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An Interviewwith
Nalini Joshi

Nalini Joshi is a professor in the School of
Mathematics and Statistics at the University
of Sydney where she is a Georgina Sweet
Australian Laureate Fellow and the Chair of
Applied Mathematics. She was born and
raised in Burma (now Myanmar) and
received her doctoral degree in mathematics
from Princeton University.

Ken: How did you first become aware of
mathematics?

Nalini: In Burma, | remember being
fascinated by games that involved counting
and movement, which had many, many
different variations and patterns. | could
play them all day long and resented being
called indoors for meals. Later at school, |
remember loving the process of solving
mathematics problems, mostly simple ones
like working out perimeters of rice paddies.
| remember hearing that we would learn
theorems (mainly to do with Euclidean
geometry) in higher-level classes at school.
| thought it was unfair that we didn’t get to
know what they were immediately. It was
like a treasured secret being kept for later in
life.

Ken: | was moved by Trixie Barretto’'s

video of you (which can be seen on Vimeo).
In it, you liken math to music, saying that
both are emotional. Thinking back, what is
the earliest recollection you have of feeling
this emotion with respect to mathematics?
What mathematics were you contemplating?
What do you find emotional about it?

Nalini: Too many things happened in my
early life that were unpredictable. Butin
math classes, the shapes of rice paddies

would change and the simple formula for a
rectangular perimeter would no longer
apply, but you could always work out the
length of the perimeter anyway!
Mathematics was a landscape | could walk
around in, inside which | could always find
an answer. | didn’t seem to belong in any of
the ethnic groups where ever | ended up, but
in mathematics, | always felt | belonged. So
the earliest emotion | felt was a sense of
security.

Ken: In the video, you recall how, as a
youth, you would make models of the solar
system and try to find answers to
astronomical questions, such as, “Why does
the same face of the moon always face
toward us?” So you had great interest in
physics. Ultimately, you chose math. What
is the difference between math and physics
that led you to choose math in the end?

Nalini: In first year physics classes at
university, | found out that | had no physical
intuition whatsoever and | had to guess
answers, which often turned out to be
wrong! My experiments either didn’t work
or elicited scepticism from the tutors,
because | asked so many questions. In
contrast, | felt like mistakes were good in
mathematics because they led me to
understand more things. | realised that |
could take my time, try alternative
beginnings, do one step after another, and
get to glimpse all kinds of mathematical
possibilities along the way. As | went on to
higher year mathematics, | found there were
problems that appeared to have more than
one solution, but when | realized which
solution was wrong, it was very, very
satisfying. So | knew after a while that
maths was right for me.

Ken: In the video, you said “[math is]
something that you only need a little bit of
work to get in through the door, and once
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The American Mathematical Society is generously offering a 25%uli$©n the two book set
Really Big NumberandYou Can Count On Monstets readers of this Bulletin. To redeem, go
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In Search of Nice Triangles, Part 10

by Ken Fan | edited by Jennifer Silva

patrons follow her out and the bakery becomes a qu investigation into nice triangles. They've
temple ideal for doing math. been using “nice” to denote angles that

measure a rational multiple ofradians.

Emlly: !Drofessor Mlller told us so much, yet | don't They are now looking for triangles with 3
immediately see how it helps us with our triangle nice angles and 2 sides of integer length.

classification problem.
Previously, they decided to embark on a

Jasmine: Yes, and I'm sure | didn’t understand SNEY) @i (119 ML pelymemils o e
hing she said cosines of rational multiples of They
everything ) defined the polynomialg4(x), ford > 1, to
) be the product of all linear factors of the
Emily: Same here. form x — cos(2k/d), where 1 k d/2 and
(k, d) = 1. They defineg(x) =x— 1.

Jasmine: But what | gathered is that somehow, the They observed that, forodd,

irreducibility of our polynomialgn(x) follows from the )

irreducibility of the ... the ... T -1=2"1p0 O p(Y
d|n,d>1

Emily: ... the “cyclotomic polynomials” ... and forn even,

Jasmine: Right, the cyclotomic polynomials, whicha "® =172 " ROIR( d|9>2 ROY

the minimum polynomials of primitive roots of unity.
whereTn(X) is thenth Chebyshev

Emily: Yes. Specifically, n(X) = O (x- e2pik/n) , polynomial of the first kind.
where the product is taken over value&k &om 1 ton  They conjectured that the minimum
that are relatively prime to. polynomial of cos(2k/n), wherek andn

are relatively prime, ign(X).
Jasmine: | still need to think about the proof Profess:
Miller showed us that these polynomials are
irreducible, but | can do that later. I'm willing to accept it for now, becauosally want to
understand how this relates to our polynompa(g).
Emily: Okay, I'm with you.

Jasmine: At least we know thetit™" = cos(2 k/n) +i sin(2 k/n), so the roots of n(x) have some
relation to the roots qin(x).

Emily: I'm getting tired of writinge? " over and over. Can we agree toviet € ""? That
way, we can write* instead of? ",

Jasmine: Sure!
Emily: We can also write cos(R/n) = (WX + w¥)/2, because

wk = cos(-2k/n) +i sin(-2 kin) = cos(2k/n) —i sin(2 k/n).



America’s Greatest Math Game: Who Wants to Be ehtagatician.

(advertisement)
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By Anna B.

Mathematics is a journey of discovery. As mathaaats take this journey, they follow many wrong
turns, believe many incorrect facts, and encountany mysteries. Out of these twists and turns comes
the reward of truth and understanding. Howeveypifl look at math books, you might get the impressio
that mathematicians rarely err. In this column, Argives us a peek into her mathematical process of

discovery, bravely allowing us to watch even assthmbles.

Anna continues counting spechttilings of a 1 byy/2 rectangle.
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Counting NIM Part 1

by Milena Harned and Miriam Rittenberg
Introduction

We were thinking about the game of NIM. In NIM, 2 players start with any nonnegative
integer number of piles of any nonnegative integer number of counters. Then, pkeyeeeal
taking any positive integer number of counters from one of the piles (but they cdenot ta
counters from more than one pile at a time). The goal is to be the person who remaads the |
counter. We decided to analyze the case of two piles, on@éwthnters and one with
counters.

Our first goal was to determine whether the first or second player would bathi
players played optimally. But we soon switched to a different question: How nféaneli
ways to play a game of NIM are there? For example, if we start with leconrgach pile, we
can take 1 from either pile, and then must take 1 from the other, and then we are done. This is
illustrated in the diagram at right. We use the notatioy) (o
indicate that there apecounters in the first pile andcounters in
the second. So there are 2 ways to finish this game. We wri
this asf(1, 1) = 2. In general, we will usg, m) to represent the
number of ways to finish a game of NIM that starts with
counters in the first pile and counters in the second pile (the
piles are treated as distinct: if we have two piles with the same numhmrimdérs, taking
counters from the first pile is different from taking counters from the secaa)d pil

Here is another example: Whaf(2, 1)?

From the diagram above, we see fifat 1) = 5.

We have found formulas féfn, m) wheren andm are nonnegative integers. We used
three different strategies. One was to find a recursive formula that ¢tef(nec 1, m) to f(n, m)
and then turn it into a closed form formula for, m) for small values ofm. The second was to
think of the problem as putting dividers between counters. The third is similar to ¢imel Seat
produces a formula valid for all nonnegativandm.

First Strategy

First, we want to find a formula féfn, 0). Starting fromr, 0), for our first move, our
only choice is to take away sorkeounters from the first pile, leaving us with-k, 0). Any
value 0 <k nis an option, so we have

i, 0)=  f(n-k0). (1)

k=1

14



We compute

n

f(n,0) = f(n- k,0)
= f(n- k0) +f(n—1,0)
= " f(-% K0 +fn—1,0)

f(n—1, 0) +(n—1, 0)

2f(n—1, 0). (2)

From this and the fact thifl, 0) = 1, we deduce thih, 0) = 2~ 1,

Now think ofm as a fixed positive integer. From, (n), we can start by either taking
awayk counters from the pile aof, where 0 <k n, leaving us withif —k, m), or we can take
awayk counters from the pile oh, where 0 <k m, leaving us withi§, m—k). So

f(n, m) = ’ f(n- k, m+ i f(nm R.

We can now do something similar to what we dichierh = O case:

m

’ f(n- k, m+ f(lnm R

f(n,m) = B B
= f(n-1mp f(n Ky f(nm ¥
= f(n-Lmp ki f(n 1 km :1 f(nm B
= f(n-1mp f(n 1,m :1 fn 1-m +R :1 (rm
= 2f(n-1m) f(A Lm f(n-m R 3)

Now we’ll use (3) to find a formula fdtn, 1).

1 1
20(n-11) @ L1 k) f@ElKk

k=1 k=1

f(n, 1)

o(h—1,1) =22+ -1
Using standard techniques, we find tffat 1) = (1 + 3)-2'~2.

15



A similar computation enables us to find that
f(n, 2) = %+ 13 + 26)- 24
and, after an even longer computation,
f(n, 3) = %3 + 107% + 215V/3 + 110)-2~°,

In principle, this technique can be applied setjabyto find a formula forf(n, m) for
any fixedm. In practice, the algebra gets longer quicklyrasses.

Second Strategy

Each player in NIM will pick any positive amount pices from any pile on their turn.
We can make a record of each game by using 3 sgmbpl , and , in the following way. We
use to stand for a token in the first pile and stend for a token in the second pile. Each
time a player removes tokens, we write down agtointhe appropriate token. If the next player
draws from the same pile, we will place a symioolhait we can tell that tokens from the same
pile were not drawn in the same move.

For example, suppose that we have 4 tokens ifirttdneap and 1 token in the second
heap. Then, the record stands for the follgv@equence of moves:

One piece is taken from pile 1.
One piece is taken from pile 1.
One piece is taken from pile 2.
Two pieces are taken from pile 1.

pwbnPE

Any string of such symbols represents a NIM ganoeided that a only appears between two
symbols representing tokens from the same pilaus;Tto computé&n, m) we count the number
of such “record strings” that have symbols anan  symbols.

Computation of f(n, 0)

Any record string will contaim  symbols and no  symbols. A may be placed
between any two adjacent  symbols. Therenardl possible places for a , and each place
can contain a or not independently of the othaces, so there aré2! possible ways to place

symbols into the string af  symbols to get a record string. Thig, 0) = 2~ 1.

Computation of f(n, 1)

This time, we have a string of+ 1 tokens, of whicimhare and oneis . We will
split into two cases depending on whether  is arahof the string of token symbols or not.

16



Case 1: The  symbol is at one end of the string.

The s either at the beginning or the end ofstineg. There ara — 1 places where we
can put a , and each place is independent of tregot Hence there are 2"~2 or 2" such
game records.

Case 2: The  symbol is not at one end of the string

There aren — 1 places between adjacent ’'sto placea , anebith placement, there
aren — 2 possible places for a . Therefore, the tatiahber of such records is € 1)-2~2

Adding up the results of both cases yidlis 1) = 2+ (n—1)-2 2= (n+ 3)- 22
Computation of f(n, 2)

This time, we have a string of+ 2 tokens, of whiclmare and two are . We will
split into two cases depending on whether the tws appear adjacent to each other or not in the
record string.

Case 1: Thetwo ’s appear adjacent to each other.

In this case, the number of strings i§21) because when the two ’s are adjacent, they
act as a unit except that we have the addition@bopf placing a between them.

Case 2. Thetwo s are separated by at least one

If neither  appears at the end of the recordgttimere aren— 1){( — 2)/2 possible
ways to place the two ’'s among the ’s. For each such placement, there &re’vays to
place the ’s. This gives us £ 1)(1— 2)-2'~*record strings.

If exactly one of the  symbols is at an end ofré®rd string, there are— 1 ways to
place the other  so that it isn’t at the end ofrémord string. For each arrangement of
and s, there are"2?ways to place the ’s. This givesus 2-2- (n—1)=f—-1)-2"1
record strings.

Finally, there’s only one way to put both of thesymbols at the ends of the record
string, and there aré' 2*ways to add symbols giving us an additiofal’@ecord strings.

Thus,f(n, 2) =4(n, 1) + (- 1) —-2)-2" %4+ (n-1)-2" 1+ 2 1=(n? + 13 + 26)- 2~ 4
Computation of f(n, 3)

This time, we have a string of+ 3 tokens, of whicimare  and three are . We again
split into cases, as organized in the followinddab

17



Configuration of Location of Number of Ways Number of
to Place 's Record Strings
At one end of the on+1 on+2
record string
3-in-a-row
None at the ends of on (h—1)-2
the record string
Two at the ends of on on+1
the record string
2 together, 1 apart One at th? end of the 2n-1 (n—1).2+1
record string
None at the ends of N2 _2
the record string 2 (n-1p-2)-2
Two at the ends of on-2 (h—1).2-2
the record string
All 3 separated by | One at the end of the on-3 (= 1)p—2)-2-3
at least one record string
None at the ends of
the record string 2t (h-1)0-20-3)2773

Adding these together, we firith, 3) = (%3 + 1" + 215V3 + 110)-2-5.

In principle one could use this technique to corap@n, m) for any fixed positive integer
m, but the cases grow rapidly with

Looking ahead
In the Part 2, we’ll present a general formulaffoy m) based on a way to organize the

counting similar to our second strategy and usddheula to determine the asymptotic behavior
of f(n, m) for fixed m.

18



Art and the
Harmonic Mean

by Ken Fan
edited by Jennifer Silva

You find yourself at the end of a
long, pleasant, palm tree-lined avenue.
You're inspired to make a drawing. On
paper, the palm trees need to be drawn
smaller and smaller as they recede into
the distance. But how, exactly, should
the trees’ heights shrink from one to the
next? And how should they be spaced?

Should the trees be drawn evenly
spaced, as they are in real life? Should
each successive tree be drawn half the
size of the previous tree? In this
installment of “Math In Your World,” we’ll determathe truth.

To gain a foothold into the problem, we’ll analyaeidealized scenario: palm trees that
are equally spaced and all of the same heightadiy we’ll even think of the palm trees as
vertical sticks. Simplifying in this way is oftengood strategy for developing understanding.
After we establish a basic understanding, we caakwt to fit real world variations in spacing
and palm tree height.

Perspective Drawing

If you've studied perspective drawing, you knowtttieawings of parallel lines look like
radial lines all emanating from a single point edlhvanishing point— unless the parallel lines
happen to be parallel to the drawing paper, in tvase they'll be rendered as parallel lines in
the drawing, too. You can find the exact locatdhe vanishing point as follows: place your
eye where you'd ideally like the viewer to placedwhen she looks at your finished drawing,
stare in the direction of the parallel lines yolatsout to draw, and note what point in the plane
of the drawing paper you are looking directly updm.other words, the vanishing point of
parallel lines is the point where the unique linattis parallel to these lines and passes through
the viewer’s eye intersects the plane of your dngwiaper. (Note that if the parallel lines are
also parallel to the drawing paper, there won’sbeh an intersection point. This is consistent
with the fact that the drawing of such lines woalslo be parallel in the picture.) Fairly often,
the vanishing point will be far off to one sidetbé drawing paper, but that's okay. Don'’t force
vanishing points into the bounds of your papehé&ytdon’t belong there, unless you truly want
people to admire your drawing from a nose’s leraytiay.

If you haven't studied perspective drawing, cheaktbe “Summer Fun!” problem set on
page 21 of Volume 6, Number 5, and the one on gage Volume 3, Number 5 of thBulletin.
Also, take a look a@Rowena’s perspective drawing on the cover of Volume 3, Ben#, along
with her article on page 29 of the same issue.

There is a line that passes through the tops ofdealized stick trees. There’s also a line
that passes through their feet, and these linegaaediel. Let's sketch these lines into our
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A Fibonacci Related Sequence

by Milena Harned

This paper is inspired by Problem 8 on the 2002 BlMnath contest which went as follows:

Find the smallest integ&rfor which the conditions
(1) a1, a2, a3, ... is a nondecreasing sequence of positive inseger
(2)an=an-1+an-2foralln>2
(3)as =k

are satisfied by more than one sequence.

In this paper, we shall extend this to any nondesirgy sequence of positive integErghat
satisfies a recurrence relation of the form

Fn+1:aFn+bFn_1,

for n > 1 and whera andb are relatively prime positive integers. Let’sl&aich sequences
“Fibonacci-like”. We will also determine the answer any index, not just the index 9.

Consider a Fibonacci-like sequert&ewith recurrence relatioRn + 1 = aFn + bF, — 1 that begins
Fi1=xandF2=y. (Note thaix Yy are positive integers by our definition of “Fibacalike”.)
Let us write out the first few values of this segce

X, Yy, ay + bx, (@2 + b)y + abx, (@ + 2ab)y + (@%b + b?)x, ...
Notice that each term is a linear combinatiox ahdy. By the recurrence relation, we can see
that all terms will be a linear combinationyofindy, so we define, andyn, to be the coefficients
in these linear combinations, thatks,= xnX + yny. By the recurrence relation, we have

ax +bx -1
ayn + byn-1

Xn+1
Yn+1

forn> 1. Also note that, begins 1, Ob, ..., whereayn begins 0, 1, .... Since both satisfy the
same linear recurrence relation, we see that

*) Xn = byn-1, forn> 1.
Because of (*), we focus attention yn The first few terms of» are
0,1,a,a%+b,a+ 2ab, a*+ 3% +b? ...

23



Each term is a polynomial mandb. Let’s write down the coefficients of these paymals in
order of decreasing degree:

Yn Coefficients
0 0
1 1
a 1
a+b 1 1
ad+ 2ab 1 2
at + 3a%b + b? 1 3 1
a® +4a’b + 3al? 1 4 3
ab + 5a’b + 6a%b? + b® 1 5 6 1
a’ + 6a°b + 10a%p? + 4ab’ 1 6 10 4
al + 7a% + 1%%p? + 10a%b° + b’ 1 7 15 10 1

We can see that this is a misshapen version ofPastangle, which would suggest the
following formula foryx:

[n/2] - 1-
(**) yn = n-Ir a.n— 2rbr— 1 )
r=1 r = 1

W2l n-12 r
If true, by (*), we would have, +1 = (1 a™?'b foralln>0 andx; = 1.
r=1 -

We will use induction om to prove (**).
First, note that the formula (**) is true far= 1 and 2, thereby establishing the base cases.

Now assume that (**) holds fgn -1 andyn. We must show that

/2] n-r n+l- 2r par- 1
ayn + byn-1= a b,
r=1 r-1
or, substituting the formulas fgr andyn- 1,
/2 -1)/2 1)/2
WA n-I r an-2r+lbr-1+[(n o2 120 =[(n+) bnor dt2p
r=1 r- 1 r=1 r- 1 r=1 r- l

We shall check that the coefficients of like terane the same on both sides of this equation.

The highest degree term on both side®'is.. For lower degree terms, we split into cases
depending on whetheris even or odd.

24



Case 1. Supposeis even.

n-1 r ndr

Pickr > 1. The coefficient a"*1-2p - 1js - + o on the left hand side and
- ) i n-1 r nadr n-r .
on the right hand side. The fact that + = is the well-
r-1 r-1 r- 2 r-1

known Pascal’s triangle recursion formula.

Case 2. Supposeis odd.

n-21 r - r
If r = [(n + 1)/2], the coefficient o’ ~tis 5 on the left hand side an(i1 1 on the
r- r-

right hand side. To see these are equah #2m+ 1. Therr =m+ 1 and we can see that

n-1 r m-1 n-r m
= =1and = =1
r-2 m-1 r-1 m
, - Nilozr_1.. Nk R dr
Now pick 1 <r [n/2]. The coefficient of b"~*is r1 + 5 on the left hand
- r-

n-r
side and f1 on the right hand side, which are equal by the&astriangle recursion

formula.
These computations prove the inductive step angf¢tfows.

Notice that ifa=b = 1, theny, yields the Fibonacci numbers and the formula (&jovers the
famous way to get the Fibonacci numbers from Pastangle illustrated below.

We now turn our attention to generalizing the Aldi®blem stated at the beginning. Fix two
positive integers andb and assuma andb are relatively prime. (The reason why we indsit t
a andb be relatively prime will become clear shortly.etim, o, b be the smallest integer for
which there exist two different Fibonacci-like seqaes {Fi}i-1,23,.. and {Gi}i=1 2 3. that
satisfy the same recurrence relatiéns 1 = aFn + bFn-1andGn+1=aG, +bGy -1, forn> 1,
andmy, a,b = Fn = Gn.
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We shall find a formula fom,, 4, b, but first, we show thak{, y») = 1 for alln > 0 by induction
onn. The first two terms of, andy, are 1, 0 and O, 1, respectively, and the only comm
divisor of 0 and 1 is 1. This establishes our lzzse.

Now assume thakg, yn) = 1 for somen > 1. We must show thata(+ 1, yn+1) = 1. Supposp is
a prime that divides into both + 1 andyn+ 1. Sincexi + 1 = byn, we must have thatdividesb or
p dividesyn. If p dividesb, then from the recurrence relatigi. 1 = ay» + byn - 1, we deduce that
p must also dividewy,. Since &, b) = 1, it must be that dividesy,. Sincex, = by,_1andp
dividesb, we also see thatdividesx,. This contradicts the inductive hypothesis. Tpgannot
divide b and we must have thatdividesy,. From the recurrence relatigi. 1 = ayn + byn— 1, we
deduce thap must then dividdy,-1. Sincep does not dividd, it must be thap dividesyn - 1.
However xn = byn— 1, so ifp dividesyn -1, it must dividex,, and, once again, we find thatand
yn are both divisible bp, a contradiction to the inductive hypothesis. gaclude that no
prime divides bothn + 1 andyn + 1, and, hencexg+ 1, Yo+ 1) = 1. This establishes the inductive
step.
Thus, &, Yn) = 1 for alln > 0 by induction.
Because, andy, are relatively prime, all integer solutions toeauation of the form

XnS + Yt =C,

wherec is a constant, will have the forer= so + my, andt = to —mx, wheres, andtp are integers
that satisfyx,So + ynto = C andm s an integer.

By definition ofmy, a, 1 there exists positive integets y andu v such that

Mh, a, b = XnX + Yny = XnU + YnV,
where &, y) (u, V) (as ordered pairs), and no smaller integer hagptioperty. Without loss of
generality, assume< u. From the previous paragraph, it must be thak + my, for some
positive integem andv =y —mx,. Since we only insist that, s »n belong to two different
Fibonacci-like sequences, there is no harm in asguthatm = 1.
Sinceu v, we musthav&+yn Yy—X. ThatisSXx+X,+yn V.
Because botk, andy, are positive, to minimizex + yny subject to the conditions that

O<xandx+Xn+Yyn V,

we must takex =1 andy = 1 +Xn + Yn.

Therefore/m, a,b = Xa(1) +Yn(1 +Xn + Yn) = (%0 + Yn)(1 +Yn).

In the case=b =1, we findm, 1,1=Fn+1(1 +Fyn), whereF, is the Fibonacci sequence that
beginsF1 = 0,F> = 1. The first few terms ofv, 1, 1are: 1, 2, 4, 9, 20, 48, 117, 294, 748, ....
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Notes from the Club

These notes cover some of what happened at GinigleAmeets. In these notes, we include
some of the things that you can try or think ataiudtome or with friends. We also include some
highlights and some elaborations on meet matetiess than 5% of what happens at the club is
revealed here.

Session 20 - Meet 5 Mentors: Bridget Bassi, Sarah Coleman, Jessica Dyer,

March 2, 2017 Anna Ellison, Kate Fisher, Isabel Macenka,
Jennifer Matthews, Suzanne O’Meara,
Christine Soh, Anuhya Vajapeyjula, Jane Wang

Many members finished solving the self-refererttiaé/false quiz on page 24 of the
previous issue. Some members complete the selferdial multiple choice quiz created by Jim
Propp, and some of these members went on to dreatewn self-referential tests.

Other members studied how graphs of different cateddfunctions relate to one another
and how these differences can be seen in the alg&w it turns out, just as all circles are
similar to each other, so are all parabolas. (®eénstance, the Girls’ Angle blog post here:
girlsangle.wordpress.com/2011/08/24/circles-squanesparabolagy/

Session 20 - Meet 6 Mentors: Bridget Bassi, Sarah Coleman, Jessica Dyer,
March 9, 2017 Neslly Estrada, Katie Fisher, Suzanne O’Meara,
Christine Soh, Jane Wang

We made a deal with members: If they learned aparially ordered sets and Hasse
diagrams, we would apply these concepts to chazplaferences by hosting a chocolate tasting.
Several members began by making Hasse diagrarhs pfrtially ordered set of positive
integers ordered by divisibility and the set of setls of a finite set ordered by inclusion.

Session 20 - Meet 7 Mentors: Bridget Bassi, Sarah Coleman, Anna Ellison,
March 16, 2017 Neslly Estrada, Isabel Macenka, Jennifer Matthews,
Suzanne O’Meara, Christine Soh

Exploration of the Hasse diagram of the set oftpa@sintegers ordered by divisibility
morphed into an exploration of prime and compasitebers. For instance: If the Hasse
diagram is restricted to the set of positive intsdess than or equal to> 1, is the maximum
size of an antichain equal to the number of primelpers less than or equalnt® If not, what
is? (An antichain is a subset of elements in tmtigdly ordered set such that no two elements
are comparable.)

Some members decided to list all the primes lems 100, and after completing the list,
took note of the sizes of the gaps between priniéss led to the question: Can you find 9
consecutive composite numbers? More generallyarign, does there existsconsecutive
composite numbers? (Note that a stringrmafcdnsecutive positive integers, whenés a
positive integer, will always be part of a strifig2on + 1 consecutive positive integers. Why?)

Session 20 - Meet 8 Mentors: Bridget Bassi, Sarah Coleman, Jessica Dyer,
March 23, 2017 Anna Ellison, Jennifer Matthews, Suzanne O’Meara,
Christine Soh, Jane Wang
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Some members have been exploring properties aaPasriangle and various
interpretations of the numbers in it. However thi$ time, they had been generating Pascal’s
triangle recursively, starting at the top of thartgle. So for the Pascal’s triangle explorers, th
guestion of the day was: What is an efficient wagampute thath row of Pascal’s triangle? Is
there a way to do it quickly without having to camgall the entries above the desired row?

Other members worked on finding a formula for tiaenber of ways 12 people can form
themselves inta tennis doubles teams.

Session 20 - Meet 9 Mentors: Bridget Bassi, Sarah Coleman, Isabel Macenka,
April 6, 2017 Jennifer Matthews, Suzanne O’Meara, Jane Wang

A number of members studied perspective drawirbagplied their knowledge to the
construction of a perspective drawing of a cheabarth, like the one seen in the floor of
Vermeer’'sThe Art of Painting In a two-point perspective drawing of a chedd@ard, how does
one decide where the two vanishing points shouldéeted? The answer depends on from
where you desire your drawing to viewed.

Two members produced the numbers 114, 115, 116,26.as a sequence of 13
consecutive composite numbers. This sequencae fiact, the earliest occurrence of 13
consecutive (positive) composite numbers. Thetiilmse more than 13 consecutive positive
numbers occurs is at 524, according to sequenc@%¥&Wat the Online Encyclopedia of Integer
Sequences.

Session 20 - Meet 10 Mentors: Bridget Bassi, Sarah Coleman, Neslly Estrada,
April 13, 2017 Isabel Macenka, Christine Soh, Jane Wang

As members perfected their perspective drawinghetkerboards, the question arose:
How do the sizes of identical objects appear tonkhas they recede into the distance if they are
equally spaced, like telephone poles? One memiggrested that each successive drawn copy
should be halved in size. Can you figure out threect answer? If not, see this issudath In
Your Worldon page 19.

Some members continued their focus on prime nusrdm@ving problems such as:

The product of 4 distinct whole numbers is equal26. What are the
numbers?

How many triples of positive integeas b c are there such that
abc=100? In general, how can you count the numbeipbes of
positive integera b ¢ such that their produetbcis equal to a
given number?

Session 20 - Meet 11 Mentors: Bridget Bassi, Sarah Coleman, Jessica Dyer,

April 27, 2017 Anna Ellison, Neslly Estrada, Katie Fisher,
Isabel Macenka, Suzanne O’Meara, Christine Soh,
Jane Wang, Anuhya Vajapeyajula

We applied the concept of partially ordered setsldasse diagrams to a chocolate
tasting. Members sampled a number of differentolates in a semi-blind taste test. Members
could see the chocolate, but, for the most pattidcoot identify the brand or model. They
created Hasse diagrams of their chocolate prefesenc

28



Calendar

Session 20: (all dates in 2017)

January 26 Start of the twentieth session!
February 2

9

16

23 No meet
March 2

9

16

23

30 No meet
April 6

13

20 No meet

27
May 4

Session 21: (all dates in 2017)

September 7  Start of the twenty-first session!
14
28
October 5
12
19
26
November 2
9
16
24 Thanksgiving - No meet
30
December 7

Girls’ Angle has been hosting Math Collaboratiohsanools and libraries. Math Collaborations
are fun math events that can be adapted to a yafigfroup sizes and skill levels. For more
information and testimonials, please visivw.girlsangle.org/page/math_collaborations.html

Girls’ Angle can offer custom math classes overititvernet for small groups on a wide range of
topics. Please inquire for pricing and possilasti Emailgirlsangle@gmail.com
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Girls’ Angle: A Math Club for Girls

Membership Application

Note: If you plan to attend the club, you only need to fill out the ClutiEnrollment Form because all
the information here is also on that form.

Applicant’s Name: (last) (first)

Parents/Guardians:

Address (the Bulletin will be sent to this address):

Email:

Home Phone: Cell Phone:

Personal Statement (optional, but strongly encouraged!): Plelase addout your relationship to
mathematics. If you don'’t like math, what don’t you like? If you love math, whavddoye? What
would you like to get out of a Girls’ Angle Membership?

The $50 rate is for US postal addresses oRly: international rates, contact us before applying.
Please check all that apply:

Enclosed is a check for $50 for a 1-year Girls’ Angle Membership.

I am making a tax free donation.

Please make check payable@®ixls’ Angle. Mail to: Girls’ Angle, P.O. Box 410038, Cambridge, MA
02141-0038. Please notify us of your application by sending engiltangle @gmail.com

A Math Club for Girls
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Girls’ Angle
Club Enrollment

Gain confidence in math! Discover how interesting and excitg math can be! Make new friends!

The club is where our in-person mentoring takes place. At the club, girlsiweckly with our mentors
and members of our Support Network. To join, please fill out and return th&@alment form.
Girls’ Angle Members receive a significant discount on club atteceléees.

Who are the Girls’ Angle mentors? Our mentors possess a deep understanding of mathematics and
enjoy explaining math to others. The mentors get to know each member as atualdinid design
custom tailored projects and activities designed to help the mempenie at mathematics and develop
her thinking abilities. Because we believe learning follows natundin there is motivation, our
mentors strive to get members to do math through inspiration and not assigimmeeder for members

to see math as a living, creative subject, at least one mentoréstpaesvery meet who has proven and
published original theorems.

What is the Girls’ Angle Support Network? The Support Network consists of professional women
who use math in their work and are eager to show the members how and for what they ugsaoia
member of the Support Network serves as a role model for the membersheFoipety demonstrate that
many women today use math to make interesting and important contributionsetg.soci

What is Community Outreach? Girls’ Angle accepts commissions to solve math problems from
members of the community. Our members solve them. We believe that when dagrsiafiorts are
actually used in real life, the motivation to learn math increases.

Who can join? Ultimately, we hope to open membership to all women. Currently, we are opernilgrima
to girls in grades 5-12. We welcoralt girls (in grades 5-12) regardless of perceived mathematical
ability. There is no entrance test. Whether you love math or suffer fedmanxiety, math is worth
studying.

How do | enroll? You can enroll by filling out and returning the Club Enroliment form.

How do | pay? The cost is $20/meet for members and $30/meet for nonmembers. Members get an
additional 10% discount if they pay in advance for all 12 meets in a sessidmar&iwelcome to join at
any time. The program is individually focused, so the concept of “catchinglupheigroup” doesn’t

apply.

Where are Girls’ Angle meets held?Girls’ Angle meets take place near Kendall Square in Cambridge,
Massachusetts. For security reasons, only members and their gaialish will be given the exact
location of the club and its phone number.

When are the club hours?Girls’ Angle meets Thursdays from 3:45 to 5:45. For calendar detailsepleas
visit our website atvww.girlsangle.org/page/calendar.htarlsend us email.

Can you describe what the activities at the club will be likeGirls’ Angle activities are tailored to
each girl's specific needs. We assess where each girl is mathaipaticl then design and fashion
strategies that will help her develop her mathematical abilitieeryBudy learns math differently and
what works best for one individual may not work for another. At Girls’ Angle,re@exry sensitive to
individual differences. If you would like to understand this process in méaé, ggease email us!
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Are donations to Girls’ Angle tax deductible? Yes, Girls’ Angle is a 501(c)(3). As a nonprofit, we
rely on public support. Join us in the effort to improve math education! Pleaseymakdonation out to
Girls’ Angle and send to Girls’ Angle, P.O. Box 410038, Cambridge, MA 02141-0038.

Who is the Girls’ Angle director? Ken Fan is the director and founder of Girls’ Angle. He has a Ph.D.
in mathematics from MIT and was a Benjamin Peirce assistant proféssattematics at Harvard, a
member at the Institute for Advanced Study, and a National Science Foundatidoctoral fellow. In
addition, he has designed and taught math enrichment classes at BostonishMiiSeience, worked in
the mathematics educational publishing industry, and taught at HCSSiM. &eoluateered for

Science Club for Girls and worked with girls to build large modular origaajects that were displayed
at Boston Children’s Museum.

Who advises the director to ensure that Girls’ Angle realizeds goal of helping girls develop their
mathematical interests and abilities? Girls’ Angle has a stellar Board of Advisors. They are:

Connie Chow, Founder and Director, The Exploratory

Yaim Cooper, lecturer, Harvard University

Julia Elisenda Grigsbhy, assistant professor of pratttics, Boston College

Kay Kirkpatrick, assistant professor of mathematigsiversity of lllinois at Urbana-Champaign

Grace Lyo, Instructional Designer, Stanford Uniitgrs

Lauren McGough, graduate student in physics, Ptamceniveresity

Mia Minnes, SEW assistant professor of mathemalti€&sSan Diego

Beth O’Sullivan, co-founder of Science Club for I&ir

Elissa Ozanne, associate professor, The Dartmaosthute

Kathy Paur, Kiva Systems

Bjorn Poonen, professor of mathematics, MIT

Gigliola Staffilani, professor of mathematics, MIT

Bianca Viray, assistant professor, University ofSMagton

Karen Willcox, professor of aeronautics and astatica, MIT

Lauren Williams, associate professor of mathemati€s Berkeley

At Girls’ Angle, mentors will be selected for their depth of understanding of mathematics as well as
their desire to help others learn math. But does it really mattethat girls be instructed by people
with such a high level understanding of mathematics2Ve believe YES, absolutely! One goal of
Girls’ Angle is to empower girls to be able to tackte/field regardless of the level of mathematics
required, including fields that involve original research. Over the destithe mathematical universe
has grown enormously. Without guidance from people who understand a lot of math, thihask is
student will acquire a very shallow and limited view of mathematicshenghtportance of various topics
will be improperly appreciated. Also, people who have proven original theamederstand what it is
like to work on questions for which there is no known answer and for which tlgitermot even be an
answer. Much of school mathematics (all the way through collegalvesvaround math questions with
known answers, and most teachers have structured their teaching, whetheustnscnot, with the
knowledge of the answer in mind. At Girls’ Angle, girls will learn tetgées and techniques that apply
even when no answer is known. In this way, we hope to help girls become solhergetfunsolved.

Also, math should not be perceived as the stuff that is done in math klaksad, math lives and thrives

today and can be found all around us. Girls’ Angle mentors can show girls how méghastreo their
daily lives and how this math can lead to abstract structures of enormenesi and beauty.
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Girls’ Angle: Club Enroliment Form

Applicant’s Name: (last) (first)

Parents/Guardians:

Address: Zip Code:

Home Phone: Cell Phone: Email:

Please fill out the information in this box.

Emergency contact name and number

Pick Up Info: For safety reasons, only the following peopl# ¢ allowed to pick up your daughter. Names:

Medical Information: Are there any medical issues or conditions, suclargies, that you'd like us to know about?

Photography ReleaseOccasionally, photos and videos are taken to deotiiand publicize our program in all media forms Wil
not print or use your daughter’s name in any waywe have permission to use your daughter’s imagéhese purposes?yYes No

Eligibility: Girls roughly in grades 5-12 are welcome. Althlowge will work hard to include every girl and toremunicate with you
any issues that may arise, Girls’ Angle reservediilcretion to dismiss any girl whose actionsdigeuptive to club activities.

Personal Statement (optional, but strongly encouraged!)}Ve encourage the participant to fill out the
optional personal statement on the next page.

Permission: | give my daughter permission to participate in Girls’ Angle. | haael rand understand
everything on this registration form and the attached information sheets

Date:
(Parent/Guardian Signature)
Participant Signature:
Members: Please choose one. Nonmembers: Please choose one.
Enclosed is $216 for one session | will pay on a per meet basis at $30/meet.
(12 meets) _ )
I’'m including $50 to become a member,
| will pay on a per meet basis at $20/me and | have selected an item from the left.

| am making a tax free donation.

Please make check payable@xls’ Angle. Mail to: Girls’ Angle, P.O. Box 410038, Cambridge, MA
02141-0038. Please notify us of your application by sending engiiltangle @gmail.comAlso,
please sign and return the Liability Waiver or bring it with you to ths fireet.
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Personal Statement (optional, but strongly encouraged!)this is for the club participant only. How
would you describe your relationship to mathematics? What would you like to gdtymuir Girls’
Angle club experience? If you don'’t like math, please tell us why. If you lotle, piaase tell us what
you love about it. If you need more space, please attach another sheet.

Girls’ Angle: A Math Club for Girls
Liability Waiver

[, the undersigned parent or guardian of the walhgy minor(s)

do hereby consent to my child(ren)’s participatiosirls’ Angle and do forever and irrevocably r&te Girls’
Angle and its directors, officers, employees, ageaund volunteers (collectively the “Releaseesdirfrany and
all liability, and waive any and all claims, foumy, loss or damage, including attorney’s feesany way
connected with or arising out of my child(ren)’'stg@pation in Girls’ Angle, whether or not causeg my
child(ren)’s negligence or by any act or omissiéGols’ Angle or any of the Releasees. | forevelease,
acquit, discharge and covenant to hold harmlesRéweasees from any and all causes of action antslon
account of, or in any way growing out of, direabhlyindirectly, my minor child(ren)’s participation Girls’
Angle, including all foreseeable and unforeseepblsonal injuries or property damage, further ideig all
claims or rights of action for damages which my onichild(ren) may acquire, either before or afteron she
has reached his or her majority, resulting froncamnected with his or her participation in Girls\@le. | agree
to indemnify and to hold harmless the Releasees &lbclaims (in other words, to reimburse the Reées and
to be responsible) for liability, injury, loss, dage or expense, including attorneys’ fees (inclgdire cost of
defending any claim my child might make, or thaghtibe made on my child(ren)’s behalf, that isasésl or
waived by this paragraph), in any way connectetl witarising out of my child(ren)’s participatiam the
Program.

Signature of applicant/parent: Date:

Print name of applicant/parent:

Print name(s) of child(ren) in program:
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