mandelbratesedlared
black, but there’s no law that says that must be the way things are done. Happgkolori

Exercise Show that a point outside the circle of radius 2 centered at the origin will map to a
point also outside this circle undei(or gp, if you're thinking in terms of the plane). Thus, once
the sequence leaves the circle of radius 2 centered at the origin, it neveadeinside.
(Sometimes complex numbers are referred to as “points” in the complex plane.)



The Mandelbrot Set
Images created with Mathworks’ MATLAB
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The Stable Marriage Problem

Part 4. The National Resident Matching Program
by Emily Riehl, illustrated by Julia Zimmerman, edited by Grace Lyo
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Arna's
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By Anna B.

Mathematics is a journey of discovery. As mathamaais take this journey, they follow many wrong
turns, believe many incorrect facts, and encountany mysteries. Out of these twists and turns some
the reward of truth and understanding. Howeveypifi look at math books, you might get the impressio
that mathematicians rarely err. In this column, Argives us a peek into her mathematical process of
discovery, bravely allowing us to watch even assthmbles.

Anna is asked to show that the only number of the form 111...1 that is a perfect square is 1.

Well, ' =1, 50 1

is a perfect square, ey —
] '..-"_ /{I":I_ ,\,I”TE l-| :}I;“g\ H g et o Fw'rrﬁ Equae
TTE || '|,.., of '| 'Iih =H \}l it wit & e f"'t‘rl"lu'l!I 1-qu"'["‘
T ‘2,?;_'1 lGE! '3'1 = 1% 1= imlze;emmﬂ:

Tl oS ote2s 106 = 1236 > an even number of ones.

= T |
Villay | 333, 110889 334 =111 556
‘ N
1 = i
'I'-. r s : = ]% o2 J e
T \JOSY = Ligale 105 = LIS 07%,

1 did these computations
on a separate sheet of

paper and only wrofe down
| the results here.

de o | L1
It looks like the number n Ay L~
with an even number of znl ] 3.3‘1?
is sandwiched between oy ; < % o o
;T;;ﬁo?;u number - |f|: n]rcl'l.r:r_' o ?‘h?:i 5 3" < L VE-:_-{;"}'H-'_""' If I mmagne multiplyving
with half as many threes, Rideapee=—t 20 A 3333 by 3333, Il be working
and the nex1 perfect square. n with numbers like 9999,
Actually, the numbers 1111
. and 3333 are like 9999,
o -1 =980 I can get them by dividing
L 9999 by 9 or 3. And 9999
- 16 1 less than a power of 10
T (P i R (";.{' iy 7
" q . a
I think this inequality will o 2
follow easily enough if 1 1M | Yes, ifn>0, then
expand the left and right I__f_'L) 10 =2:104 | & 1 -\ ﬂ 2(10°)-1>1, 50
m‘mm‘ 5 ,3:‘ — "--—-___._.al (T L =0
. y i And, no matter what
il v 10"+ 2 U Y H.r+ P = m is, we always have
(I{l-—g} X j & ( 1 j 1D+ > _EI_] \v/ *{107}"_4-‘-'4-.!'3
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Fermat’S thtle Theorerh, Robert Donley runs the YouTube

channel MathDoctorBob, which has over

Part 4 F | nd | n g I nve rses 650 videos on close to 20 math subjects.

by Robert Donley / edited by Jennifer Silva

In our several passes at Fermat's little theorem, we have progressea $tatement
about integer division and remainders to a picture with modular arithmetic, neppeatierns,
and methods for solving equations. Our main result from Part 3 was

Euler's Theorem. Fix an integen > 1, and choose any integarelatively prime ta.
Thenm @ = 1 (modn).

Herea =b (modn) means that dividesb — a in other words, that andb leave the same
remainder upon division by, The Euler totient function(n) gives the number of integers
between 1 and, inclusive,that are relatively prime to. Whennis a prime, then(n) =n—1,
and Euler's theorem becomes Fermat'’s little theorem.

We used this result to solve equations, moaylasing the Cancellation Law:

Cancellation Law. Supposen andn > 1 are relatively prime. thb = mc(modn), then
b =c (modn).

In our setting, we may obtain the Cancellation Law by application of thépiraative inverse
m* of mto both sides of the equation. rultiplicative inverse of m modulon is an integex
such thamx= 1 (modn). If such arx exists, it is unigue module To see this, ik andy are
inverses tan, thenmx = my= 1 (modn). If we multiply byx on both sides of the equation
1 =my(modn), we obtain

x=x(my) = (xmy = (1)y =y (modn).
In this part, we describe three methods for finding multiplicative inverses.

Method 1. Supposam= 1 (modulon), that isxm— 1 is divisible byn. In other words, there

exists an integet such thakm— 1= nk, which means thatm=nk+ 1. So ifxis a

multiplicative inverse tan, thenx dividesnk + 1. Conversely, ik dividesnk + 1 for some

integerk, thenx is a multiplicative inverse taonk + 1)X. One approach to finding multiplicative
inverses is to list the ways of writing the numbeks- 1, fork =0, 1, 2, 3, ... as products. For
instance, working modulo 7, we examine the numblers T, starting wittk = 0. Wherk = 0,
7k+1=1,and1=1-1and1=-1--1, therefore, 1 and 1 are multiplicative inverses to each
other, as are -1 and -1 (or 6 and 6, if you prefer positive integers). K#hénk + 1 = 8, and

8 =1 -+8 and 8 = +2 - 4, where the signs must be taken to be the same within each equation.
We already found that 1 and 8 are multiplicative inverses (remember that 8 = 1 jraslare

-1 and -8. But 2 and 4 are a new pair of multiplicative inverses, as is -2 and -4 (or 5 awd 3, if y
prefer positive integers). This exhausts all of the remainders modulo 7 excepyifiiciO,

doesn’t have a multiplicative inverse.

! This content supported in part by a grant from\éorks.
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Note that this method allows us to quickly see some useful facts, such as thatisvhen
odd, then 2 = (n + 1)/2 (moch). Also, ifn =1 (mod 3), then3= (2n + 1)/3 (moch), and if
n=2 (mod 3), then'3= (n + 1)/3 (moch). For example, 3= (2(100) + 1)/3 = 67 (mod 100).

Method 2. With Euler’s Theorem, we can find inverses wheandn are relatively prime. In
this casem ™ = 1 (modn), som-m ™ == 1 (modn) andm™ =m @~ (modn).

For example, let's find 4modulo 9. We compute tha(9) = 6. Therefore, the
multiplicative inverse of 4, modulo 9, is?~*= £=7 (mod 9). In Part 3 of this series, we
noted the general formula

p1'1p2' 1p3'1 B 1
P. B R

J(n)=n

where thep; are the distinct prime divisors of For largen, computing powers ah modulon
might become a cumbersome exercise. We recommend that the reader trnindete
inverse of 59 modulo 137 with this method now; the answer appears below.

Method 3. A third way to find an inverse utilizes the usual long division of integers. That is, if
we have two positive integensandn with m < n, then there exist integegsandr with O£ r <m
such than =gm+r. We reapply this fact to< m (in place ofm <n) and continue. Because

the remainders obtained are non-negative and strictly decrease in sipey¢his eventually
terminates with remainder 0. We have just described

The Euclidean Algorithm. Fix positive integersn < nand solve for eacty andr; in

n = qgm+n

m = (Qpr1t+r>

= Qsra+rs
k-3 = Ok-1lk-2+Tk-1
k-2 = Okrk-1+0.

Thenr_ 1 is the greatest common divisorrafandn.

To ascertain why this is true, we can work up the list of equations to seg thdivides
eachr;, and thus divides botim andn. Sork_1is a common divisor ah andn. Conversely, if
d’ is any divisor of bothm andn, then we can work down the list to see tiiativides eactr;.

In particular,d’ dividesry_ 1, Sorg_ 1 must be the greatest common divisonodndn.
One consequence of the Euclidean algorithm that is of particular interessto us

Bézout's Identity for the Integers Supposen andn are nonzero integers. Then there
exist integerx andy such thamx + ny =gcd(m, n. (Note: the integersandy are not
unique. Many pairg andy satisfymx + ny =gcd(m, n).)

To see this, notice that each equation we get when performing the Euclide&hralgor
shows (after rearranging terms) how to express isnterms ofr;_; andr; _, (orr, in terms ofry
andm n the case of the second equatiomn;,;0n terms ofm andn in the case of the first

16



equation). This means we can work up the list of equations, starting with the penultimate
equationry_3=0k_1rk—2+ rk— 1, and eliminate; for O <i <k — 1 until we’re left with Bézout’s
identity. In more detail, we rearrange the penultimate equation tQ_get rc_3—0k—1rk- 2.

We then use the third to last equatinn,,; = gk- 2rk— 3 + r'k— 2, to see that we can substitute
rk—a—0k—2rk—sforrg_,and obtain an expression fQr ; in terms ofry_zandry_4 We

continue eliminating theg in this manner for <k — 1 until we're left with the desired expression
that relatesn andn with ry._ 1.

Example 1 Find the inverse of 59 modulo 137.

Since 137 is a prime number, gcd(59, 137) = 1. Using the Euclidean algorithm, we find

137 = 2(59) + 19
59 = 3(19) + 2
19 = 9(2)+1

2 = 2(1)+0

Guided by Bézout's identity, we now seelindy so that 13X + 59 = 1. We start with the
penultimate equation 19 = 9(2) + 1, and rearrange it to get 1 = 19 — 9(2). We then use the second
equation, 59 = 3(19) + 2, to express 2 as 59 — 3(19); we substitute this expression for 2 in the
equation 1 =19 — 9(2), getting 1 = 19 — 9(59 — 3(19)) = 28(19) — 9(59). Using the first equation,
we see that 19 = 137 — 2(59). We use this to replace the 19 in 1 = 28(19) — 9(59), thereby
obtaining the equation 1 = 28(137 — 2(59)) — 9(59) = 28(137) — 65(59). This is Bézout's identity.

If we reduce this equation modulo 137, we get -65(59) = 1, so the inverse of 59 modulo
137 is -65 (or any number that differs from -65 by a multiple of 137, such as 72).

Example 2 Find the inverse of 21 modulo 100.

Again, we apply the Euclidean algorithm:

100 = 4(21) + 16
21 = 1(16)+5
16 = 3(5)+1

5 = 5(1)+0

Using these equations, we find Bézout’s identity: 4(100) — 19(21) = 1. Reducing this equation
modulo 100, we get that the inverse of 21 modulo 100 is -19. You might want to check that
Method 2 would produce the same result by computing®r 2 modulo 100.

What happens whem andn are not relatively prime? Suppaseandn share the divisor
d. If m* exists modulm, thenmi’m = 1 (modn), i.e., there existk such thati*m— 1 =nk, or
m'm—nk= 1. But ifd divides bothm andn, this equation shows thdtmust also divide 1.
Therefore, the only integers with inverses moduéoe thosen relatively prime ta.

Exercise 1 Findx andy that satisfy 512+ 201y = 1.
Exercise 2 List all integersn between 0 and 50 that are relatively prime to 50, and pair them up
with their multiplicative inverses.

(Answers on page 29.)
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Who's Better?

by Lightning Factorial
edited by Jennifer Silva

In the plaza in front of the Au Bon
Pain in Harvard Square, the chess players
concentrated on finding some way to undo
their opponents’ positions. Deep in thought,
they were oblivious to a young woman who
sat nearby before a Scrabble board all set
up, offering an open invitation to play. It
wasn’t long before a man happened by and
gestured interest, to which the woman
answered with a motion to have a seat. |
didn’t take much notice either, until | saw
the first word placed on the board:

ABETTER, for 74 points! My attention

shifted to the unfolding Scrabble game: SIR, JAW, ZIT, 5 letters exchanged, BEENK...

“feu?” I'd never heard of “feu”before, but the woman didn’t challenge it. Instead, she took the
lead with “RECANTS,” for 76 points! | was impressed. From there, the players kept
exchanging leads, the words landing like punches in a heavyweight title boute &ynth

round, the score was 228 to 227, and the two Scrabble players looked more focused than the
chess players. Three rounds later, the man delivetedmade gracevith “DOOLIES” for 69

points. The final score: 398 to 342. The woman smiled back at the man and graciously
pronounced, “You'ra betterScrabble player than 1!

That got me thinking. Could she really make this conclusion after losing just one game
to this stranger? Perhaps the man simply got lucky with the tiles. In tdmames are plenty of
“head-to-head” records that show players exchanging wins and losses. Mhagse itwo
played again, she would be the victor. Perhaps, | thought, the question could be analyzed
mathematically. But the man laughed heartily, and | finally got the‘faubettef player, ha ha!

Still, was it sensible to ask and could one answer the following question: what is the
probability that the winner of a single game is the better player?

What does it mean to be “better”? To analyze the question, | decided | needed a precise
definition of what it means for player A to be better than player B. It did not sesonable to
define “better” as winningverygame; even from my own limited experience playing Scrabble, |
have won and lost games to the same person many times.

In Scrabble, the rules imply that there are finitely many possible gaSwsne could
imagine examining the result of every possible game between the twospagerecording the
fraction of gamesy(A, B), that player A won. If this “winning fraction” were greater than %2,
then | would say that player A is better than player B. There are some ctiopBowith this
definition though. People and Scrabble are complex enough that a player could conceivably
make different moves in the same exact situation, thereby complicatiogrtipaitation of the
winning fraction.

Those complications might be worth studying at some point. However, | decided to work
under the assumption that given two players A and B, player A would win a definiterfract

! From Webster, a “feu” is a right to use land imgeuity for a fixed annual payment.
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W(A, B) of the games in the long run. Another way of putting this is that player Advirawrke a
probability ofw(A, B) of winning any given game they played. An@v{A, B) > %, then |
would say that, by definition, player A is better at Scrabble than player B.

Who's Better? | wanted to know the probability that player A is better than player B once

player A has already won a game. But before thinking about that, | decidedabatdtbe a

good idea to answer the same question in the scenario that no game had yet been played. So, |
imagined two strangers sitting down for a game of Scrabble. What's the protthbilit

W(A, B) > %? In the absence of any information, it seems impossible to makerastysion at

all about who is better. After all, it's just as likely for John to be player A and tb be player

B as it is for Jane to be player A and John to be player B, and if Jane’s winnirenfactr

John isw, then John’s winning fraction over Jane is\W.—Thus, by symmetry, it is just as likely
thatw < %2 as it is thatv > %.. Furthermore, it is equally likely farto be between andb as it

is forw to be between 1aand 1 -b.

Of course, if | knew something about the players, that could change my astiofate
various probabilities that lies in some range. For example, if | knew that player A had won the
National Scrabble Championship and player B was a foreigner currently ennofedlish as a
Second Language class, | would think it very likely thgk, B) > ¥2. | might even believe there
was a very good chance theA, B) = 1.

But knowing nothing at all about either player, symmetry leads me to assurtieetha
various probabilities fow are symmetric about Y.

Back to the original question: given that player A has won a single gaimestg
player B, what is the probability that player A is the better player?

How can this question be answered? Surely, the answer is not that player érithbatt
player B with 100% certainty just by virtue of player A having won a singleebahfter all, a
player can lose to someone less skilled. For example, it's possible that bjgnee,dhe lesser
player gets both blank tiles, all 4 “S” tiles, and is able to find good places to put the, X,Q, J
and K tiles. Such luck would be hard to beat!

To answer the question, | thought about probability basics. If all possible outa@mes a
laid out before us and each outcome is equally likely, then the probability of a dregireche
can be computed by counting. We count the number of outcomes that are desired and divide by
the total number of outcomes.

What are the outcomes relevant to my question?

| imagined setting up a table with a Scrabble board and placing two sdeggadilé for
the two players in such a way that no seat conferred a special advantage tgethia jitla One
seat would be marked “Player A” and the other, “Player B.” | then imagmvédtg huge
numbers of players to play at this table. Indeed, | envisioned including evgley jsair of
Scrabble players and having them play every single possible Scrabblefgathen).

Sometimes player A wins, sometimes player A loses. Since | amsietgie knowing the

winning fraction for player A against his opponent, given that player A won the game, my
outcomes will be all of the games won by player A. Of these, the desired outcerties anes

in whichw(A, B) exceeds %. If | set this all up properly, I would be able to compute theranswe
to my question by taking the ratio of the number of desired outcomes to the total number of
outcomes.

Because the winning fractions are symmetrically distributed about ¥, playeuld win
half of the games and would lose half of them. The outcomes that are relevant tastionque
are the ones in which player A wins. Therefore, the total number of outcomes tiststuay
is equal to half of the games played in this massive, all-encompassing tontrname
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All that remains is to compute the number of these outcomes which are also dedired, tha
is, the outcomes whem(A, B) exceeds Y. Unfortunately, we're stuck, because it isn’t really
practical to hold this massive, all-encompassing tournament. To make progrésseno
make a simplifying assumption about how the winning fractions are distributed. Doivil) s
take us further from the truth. The situation is much like when people say that the population is
split 50/50 between males and females. The truth is likely to be somethinghatinergerfect
50/50 split, though 50/50 often turns out to be a useful assumption as an approximation. But this
leaves the question of what assumption we should make about the distribution of winning
fractions. Our answer depends heavily upon this critical question; we’ll ses thes@nsider
two extreme cases below.

Considering extremes.Imagine a situation where, instead of Scrabble, the game being played
is that of flipping a fair coin. Player A wins if heads comes up, otherwise pAagses. In this
scenario, all of the analysis done so far is valid. However, since the only winnitgnfrac
possible is Y2, there are no desirable outcomes: the probability that player Ates plager

than player B is 0, irrespective of whether player A happens to have won a game or not

On the other hand, suppose that the players played a silly game where the winaer of t
game was determined by whomever was born earlier. In this case, the only \iiaciiogs
possible are 0 and 1, because the past can’t be changed. If player A wins one gaine agains
player B, then player A will always win since player A will forever e person born earlier.

So the probability that player A is a better player than player B, given thetrgh has won a
game, is 1.

These two extreme scenarios show that the number of desired outcomes does depend on
the exact distribution of winning fractions. One way to get an idea of the distributianrohg
fractions is to conduct a survey. In a survey, we look at a subset of all the gamesasdive m
all-encompassing tournament. We try to pick this subset, which is called a ésasopthat the
distribution of winning fractions in the subset accurately reflects the tstr#bdtion of winning
fractions. The problem of how to pick a good sample is of extreme importancesticstati
While various methods have been invented, it is important to bear in mind that the only way to
know for sure that the sample reflects the true distribution is to hold that ma#isive, a
encompassing tournament.

Rather than conducting a survey, however, | decided to proceed by making adhleoret
assumption. Doing so means that the answer | get will be divorced from the truth. But wha
hope to gain by making a theoretical assumption is some insight into how the probatility |
interested in behaves, and a better sense of how these computations golylhéeekd to get
a good sense of the truth, I'd have to conduct a good survey.

| decided to assume that if we pick player A from the population so that eveon jers
equally likely to be picked, and we pick player B from the remaining population (ag#in, w
every person equally likely to be picked), player A’s winning fraction over pByat be
uniformly distributed between 0 and 1. What this means is that the probabiliy(#d) falls
betweera andb, where 0 a<b 1, is equal tdo—a. This assumption is definitely an
oversimplification. For example, one implication of it is that the probabliay player A will
win every game played against player B is 0. However, in actual Scrabblé pgms more
believable that there are people who could always win against certain other peopleed/e
remember this limitation in our model so that we aren’t misled.

Under the assumption that the winning fractions are uniformly distributed across the
population of pairs of Scrabble players, we return to our plan for computing the ansvi®r. Let
suppose that in the massive, all-encompassing Scrabble tournbnSemgbble games are
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played. The uniformity assumption enables us to state that the number of these/garaes
W(A, B) is betweera andb, where 0 a<b 1, is equal tod—a)N. If ais very close td,
then the fraction of thesb £ a)N games that end in a win for player A is approximadely
Now we can estimate the total number of games in which player A wins and has a
winning fraction greater than ¥2. We split
up the interval from %2 to 1 into many short
segments. As we just saw, for the segment
with endpointsa andb, there are
approximatelya(b —a)N games that end in a
win for player A. We add up these
guantities for each interval to approximate
the total number of desirable outcomes. The
picture at right illustrates the situation and
suggests that as we shrink our intervals to
get ever more accurate estimates, we end up
computing the area of the trapezoidal
shaded region, which iS\B3.
We conclude that under the
simplified assumption about the distribution
of winning fractions, the probability that
playerA is better than playds, given that
playerA has won a single game, is
(3N/8) I (N/2) = 3/4.

Take it to your world. Is this the final

word? Absolutely not! Remember that |

made the major simplifying assumption that the distribution of winning fractionsfmnian
assumption which is most certainly false.

Consider this alternative distribution of winning fractions: assume the chtrate
W(A, B) =0, 1/3, 2/3, or 1 are all equal to %. Show that the probability that player A is better
than player B, given that player A has won a single game against playeq&aisto 5/6.

The urge to make more realistic models often leads to more sophisticateaiits.
Further study of this subject quickly steers us to calculus. If you know calcyltisstrinstead
of a uniform distribution, assume that the probability thatw(A, B) <b, with0 a<b %, is
given by 2b? —a?) and that it is symmetric about ¥2. Show that the probability that player A is
better than player B, given that player A has won a game between them, is now 2/3.

If you know the concept of the expected value, answer this: what is the expeuctsdyw
fraction for player A over player B, given that player A has won a gameptaagr B in both
the uniform distribution case and the case described in the previous paragraph?

Imagine that the probability thai(A, B) is less tham is given by the functioR(p) and
that the probability that player A is a better player than player B, ginarplayer A has won a
single game, turns out to k& (Also, assume thd@(0) = 0. Note thaP(p) =1 -P(1 —p).)

Now suppose you decide that a better model of the distribution of winning fractibas is t

(1 —y)/2 represents both the probability that the winning fraction is 0 and the probabilitiyeha
winning fraction is 1, with the probability of the winning fraction being between @ a@nkn

by yP(p). Show that the probability that player A is better than player B, given tlyar fla
beats player B in a single game, changes tg(1 —Q).

What do you think the distribution of winning fractions is in tic-tac-toe? Rock, Paper,
Scissors? Tennis? Chess? Or, in your favorite 2 person game?
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by Barbara Remmers | edited by Jennifer Silva

There’s 3/7, who's in rare form. She is walking with her hands and feet pointing batdiolés.

Her hat, instead of displaying the usual fruit, flowers, and stuffed bird on it, is topied wi
football-shaped loop. Her outfit, which normally boasts a 3 above her black belt and a 7 below
it, has a 7 on her top and a 3 on her bottoms. Something is definitely going on.

;; Hello, my dear.

You: Why are you walking like that?

; - Just what I've been waiting for someone to ask! Why do you think?

You: You remind me of pictures of ancient Egyptian art | saw at a museum, but | haeano i
why.

§; You got it, girly! | am walking like the ancient Egyptians, or at |#astway their art would
walk if it could.

You: Have you changed your name to 7/3?

§; Oh no, I'd never do that! See the symbol on my hat? That's what the Egyptians used for
reciprocal. They put the symbol on top of numbers, so | put it on my hat.

You: How are people supposed to know all that?
3 .

2! Do you know it?

You: Now I do.

3 : . .
— - There you have it. 1 am on a one-woman mission to spread the word about Egyptian
fractions.

You: So if I go to Egypt, this is how they handle fractions?

3 - Not now, they don’t — they use the same notation we do. When | say Egyptian in this context
| am referring to ancient Egypt; it's my favorite ancient ciatian since it was the first one
known to use fractions.
Today | am also an anachronism since | am using the ancient symbol for reciprocal
together with our modern fraction notation of a bar with a counting number above — my belt does
make a lovely bar, no? — and one below.

You: What did they use instead of the fraction bar?
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Notes from the Club

These notes cover some of what happened at Girls’ Angle meets. They sevmfaeing

complete. In these notes, we include some of the things that you can try or think abow at hom
or with friends. We also include some highlights and some elaborations on me&lmbaéss

than 5% of what happens at the club is revealed here.

Session 12 - Meet 5 Mentors: Elenna Capote, Jordan Downey, Ruthi Hortsch
March 7, 2013

We began an ongoing station about how to get unstuck when stuck trying to solve a math
problem. At this particular meet, we discussed the use of related questions andlexplore
different ways to generate them.

Suppose you are trying to answer Question A, and you get stuck. So you try towask a ne
guestion, Question B, to get unstuck. One surefire way to establish that Questiate 8tcel
Question A is to check that the ability to answer Question A implies the abibtyswver
Question B.

For example, suppose you are trying to answer the question, “How many wHysrare
to tile anN by M rectangle with 1 by 1 squares and 1 by 2 dominos?” If you get stuck, a related
guestion you could ask is, “How many ways are there to tile aM tgctangle with 1 by 1
squares and 1 by 2 dominos?” You might find it easier to start working on the lattésmquest
because a 1 byl rectangle is a more constrained situation. And, if you could answer the first
guestion, you would be able to answer the second.

Session 12 - Meet 6 Mentors: Jordan Downey, Isabel Vogt
March 14, 2013
Visitor: lIris Ortiz, Cambridge Systematics, Inc.

Iris Ortiz was born in Puerto Rico. Ii%rade, she was a bit intimidated by math when
she saw % graders doing multiplication. But if"@rade, her English teacher suggested that she
think about a career in engineering, saying that she was good at math. Eyestteallould
major in Civil Engineering and, later, receive a masters degree in Transwofttatn MIT.

Today, she works as a consultant at Cambridge Systematics and for theqaastdhg
has been working in transportation finance. The question she studies is: How dsgou rai
revenues for transportation projects such as the building of bridges or tunnelsstardbr
improvement?

In Massachusetts, a major source of revenue for transportation projectsfimmes
commuters who use the Massachusetts Turnpike. This money is collected throsigmaofy
toll booths. The revenue generated by a single toll booth is related to the totifarged and
the number of commuters who pass through. However, the number of commutersad affect
the weather, holidays, special events, and unusual events. For instance, Ibhedessituation
where road usage was reduced because a freshly-painted tunnel was giviog@fiushes so
unpleasant that toll operators decided to let commuters pass through without pahieyg s
didn’t have to stop and roll down their windows. There’s also feedback between the t@afidare
the number of commuters: the more you charge, the fewer people will use the road. In some
places, officials take advantage of this relationship to control trafficestiog by deliberately
varying the toll fare.
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Now, consider that the Massachusetts Turnpike doesn’t have just a single toll booth. |
has many, and these are divided into 6 different regions: west of 128/95, from 128/95 g the cit
in the city, the Sumner tunnel, the Callahan Tunnel, and the Tobin bridge. Iris explained
mathematical tools for collecting data and managing such a complex sygtammuch money
is involved with toll collection on the Massachusetts Turnpike? In one recent yeanyvtdre
approximately 194,000,000 transactions generating about $282,000,000 in revenues.

If you are comfortable with calculus, here is a toll booth inspired question: It is
discovered that for eveydollar increase in a toll fare, the number of people who will use the
road decreases by a factorfoivhere O < < 1. In other words, i people used the road when
the toll fare cos€C dollars, therfiN people will use the road if the toll fare is raisecCte d
dollars. What fare optimizes revenues? See page 29 for the answer.

Session 12 - Meet 7 Mentors: Isabel Vogt
March 28, 2013

To learn math well, you must learn actively. It's just like tennis. You caeaot to
play tennis by reading or watching others play. You have to go out on the court and hit the bal
yourself. When you read a math book, always have pencil and paper on hand and work out the
solutions to problems.
To underscore this point, we involved members in an experiment. Members were split
into two groups. Both groups were given written instructions that explained how to tie a
fisherman’s knot, which is an elegant way to tie two strings together. Evergsohd to study
the instructions as long as needed until each could confidently state, “I beleavéd a
fisherman’s knot without these instructions.” The individuals in one group were told to do this
by reading the instructions only. Those in the other group were also given ropédaod t
actively practice tying the knot.
After everyone said that they believed they could tie the fisherman’s knotfiemory,
we took a 5 minute social break.
After the break, everybody was given rope and asked to make a fisherman’s knot.
Within 2 minutes, everybody in the “active learning” group, i.e., the group that had rope,
succeeded in making a fisherman’s knot. After ten minutes, a couple of girls patdsa/e
learning” group managed to tie the knot, but they were the only ones from that grtowpréha
able to. Hopefully, the point was made.

Session 12 - Meet 8 Mentors: Elenna Capote, Jordan Downey
April 4, 2013
Visitor: Crystal Fantry, Wolfram Research

Crystal Fantry was born in Pennsylvania to parents neither of whom do math. But when
she was in "8 grade, her idea of a fun vacation was solving logic puzzles at the beach.
Eventually, she earned a master’s degree in mathematics from Boston @Golidgegan
working for Wolfram Research where she is the Senior Education ContenboRirect

Among many other projects, Crystal runs the Mathematica Summer Camp, anprogr
where participants learn to program in Mathematica. Open'tadd 13' graders, each
participant completes their own application. Crystal gave us a glimpse of theqfowe
Mathematica by showing us a few of the applications that students wrote aintipis ¢

She then demonstrated Wolfram Alpha, a web-based question answering deovice.
exampleMolly gave Wolfram Alpha the mathematical expression 85 + 21. In the blink of
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an eye, Wolfram Alpha produced a webpage containing the graph of the equation afeiwatdif
scales, a common, equivalent form of the expression, exact formulas for tardeamplex
roots, including a plot of these roots on the complex plain, the maximal subset of the real
numbers for which the expression makes sense and the associated range/aiivedsrthe
expression, with respect xpthe indefinite integral, with respectxpthe locations of its local
minimum and maximum, and two series representations.

Crystal concluded by having the girls build a paper model of the Wolfram Adgba |
which is a rhombic hexecontahedron. The rhombic hexecontahedron is a polyhedron with 62
vertices, 120 edges, and 60 faces all congruengtdden rhombus which is a rhombus where

the ratio of the lengths of its two diagonals equals the golden(ﬂa{idg)lz Can you
determine the surface area and volume of a rhombic hexecontahedron with edge?length

Session 12 - Meet 9  Mentors: Isabel Vogt, Luyi Zhang
April 11, 2013

To further reinforce the difference between active and passive learrenthens worked
on mastering an algorithm for computing square roots.

Session 12 - Meet 10 Mentors: Melody Chan, Jordan Downey, Luyi Zhang
April 25, 2013
Visitor: Ashlee Ford-Versypt, MIT Dept. of Chemical Engineering

Ashlee Ford-Versypt was born in Snyder, Oklahoma, population 1300. Her theme was
“Change,” for change aptly describes her own upbringing, the type of matbestati uses in
her career, and the application that she applies this math to.

She attended a high school with fewer than 50 graduates each year and no advanced math
or science classes. At the time, she had no idea that a decade later, she woultHoetarpbs
researcher in the MIT Department of Chemical Engineering. Interlstaing found her first
college math class difficult, but she figured out how to seek help and ask questions, and ended up
earning a minor in mathematics. She attended graduate school at the Univeitsityiofvhere
she got an MS and a Ph.D. in chemical engineering with a minor in computer science and
applied math. She credits special opportunities throughout her upbringing for helping he
become an engineer. For example, she took a special biochemistry clas®dersugnmer, she
wrote a website from scratch, and, through the Girl Scouts, she attended an amspisaieech
delivered by former NASA astronaut Sally Ride.

She then gave a brief introduction to the mathematics of change, i.e., calculus. She
explained the derivative and the integral and had members approximate theveenivat

f(x) = Jx atx=1/4 and its integral from= 0 tox = 1.

She explained that in her work, she must solve equations that involve functions and their
derivatives. Thesdifferential equations are used to model many physical phenomena, such as
diffusion and heat flow. Her specific application is in biotechnology where she mioeels t
release of medicine from special pills. Such pills are useful if a patenis medicine released
into their system in a controlled manner, rather than getting lots of medicine pe&&chltime
they swallow a pill. With controlled release, the medicine can be graduotatiguced over time
ensuring that the amount of medicine in the system remains between efieuts.e However,
to accomplish this kind of controlled release, it is necessary to use matisaimatiadel the
release and find solutions to these mathematical models.
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Calendar

Session 12: (all dates in 2013)

January 31 Start of the twelfth session!
February 7
14
21 No meet
28
March 7
14 Iris Ortiz, Cambridge Systematics, Inc.
21 No meet
28
April 4  Crystal Fantry, Wolfram Research
11
18 No meet
25 Ashlee Ford Versypt, MIT Dept. of Chemical Eng.
May 2 Emily Riehl, Harvard University
9

Session 13: (all dates in 2014)

September 12 Start of the thirteenth session!
19 No meet
26
October 3
10
17
24
31
November 7
14
21
28 Thanksgiving - No meet
December 5
12

Answers to the exercises at the end of FermatttelTtheorem, Part 4, page 17: Exercise 1. Thereramy
solutions. One can take= 53 + 20k andy = -135 — 51R for any integek. Exercise 2: There ar¢50) = 20
numbers between 0 and 50 that are relatively ptar¥ and they pair up as follows:

a 1 3 7 9 11 13 19 21 23 33 49
a’ 1 17 43 39 41 27 29 3] 37 4y 49

. . . - . d
The answer to the toll fare question on page 2fasrevenue is optimized when the toll fare |steet|7f
0g

dollars, where log represents the natural logarithm.



Girls’ Angle: A Math Club for Girls

Gain confidence in math! Discover how interesting and excitg math can be! Make new friends!

What is Girls’ Angle? Girls’ Angle is a math club for girls and a supportive community for g gnd
women engaged in the study, use and creation of mathematics. Our primaoy msissifoster and
nurture girls’ interest and ability in mathematics and empower them to btodbtkle any field, no
matter the level of mathematical sophistication required. We affemprehensive approach to math
education and use a four component strategy to achieve our mission: Gitks’dergors, the Girls’
Angle Support Network, custom content production including our magazine, tkeABigle Bulletin,
and various outreach activities such as our Math Treasure Hunts andu@ityn@utreach.

Who are the Girls’ Angle mentors? Our mentors possess a deep understanding of mathematics and
enjoy explaining math to others. The mentors get to know each member as igliaha@ind design
custom tailored projects and activities designed to help the mempenie at mathematics and develop
her thinking abilities. Because we believe learning follows nayundien there is motivation, our
mentors work hard to motivate. In order for members to see math as a liviniyecsabject, at least one
mentor is present at every meet who has proven and published original theorems

What is the Girls’ Angle Support Network? The Support Network consists of professional women
who use math in their work and are eager to show the members how and for what thety ugeaoia
member of the Support Network serves as a role model for the membersheroipety demonstrate that
many women today use math to make interesting and important contributionsetg.soci

What is the Girls’ Angle Bulletin? The Girls’ Angle Bulletin is a bimonthly (6 issues per year)
publication that features interviews, articles and information ofhemaatical interest. The electronic
version is free. The print version (beginning with volume 3, number 1) costei$a6 annual
subscription and brings with it access to our mentors through email. Sulssordyesend us their
solutions, questions, and content suggestions, and expect a response. éilret&ngléts girls roughly
the age of current members. Each issue contains a variety of cdrdifgrant levels of difficulty
extending all the way to the very challenging indeed.

What is Community Outreach? Girls’ Angle accepts commissions to solve math problems from
members of the community. Our members solve them. We believe that when cagrsiafiorts are
actually used in real life, the motivation to learn math increases.

Who can join? Ultimately, we hope to open membership to all women. Currently, we are operilgrima
to girls in grades 5-12. We also aim to overcome math anxiety and build solidtfonadso we
welcomeall girls regardless of perceived mathematical ability. There is no esttast.

How do | join? Membership is granted per session. Members have access to the club where they work
directly with our mentors exploring mathematics. You can also pay per meittistalightly more

expensive. We currently operate in 12 meet sessions, but girls are wébcomeat any time. The

program is individually focused so the concept of “catching up with the group™tappty. If you

cannot attend the club, you can purchaBemoteMembership which comes with a year-long

subscription to the Bulletin. Remote members may email us math questtbonaghlwe won’t do

people’s homework!), send us problem solutions for constructive comment, aedtstggent for the
Bulletin. To become a remote member, you can simply subscribe to the priobarthe Bulletin.

Where is Girls’ Angle located? Girls’ Angle is located about 12 minutes walk from Central Square on

Magazine Street in Cambridge, Massachusetts. For security reasonmagambers and their
parents/guardian will be given the exact location of the club and its piuonieer.
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When are the club hours?Girls’ Angle meets Thursdays from 3:45 to 5:45. For calendar detailsepleas
visit our website atvww.girlsangle.org/page/calendar.htarlsend us email.

Can you describe what the activities at the club will be likeGirls’ Angle activities are tailored to
each girl's specific needs. We assess where each girl is matredipatnol then design and fashion
strategies that will help her develop her mathematical abilitieeryBudy learns math differently and
what works best for one individual may not work for another. At Girls’ Angle,re@ery sensitive to
individual differences. If you would like to understand this process in maaé, gg¢ase email us!

Are donations to Girls’ Angle tax deductible? Yes, Girls’ Angle is a 501(c)(3). As a nonprofit, we
rely on public support. Join us in the effort to improve math education! Pleaseymakdonation out to
Girls’ Angle and send to Girls’ Angle, P.O. Box 410038, Cambridge, MA 02141-0038.

Who is the Girls’ Angle director? Ken Fan is the director and founder of Girls’ Angle. He has a Ph.D.
in mathematics from MIT and was a Benjamin Pierce assistant proféssathematics at Harvard, a
member at the Institute for Advanced Study, and a National Science Founasatidocporal fellow. In
addition, he has designed and taught math enrichment classes at BostamMiScience and worked
in the mathematics educational publishing industry. Ken has volunteergdidoice Club for Girls and
worked with girls to build large modular origami projects that werglajgd at Boston Children’s
Museum. These experiences have motivated him to create Girls’ Angle.

Who advises the director to ensure that Girls’ Angle realizeds goal of helping girls develop their
mathematical interests and abilities? Girls’ Angle has a stellar Board of Advisors. They are:

Connie Chow, executive director of Science Club for Girls

Yaim Cooper, graduate student in mathematics, Princeton

Julia Elisenda Grigsby, assistant professor of mathesyd@bston College

Kay Kirkpatrick, assistant professor of mathematics, Ersitty of lllinois at Urbana-Champaign

Grace Lyo, Moore Instructor, MIT

Lauren McGough, MIT ‘12

Mia Minnes, SEW assistant professor of mathematics, UM&ao

Beth O’Sullivan, co-founder of Science Club for Girls.

Elissa Ozanne, assistant professor, UCSF Medical School

Kathy Paur, Kiva Systems

Bjorn Poonen, professor of mathematics, MIT

Gigliola Staffilani, professor of mathematics, MIT

Bianca Viray, Tamarkin assistant professor, Brown University

Lauren Williams, assistant professor of mathematics, URebzy

At Girls” Angle, mentors will be selected for their depth of understanding of mathematics as well as
their desire to help others learn math. But does it really mattethat girls be instructed by people
with such a high level understanding of mathematicsVe believe YES, absolutely! One goal of
Girls’ Angle is to empower girls to be able to tackte/field regardless of the level of mathematics
required, including fields that involve original research. Over the ¢esfuhe mathematical universe
has grown enormously. Without guidance from people who understand a lot of math, thihask is
student will acquire a very shallow and limited view of mathematicstanihtportance of various topics
will be improperly appreciated. Also, people who have proven original thearmsshesstand what it is
like to work on questions for which there is no known answer and for which tigitermot even be an
answer. Much of school mathematics (all the way through collegalvesvaround math questions with
known answers, and most teachers have structured their teaching, whetheustnscnot, with the
knowledge of the answer in mind. At Girls’ Angle, girls will learn teigges and techniques that apply
even when no answer is known. In this way, we hope to help girls become solvergatfuthsolved.

Also, math should not be perceived as the stuff that is done in math klas=ad, math lives and thrives

today and can be found all around us. Girls’ Angle mentors can show girls how méghastreo their
daily lives and how this math can lead to abstract structures of enormengesi and beauty.
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Girls’ Angle: A Math Club for Girls

Membership Application

Applicant’s Name: (last) (first)

Applying For (please circle): Membership Remote MembershipitB@idiscription

Parents/Guardians:

Address: Zip Code:

Home Phone: Cell Phone: Email:

For membershig applicants only, please fill out the information in this box.

Emergency contact name and number

Pick Up Info: For safety reasons, only the following people will be allowed to pick up yoghtr. They will have to
sign her out. Names:

Medical Information: Are there any medical issues or conditions, such as allergies, thdtlikeuis to know about?

Photography ReleaseOccasionally, photos and videos are taken to document and publicize our progranedtiall m
forms. We will not print or use your daughter’'s name in any way. Do we have pemtissise your daughter’'s image for
these purposes? Yes No

Eligibility: For now, girls who are roughly in grades 5-11 are welcome. Although we will wathdarclude every girl
no matter her needs and to communicate with you any issues that magaissé\ngle has the discretion to dismiss any
girl whose actions are disruptive to club activities.

Permission: | give my daughter permission to participate in Girls’ Angle. | hawael rand understand
everything on this registration form and the attached information sheets

Date:

(Parent/Guardian Signature)

Membership-Applicant Signature:

Enclosed is a check for (indicate one) (prorate as necessary)
$216 for a one session Membership (which includes 12 two-hour club meets)
$36 for a one year Remote Membership (which includes 1-year subscriptiothetin
I am making a tax free charitable donation.

| will pay on a per meet basis at $20/meet. (Note: You still must retwsrfotii.)
Please make check payable@xls’ Angle. Mail to: Girls’ Angle, P.O. Box 410038, Cambridge, MA

02141-0038. Please notify us of your application by sending engiltangle @gmail.comAlso,
please sign and return the Liability Waiver or bring it with you to tis¢ fireet.
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Girls’ Angle: A Math Club for Girls
Liability Waiver

[, the undersigned parent or guardian of the following minor(s)

do hereby consent to my child(ren)’s participation in Girls’ Angle and do foesceirrevocably release Girls’
Angle and its directors, officers, employees, agents, and volunteers (eelletlie “Releasees”) from any and
all liability, and waive any and all claims, for injury, loss or damagdydag attorney’s fees, in any way
connected with or arising out of my child(ren)’s participation in Girls’ Anglegtlver or not caused by my
child(ren)’s negligence or by any act or omission of Girls’ Angle orddrilie Releasees. | forever release,
acquit, discharge and covenant to hold harmless the Releasees from any andsatifcactson and claims on
account of, or in any way growing out of, directly or indirectly, my minor chitg{separticipation in Girls’
Angle, including all foreseeable and unforeseeable personal injuries or prd@erige, further including all
claims or rights of action for damages which my minor child(ren) may agaiiher before or after he or she
has reached his or her majority, resulting from or connected with his or herpgaditin in Girls’ Angle. | agree
to indemnify and to hold harmless the Releasees from all claims (in other worlmlianse the Releasees ar
to be responsible) for liability, injury, loss, damage or expense, including attofeeygincluding the cost of
defending any claim my child might make, or that might be made on my child(bemalf, that is released or
waived by this paragraph), in any way connected with or arising out of my ehildg(participation in the
Program.

Signature of applicant/parent: Date:

d

Print name of applicant/parent:

Print name(s) of child(ren) in program:

A Math Club for Girls
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