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An Interview with Lillian Pierce, Part 1

Lillian Pierce received her doctoral degree in mathematics from Rymthiversity. She just
completed a year at the Institute for Advanced Study in Princeton and this failijIdbea
Marie Curie Fellow at Oxford.

Ken: It's a real treat for me to interview an ...what is the way to understan
analytic number theorist. First of all, what is :
number theory? And, what @nalyticnumber prOblem ora prOOf to this depth?

theory? By getting your hands dirty: dor
Lillian : At its heart, number theory is what it JUSt watch someone else te

says it is: the study of numbers. “What is there gpart that car. Do it yourself!
to know about numbers that we don't already

know?” people ask me. “Lots” is the answer to
that. My favorite example of something we still don’t know has to do with prime numbers: a
prime number is a positive integer that is only divisible by itself and 1. So thefirgrime
numbers are: 2, 3, 5, 7, 11, 13, 17, 19, 23, ... We know that there are infinitely many prime
numbers. But let's look more closely at that list of the first few primes: two @gng things
already pop out: 2 is the only even prime number. (All other even numbers are diws2hlgob
can’'t be prime!) And if you look closely at that list you'll see that thegesaveral pairs of prime
numbers that are precisely two apart: 3 and 5, 5 and 7, 11 and 13, 17 and 19. These are called
twin primes. The question is: are there infinitely many pairs of twin primes? We don’t know!
This is one of the most famous unsolved problems in number theory.

Here are a few more number theoretic questions: Can every even numlesrtgesa?
be written as a sum of two (odd) primes? Can you write every positive integarrasoéfeur
squares? How many prime numbers are there smaller than X? These questiesthatieally
attractive to mathematicians, especially because they are s etatet In fact, because these
problems can be stated simply in terms of the natural numbers we all know and loveyéhey ha
been admired and pondered over for centuries, by mathematicians all over the utatesB
are also very hard problems! The first problem is still unsolved, while theviastére finally
solved in 1770 and 1896, respectively. So those give you an idea of the flavor of number
theoretic questions.

| work in a particular part of number theory called analytic number theotyrysto
answer number theoretic questions by analytic methods. What are those likgit Anal
techniques bring in the use of functions and ideas related to the calculus thatyou hegh
school: integration, differentiation, infinite series. One of the most importalytiariaols is
Fourier analysis, codified by the French mathematician Fourier in around 1887hexrt,
Fourier analysis proposes that every “well-behaved” function can be made up out affsine
and cosine waves. This allows us to break a function down into its component sine and cosine
waves, and this is a very powerful tool that is used throughout analytic number theory.

Ken: What got you interested in analytic number theory?

Lillian : The story of how | started working in analytic number theory stretchesadaok way.
When | arrived as a freshman at Princeton, | took the first class that fudtinenajors always

! Watch Ellen Eischen’s Women In Mathematics videwoaf presentation of Euclid’s proof of this facEditor.



took in those days: MAT 215, An Introduction to Real Analysis. This is the class where you
learn how to prove, rigorously, all the theorems you enjoyed using in high school cdlkealus (
the fundamental theorem of calculus). The professor of the class was Elitsriv-$didn’t
know this at the time, but he is one of the most famous analysts of the last 50 years, and not only
is he a remarkable mathematician but also a wonderful teacher. As it hapdewed,that
class, and so when Professor Stein taught a class the next year on Fourses, driabk it too. |
loved that class even more! And so | decided to take every class that Profa&gainvthile |
was at Princeton: Complex Analysis, Real Analysis, Special Topics in Rahlsts, and so on.
| enjoyed all of my math classes— topology, algebra, Galois theory, graph, thegpey— but it
was really the analysis that seemed to fit best with my way of thinkingn \Whas doing
abstract algebra (the theory of groups, rings, and fields) | felt kaesltrying to stack pebbles,
and since the pebbles were round and smooth, this was hard to do, and sometimes the stacks of
pebbles just fell over. (In mathematical terms, when | tried to prove statitgrhevasn’t satisfied
with how concepts fit together, and didn’t feel like my ideas lined up into as tight and solid a
proof as | wanted.) But when | was thinking about concepts in analysis, | pictucbdmeal
machines, with cogs and wheels that fit together precisely. Once | lesdldsd the machine
(my proof), I could turn the wheels and see how everything clicked into placenameldxand
spun and....produced the theorem. Perhaps part of the reason that analysis seearei soecle
was Professor Stein’s teaching— during my years at Princeton (with loor&dami Shakarchi)
he wrote a series of books for undergraduates, the Princeton Lecture SenafygisAwhich
are now highly regarded textbooks. | also did two independent projects with ProfaSteirar
paper and a senior undergraduate thesis. And it was in my undergraduate theSrstthat
encountered analytic number theory, because Professor Stein suggested | workaothattopi
was new and surprising in 2001: the connection between the zeroes of the Riemamcttieta
and so-called “random matrices.”

| didn’t realize it at the time, but

| realized that doing mathematics, Prof. Stein had just set me on a new path
toward number theory that changed my

that intense mental exploration mathematical life. When | graduated from

resu|ting in Something with more Princeton as an undergraduate in 2002, |
knew that | wanted to go to graduate school

precision and perfeCtion than and become a mathematics professor. | also

anything in “the real Worid”’ gave thought that | would do my Ph.D. in
harmonic analysis and become an analyst.

me a pleasure that no other However, | had the chance to study at
academic pUI’SUit did. Oxford University in England for two years
before returning to the US to do a Ph.D. As
it turns out, Oxford has a deep tradition in
number theory, in which I had a new interest. So while | was at Oxford, | deoidagly
number theory, and | ended up working with a greatly respected number theorist rageed R
Heath-Brown.

Ken: Can you explain one of your own contributions to the field?

Lillian : The integers have a very nice property: given an integer, there is one and onbyone
to factor it into a product of prime numbers. That is, each integer has a “unique prime
factorization,” up to the ordering in which you write the prime factors. So, fongea

24=2" 2" 2" 3, and that is the only way 24 can be broken down into prime numbers. (We
considerZ 2° 2° 3andZ 3" 2" 2to be “the same” since they both contain 3 factors of 2

4



and 1 factor of 3.) This property might seem obvious, and in a way it is, because we live in the
world of integers, and this is what we are used to. But there are other matheatrlds”
where unique factorization does not hold.

The study of abstract algebra introduces us to these other worlds. The real rarmbers
example of a mathematical construct calldeblal: a set of numbers within which we can do
addition, subtraction, multiplication, and division. The integers are an example cframtiff
mathematical construct callediag: a set of numbers within which we can do addition,
subtraction, and multiplication, but not necessarily division. (By this | mean @i &dd, or
subtract, or multiply, two integers together, you get another integer. But if yioke dine integer
by another, for example 3/5, you might not get an integer, and so you mightledvieq of
integers.”) Mathematicians have devised ways to study the propertieklsfdi® rings in great
generality. Just like the integers lie inside the real numbers, inside @ldrigfa ring, called the
“ring of integers,” because they act like our integers do. Or almost— depending tidhiné
ring of integers might not have unique factorization! One of the interesting quastexactly
this: what special properties must a field have for its ring of integers to hayesuni
factorization?

This information is encoded in something calleddiass numberof the field. Each field
possesses a class number, which is a positive integer between 1 and infinity. Thenolzessis
like a label (called amvariant), just like the year of your birth is a form of label for you. If you
know someone was born in 1995, you'd know how old she is now, what year she is in school,
what she’s probably studying in math at school, what songs she probably heard orothe radi
when she was 10, what world events she’s seen unfold during her life, and many other things
Similarly, if you know the class number of a field, you know a lot about it. In p&atjaf a field
has class number equal to 1, we know that its ring of integers does have unique factb8pati
it is a big question in number theory to classify which fields have class number fill itn&
know how to do this.

The problem is this: currently mathematicians understand how to label fieldssdé
another invariant, calleddiscriminant. This is kind of like a height—let’s think of it as the
height of a person. If | tell you that someone is 5’ 4” tall, can you tell me hovaeydare? | bet
not! I'm about 5’ 4” but so is my mother, and you might be too! And we’re all differesg. ag
Similarly, currently mathematicians know how to label fields by thesrghts” (discriminants),
but they don’t know how to say much about the class number of the field, simply from knowing
its height, unless they gather much more information. (So if you know that I'm 5’ &ldmut
know that | graduated from college in 2002 you might come much closer to tragnghasi into
my true age.) What we’d like to be able to do is translate knowing the discrimirefielof
directly into understanding its class number. This is something that | worked on whasmat
Oxford. (Specifically, | proved an upper bound for the “3-part of the class number of atgquadra
field,” in case you want to hear the fancy name for it!) This may sound like absimact
question, but it is important enough that it's been studied for hundreds of years—2 &aunss
worked on it, in the early 1800s. And we still only understand the tiniest tip of the iceberg.

Ken: When | first met you, you were a graduate student in mathematiose@tBn. Now, you
have a doctoral degree in math. Could you please tell us something of the histary BhyD.
thesis? How did you come up with the ideas in it?

To be continued.

2 Carl Friedrich Gauss (1777-1855) wrote one offthmdational books of number theory, Bisquisitiones
Arithmeticae



Lightning Learns Pool

by Lightning Factorial

I've always wanted to learn how to play pool. The balls are nicely colored and its faitcto w
them bounce
around the
table. Sol
decided to
take lessons...

Things were
going fine,
until |
encountered
the situation
shown at left.

| had to hit the
white cue ball
into the black
8 ball and try
to sink the 8 ball into one of the six pock&t&ut, it didn’t look possible to sink the 8 ball in the
side pocket nearest to it because the angle looked too sharp. Nor did it look possible to sink the
8 ball into the nearest corner pocket. At least, it sure didn’t look very easy to do tiraedltb
my coach.

“Hey, coach! What am | supposed to do? It
doesn’t look possible to sink the 8 ball.”

“Lightning, this is a perfect set up for a bank
shot! Try to sink the 8 ball into the lower side
pocket by bouncing it off the top curb.”

“Neat!” | thought. “But where should | try to
make the 8 ball hit the top curb?” | wondered
aloud.

| know from Grace’s Summer Fun problems
(see page 28) that the 8 ball will bounce off the
curb at the same angle that it hits the curb. But
how does one locate this special point that
balances the incoming and outgoing angles?

“Good question!” exclaimed my coach. “Let
me show you a neat trick to figure that out.

! Although we don’t explain how to play pool hefeistsituation arose during a game of “8 balll.”



“Here’s a simple way to get a good sense of
where to aim,” continued my coach. “It's not
absolutely perfect, but it's a very good place to
start. Imagine two lines on the pool table.

One of them connects the center of the 8 ball
to the center of the pockeppositeto the

pocket you want to sink the ball in. The other
connects the center of the destination pocket to
the point marke in the figure at right. The
location ofX is where the line from the middle
of the 8 ball meets the curb at a right angle.
These two lines, drawn in red in the figure,
intersect at the poind. From the intersection
pointY, draw the line segment perpendicular to
the curb. Aim so that the 8 ball will hit the
curb exactly where this perpendicular touches
the curb.”

That's very interesting, | thought to myself. But how does that jive with my ndtadritte ball
will bounce with equal incoming and outgoing angles? To find out, | drew an idealized

geometric figure of the situation.

In other words, with
the lines set out as directed,
| have to show that these
two angles are equal.

Now, those two angles are
equal if and only if these
two yellow right triangles
are similar to each other.
After all, once the measure
of one acute angle of a right
triangle is specified, the
measures of all three angles
are fixed by the fact that one
of the angles is 90and the
sum of the angles of any

triangle is 180.

On the other hand, the two yellow right triangles are also similar to eachifahdronly if
a:b=c:d

If this equation can be established, that would show similarity of the two yetibimriangles,
which would in turn show that the incoming and outgoing angles in the proposed trajeetiory a

fact equal.

Now, watch what happens when the line segments labeladd are slid down the figure until

they reach the level of poiivt



If we slide these two line
segments down to be level
with the pointY, they
become altitudes of these
two purple triangles.

Do the two purple triangle
look similar to each other?

They are!

Do you see why?

These two angles are eq
because they are vertical angles.

These two angles are equal because they c
viewed as alternate interior angles formed |
transversal crossing two parallel lines.

These two angles are equal because they als
be viewed as alternate interior angles formed
transversal crossing two parallel lines.

Because the two purple triangles have the same

angles, they are similar to each other. Therefore,

because the rati@s: b andc : d are the

corresponding ratios of height to base in each

triangle, they are equal by similarity. In this way, we can concludeitbancoming and
outgoing angles of the proposed trajectory of the 8 ball are, in fact, equal.

So my coach was right!

Err...well, my coach cautioned that this was not a perfect solution. That must have tb do wit
the fact that pool balls are not idealized points. Also, when pool balls bounce on the curb,
because of friction and spin, they don’t always bounce so that their incoming and outgoing
angles are equal. Still, it is a helpful guide.

| set out to play pool, but ended up doing math!
Editor: Grace Lyo
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By Anna B.

In this column, Anna gives us a peek into her nmattiigal process of discovery, bravely allowing ais t
watch even as she stumbles. Her process is ndteuthiat of even the most heralded mathematician:
mathematics is a journey of discovery on whichewesthematician will inevitably follow many wrong
turns, believe many incorrect facts, and encountany mysteries.

Anna tackles problem 3 from Ben Boyajian’s Fibonacci number Summer Fun pradlem s

page 31. Anna makes ample use of modular arithmetic. For more on modular arithmetic, see
Prueba del 9n Volume 2, Numbers 3 and 4 of this Bulletin or consult any book on number
theory, such akwitation to Number Theorgy Oystein Ore.
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The Adventures of Emmy Newton

Episode 6The Music of the Spheres
by Maria Monks

Last time: Emmy and Melissa were trying to make their way past the obstacles in the
basement of their school to pick up a package from the Principal’s office to bring to Mr. $Vheel’
classroom. They were greeted by Amy, who was coming the other way from the Principal’s offi
with the package in her hand, and the three girls made their way past the last obstacle together.
Meanwhile, the large pile of wooden planks in one of the rooms in the basement had caught fire,
and the fire alarm was ringing. Emmy and Melissa hurriedly joined the crowd of students filing
out the building...

Emmy knew they should tell a teacher that there was a real fire in the Inas8hee
spotted Mr. Mann, the gym teacher. “Mr. Mann! Mr. Mann, there’s a...”

“Keep moving, Emmy, keep moving, we have to evacuate and take roll.”

“But there’s a...” said Emmy and Melissa simultaneously.

“Keep moving, we have to evacuate!”

“Come on,” said Emmy to Melissa, “We’'ll tell someone when we line up.” They kept
moving. The students and teachers of Euler Elementary School walked alongubkifires
alarm exit route: out the front doors, across the parking lot, and onto the grass nemd$ie w
where the teachers made sure everyone was accounted for. Ms. Spinner, thgreeleomzth
teacher, loved to count by sevens, so she always instructed the students to line up in rows of
seven. The students all knew this by now, and they started lining up in rows of seventhiacin
school with their backs to the trees. Emmy ended up in the back of her row, peeking around the
heads to look at the building.

“Very good, very good,” said Ms. Spinner, bustling up and down the rows, “Let’stall ge
into rows of seven so we can take roll... Kyle, no rows of eight now, move to your left... ok, very
good...”

The students, after lining up, started talking and whispering to each other acrosgsthe r
“Do you see smoke?” said one first-grade girl. “I think it's a real fire¥ fniend squeaked.

“Ms. Spinner! Ms. Spinner, is it a real fire?”

“Now, now,” said Ms. Spinner, and continued counting the students by sevens. “21, 28,
' She passed Emmy and Melissa’s row, still counting, and Emmy interrupted her.

“Ms. Spinner,” called Emmy, “There is a real fire, | saw it!”

“l did too!” said Melissa.

“Now now, don’t go scaring the first graders.”

“No, really...”

Ms. Spinner moved on and kept counting. “49, 56, 63, ...”

“How many students are absent today, Ms. Spinner?” asked Elizabeth as the teache
passed.

“Why none,” said Ms. Spinner. “It's a perfect day, isn't it! So I'll just cotmmake sure
we have the right number of students out here.” She continued on. The other teachergy blissful
unaware that there was indeed a fire in the basement of the school, decided to join imand beg
to line themselves up in rows of seven. Emmy looked down towards the last of the rows of the
students and teachers and saw that there were five left over in the ldSdimething’s wrong,”
said Emmy.

“You mean that our school is on fire?” said Melissa. “Of course something is Wrong.

35, ...
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“No, something is wrong with the number of people in the last line,” said Emmy. |
remember that there are 343 students and 28 teachers and staff in Euler Byeientapinner
said that there are no students absent today, and if any teacher was abserdlthedd c
substitute teacher, so the number of people here should be divisible by 7.”

“How did you check that so fast?” asked Melissa, trying to add 343 and 28 and divide the
result by 7 in her head to see if there was any remainder. “Well, 343 is 7 cubed7 smmEs
49... | memorized that,” Emmy added at Melissa’s quizzical look. Meliskagiggnd Emmy
continued, “Although you could also figure out that 343 is divisible by 7 by noticing tai
add 7 to it, you get 350, which is easily divided by 7 - it's 7 times 50. So if you sorted 350 people
into rows of 7 and took away one row, you'd have 343 people left, and they are still sorted into
rows of 7. So, 343 is also divisible by 7.”

“Ah, right,” said Melissa. “And then there are 28 teachers, who form 4 more rows of 7.”
Her eyes lit up. “Ohhh... we're really using the fact that if two numbers aldéesby 7, then
their sum, or their difference, is also divisible by 7. So, since 343 and 28 are divisiblddy 7, t
total number of people, 343 + 28, is divisible by 7!” That was a much cooler way to figute it
than doing long division.

“Exactly,” said Emmy, “And if you put Ms. Spinner in that last row, there are only six
Someone is missing...” she squinted over at the teachers.

“Where’s Mr. Wheel?” said Melissa, standing on her toes to see above the hdwals of t
students. “He usually goes for a walk in the woods when we have a fire drill, butdyes ahaits
until roll has been called and everyone is accounted for. | didn’t see him at aththis t

Emmy’s eyes lit up. “I think | know what’s going on,” she said. “Mr. Wheel would be
exactly the kind of person to set up something like that in the basement, to challeaga us
final exam or something. | bet he’s in there trying to put out the fire!”

Emmy started pacing back and forth in her small space between the two adjaceot
chattering students, only able to take two small paces in either direction toefong around.
“What do you think could have been in that package?” She stopped. “Amy,” she called.

Amy was two rows down from her, staring fixedly at the school. “Amy, do yothstié
that package?”

Amy turned, still wide-eyed, and nodded wordlessly. “Pass this to Emmy,” she relaispe
to Katy, who looked at the package, shrugged, and passed it along.

Emmy ripped open the package. Inside the package was a key, along with a nobe from
Principal. The note read,

12



“The Principal!” said Emmy. “I didn’t count the Principal! He’s not around either. H
usually is the last to exit the building in a fire drill, so the teachers wonitzeda¢’s gone either!
He and Mr. Wheel must be in there trying to put out the fire, but neither of them haythe

“We have to get it to them!” said Melissa. “Let’s go!”

“No, I'll just go. You stay here. It's too dangerous for both of us to go, and | think | know
where their fire safety thing is. Plus, everyone is more likely to noticeibfws disappear, and
we don’t want to cause more chaos!”

“Are you kidding me? There’s no way I'm not coming,” said Melissa. She looked
around. All the other kids were still talking to each other, not looking at Emmy or Kl€lise
neat rows of seven that Ms. Spinner already counted had started to break down into amorphous
groups.

“All right,” said Emmy, who didn’t want to waste time arguing. “Let’s gmtigh the
woods.” The two girls snuck back into the trails behind them and started running.

Emmy knew the trails well, as she always walked the long way out of the school at the
end of the day, out the back door and through the woods to get to the far side of the parking lot
where her mom picked her up. Melissa, who took the bus home, followed close behind as the
trails wove through the woods, across fallen logs and over rocks, all the way tokleatsance
of the school.

As they ran up to the door, it burst open before they even reached the handle. It was Mr.
Wheel. He looked disheveled and agitated, and his right sleeve was singed., Meiisga!

There you two are! We've been looking all over for you. And where’'s Amy?”

“She’s out on the grass, she’s fine,” panted Emmy. “We have the package from the
Principal that you needed!” She held out her hand, holding the key.

“Thank goodness!” He took the key and ran back inside.

Emmy and Melissa looked at each other, still gasping for air. “Well, wdyfidalivered
the package to Mr. Wheel!” said Emmy. Melissa laughed as she caught her breath.

Emmy peeked through the back door of the school. The hallway smelled of smoke. Mr.
Wheel was running down the hall. The Principal was nowhere to be seen. Mr. Wheel suddenly
stopped, and appeared to jam the key into the side of the wall. He pulled outwards and a section
of the wall opened like a door. It was a big door, and after opening about 30 degretgefrom
wall, it got stuck. He pulled harder, but it didn’t move. He tried to fit through, but the gap was
too small.

“‘Emmy! Melissal Come here!” Emmy and Melissa ran down the hallwannil, can
you fit through the door?”

Emmy slivered sideways and just barely fit through the heavy door. She appearad to be
a closet of sorts, one that she never knew existed. It must have blended with thieenatev
door was closed. She blinked and her eyes slowly adjusted to the dim light.

“Ow! Melissa, you're stepping on my foot.”

“Sorry!” Melissa had come through the door as well.

“Do you see a big switch?” called Mr. Wheel.

Emmy turned around. The switch was behind her, in the OFF position. “Yeah!”

“Great. Turn it on!”

Emmy and Melissa grabbed the lever simultaneously and pulled down. They haadd a |
hissing noise.

“Ok, you two go back outside with your class. Go! I'm going to go get the paliti

Emmy and Melissa ran back outside, coughing from the smoke. They headed back along
the trail and out to where they had been standing before. No one had seemed to notice them...

Except for Amy, who was still looking around wide-eyed. She turned when Emmy and
Melissa popped out of the woods. “What’s going on?” said Amy.
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“I'm not sure, but | think everything is all right,” panted Emmy. “Mr. Whee$wathere,
and we helped him pull a big switch that supposedly extinguished the fire. He wenhthe g
Principal... there they are!” Mr. Wheel and the Principal were walking sithhesparking lot,
looking relieved.

The principal looked at his watch and muttered something to Mr. Wheel. Mr. Wheel
nodded. Emmy glanced at her own watch. There were only about 30 minutes left in the school
day.

“Recess until the end of the day!” announced the Principal loudly. There was a roar of
excitement, and the students ran off to the fields to the side of the parking lotgreatkinto
games of soccer, basketball, and capture the flag. The teachers lookddaaheam surprise,
and some of them went up to the Principal to ask why he interrupted their lesson plans. The
eyes grew wide and they looked from him to the school building and back again as he began to
explain.

Emmy and Melissa walked over to join Mr. Wheel looking down at his feet. “Mr.
Wheel...” said Emmy, about to ask him what exactly was going on.

Mr. Wheel looked up. “Emmy! Melissa! The girls who saved Euler ElemenGogie
on,” he gestured. “Let’s go for a walk on the trails, and I'll tell you what'agjon.”

The three of them walked back into the woods and Mr. Wheel began to talk. “The
building is fine,” he began. “The fire didn’t spread very far, and the lever you twal putieed
on our new backup sprinkler system in the basement in case of a fire.

“The mathematical obstacles in the basement were being set up as admdbethe
math classes,” he continued. “They could even be adjusted to different diffidaltidifferent
grades. We were almost done constructing it, but we were having some teclfiinccétiels with
Room 2 - the room with the wooden poles.”

“Yeah, they ended up crashing behind us and catching fire!” said Melissa.

“Right - we intended for some of the poles to be raised or lowered into the ground
depending on which class was attempting the challenge. But the platforms #dharads
lowered tended to overheat, causing a major fire hazard. So, before we ewgteatt® turn
them on, we installed the new fire safety system, and locked it shut so that no one would
accidentally flood the basement. We made a few copies of the key to open the lock, and the
Principal wanted one key delivered to me. | sent you two to the office to pick it up, bsisbwa
engrossed in teaching that | had forgotten all about it!” He shook his head and rubbed his hands
in his hair. “When the bell rang for classes to change, Ms. Worthwright callethssyoom to
ask where you two were. It was then that | remembered, and realized what veusajaened.

“The door to the basement stairway was blocked off all year as we wiing s@tthe
puzzles, but today the workers who were double-checking the fire safety sgitéragden. |
figured that two young girls with as much curiosity as you could not possildy gesng down
the extra flight of stairs!”

“We actually didn’t realize we went down too far until we were alreadethsaid
Emmy, “We were working on your problems, and lost track of how many flights we we
down!”

Mr. Wheel laughed. “I must be having a bad influence on you. Math can be addictive like
that. In any case,” he went on, “I got a substitute to sit in for my class, Ideemt the stairs,
and | then had a 50 percent chance of choosing the door that you went through - remember, the
first room was on the corner, and you could go through either door if you solved the riddles. Of
course, | chose the wrong door.”

“So there were even more puzzles the other way?” asked Emmy.
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“Yep, and I'll save that for your actual final exam,” said Mr. Wheel wisiméle. “But it
took me quite a while to make my way through the other obstacles, and | had no idea how far
along you were. | then got myself stuck at one puzzle.”

“What was the puzzle?”

“It's a secret, and don’t worry, I'll fix it before finals come around.” Emamg Melissa
looked at each other nervously. “But don’t worry, it's not dangerous in the least. | gestitma
too difficult, and the puzzle is a bit different every time you enter... anywegs Istuck on it for
a while. But | made it through, and by that point | realized that you had gone thevathe
around the courtyard. The fire alarm then rang, and my worst fears weireneohfl ran back to
the first room and felt heat from the second room where the wood was on fire, adgcatle
names. | didn’t want to open the fireproof door for fear that the fire would sprelachsiol only
hope that you weren't trapped in there. As everyone evacuated, the Principatredlat must
have happened, and he went down the opposite staircase to look for you.”

“Oh yes, we made it out shortly after the fire alarm sounded,” said Emmy, “So he mus
have missed us.”

“Well, thank goodness you made it out... I'm quite impressed, actually,” said Mr. Wheel
“That last puzzle was not an easy one. Anyway, we now had a conundrum; Amy had my key t
the fire safety system, and for all we knew, she could have been trapped in alalangf
wood!

“The Principal kept looking for you guys down in the basement, and | decided to run out
to the field to see if any of the other math teachers had their key on them. Theasthersi@lso
were given a copy of the key, see, but | didn’t know where they put them. That wak salen
you two with the key!” He breathed a sigh of relief. “It's a good thing the whadiswe installed
between the rooms were fireproof, and the walls and ceiling of the basemenatdref stone.
Otherwise, we never would have had time to put out the fire before it spread and burned down
the rest of the building.”

Mr. Wheel sighed again, rubbed his hands in his hair, and shook his head. “What a day!”

“Yeah,” said Emmy. “I have to say, though, your puzzles were a lot of fun to solve!”
Melissa nodded in agreement.

“Well, I'm just happy you're safe. Safety is the one thing that is moreritauptothan
math problems,” said Mr. Wheel with a smile. Emmy and Melissa giggled.

They had apparently made a loop in the woods, because they were back out on the
parking lot again. Emmy’s mom was sitting in her car in the usual spot, waiting to pigg.her
“See you tomorrow, Melissa!” she said. “Bye, Mr. Wheel!”

“Emmy!” her mom greeted her as she climbed into the car. “How was your day?”

“It was great!” said Emmy. “You'll never believe what we did in Mr. Wheelass
today!”

Things were back to normal, but Emmy sensed that there would be plenty more
adventures to come.

Editor: Grace Lyo
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Down to the Wire

by Julia Zimmerman

Clara scuffed her soles along the sidewalk, stepping purposefully on every crack. She
knew it was bad luck to do that, but she felt too dejected toAai&émy luck could get any
worse,she thought. To reinforce the gravity of the situation, she dragged out a resigned sigh.

Finally, her best friend took the bait: “Okay, I'll bite - what's the mattés only the
second week of school, and | really don’t think anything so terribly disastrous cahdppeaned
already.”

Clara shot Elizabeth a dark glare. Usually she enjoyed Elizabeth’s nhgr hand they
made a great Laurel and Hardy, but this was a serious matter. “Whatdiabe draw to present
your Great Scientist project? And how far have you gotten on yours?”

Elizabeth frowned. “I drew next Wednesday. I've searched for my scieahst, J
Goodall, online, and I've gotten some books from the library. Why?”

“Becausd drewtomorrow,and all I've done so far is the decorative border on the poster
board!”

“Clara! You knew there was a chance you’d be the first one to present;d)estdgot
the assignment last Friday!”

“I know, | know... butBroadway: Greatest Performancess on, and you know how |
feel about show tunes! Besides, | thought a 1 in 26 chance of going first was totafytive
risk.”

Elizabeth rolled her eyes. Leave it to Clara to think four hours of contriviezhft
situations set to cheesy music was worth trading for 20% of a semester$fildClarawvasher
best friend, so she said, “Well, | want to help, but I've got softball practicebusd, so how
'bout you get working - on somethimgsideghe decorative border - and then bike to my house
around 6:00 and we’ll pull something together. Okay?”

Clara threw her arms around Elizabeth. “Yousavedme!” Paraphrasing Scarlett
O’Hara fromGone with the Windshe added, “As God is my witness, I'll never procrastinate
again!” Elizabeth laughed and waved good-bye.

When Clara got home, she threw herself into her task with gusto (that’'s how she did mos
things); she soon found herself in the library, surrounded by books on computers and the navy.
She stayed that way, curled up with a book in her lap, until her ringtone startled her aut of he
concentration.

“Hello? Oh, hey, Elizabeth. What time is it? Already?? I'll be right esarry I'm late.

No, I've been reading the whole time! Yes, of course readileyantbooks. Yeesh.” Quickly,
she gathered her backpack and notebook and headed to Elizabeth'’s.

Elizabeth barely had time to get the door open before Clara was off, talking a mile a
minute about her scientist: “You're going to love this, Liz, it's so cool! She wineté&-0 system
for UNIVAC and --”

“Clara! Wait! | don’t even know who ‘she’ is yet! You're not making any sergsan
you start over and go more slowly?”

Clara tried to slow down, but her thoughts still seemed to fly out of her mouth in
disjointed phrases: “Right. Well, ‘she’ is Grace Hopper... a rear admitiakiMavy during the
'40s, '50s, '60s, '70s, and '80s. She married Vincent Hopper in 1930... in 1928 she graduated
from Vassar with degrees in math and physics... then went to Yale for graduadéisanath.

Oh, Vincent was chair of the NYU English department. She developed the firsi@onipi

Elizabeth frowned.Compiler, she thoughtwhat's tha? But Clara was going so fast, she
couldn’t find a convenient moment to interrupt her friend and ask.
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Clara continued her torrent, “invented the term ‘debugging,’- that's because she traced
the breakdown of a computer toeal bugthat got caught inside the machine! So she fixed the
computer by removing it...deigging...ha ha...get it?- worked on the Mark I, I, and III
programming staff...the Mark I, Il, and IlI? Oh those are computers... Shewvend tdown a
full professorship at Vassar so that she could take a Navy contract to wonvatd4#a
Computation Lab. Grace Hopper helped develop a new computer language called COBOL...

“Hold on! Hold on! That's a little better,” said Elizabeth. “But, what's a coenpil

Clara sketched the function of a compiler: “Oh, a compiler? Well, to understahd wha
compiler is, you first have to understand that computers are basically nstttahenanipulate
bits of information. A bit is a tiny piece of data that can hold only the single value O or 1. S
computers come with a language, sometimes called ‘machine languageatiiptilates these
bits, or small collections of bits, in various ways. However, humans find it veryutlifioccwrite
programs in this machine language because humans tend to think in more conceptual terms and
not in terms of zeros and ones. So ‘higher level’ languages were created tchenadnhs to
write programs using a more conceptual approach. A compiler takes imstsugtitten in such
a high-level language and translates them into the machine language. In otheawordpiler
typically plays the role of translating from a human-friendlier languagemachine-friendlier
language.”

“Oh, cool! This presentation is going to be great!” Elizabeth grinned at, Gladaossed
her a marker. “Let’s discuss the facts we want to convey and the order we thinkbeoul
clearest!”

An hour and a half later, the girls had worked out the order and content of their
presentation, and they’d moved them from Clara’s thoughts to the words on their poster. They
wanted their classmates to know that Grace Hopper had served for many yearsavy,
advancing the emergent field of computer science by delineating cosoeptas compilers and
machine-independent programming languages. She had taught at Vassarkaadaivtire
Harvard Computation Lab, and authored and co-authored many papers. Her earlp@xaelle
math and physics - she’d enrolled at seventeen in Vassar and done graduatemathHematics
at Yale - were indicative of the creativity and intelligence she
would later apply to the field of computer science. As a
pioneer in the new field, she faced unanticipated problems,
such as the shut-down of a giant computer when a moth
became trapped inside it (leading to the term “de-bugging”).

The US Government was so appreciative of her service that
they named the naval warship USS Hopper after her and
awarded her the Defense Distinguished Service medal upon
her retirement. She received many other awards, including the
National Medal of Technology, and buildings have been
dedicated to her or named in her honor.

Clara and Elizabeth decided that they would re-enact
one of her most well-known methods for explaining the
nanosecond. Since Hopper was at the forefront of the
burgeoning computer science field, many times she faced
audiences who were not familiar with how computers worked.

To explain why satellite communication was not instantaneous,

and to explain why computers needed to be small to be fast, grace Hopper gives her autograph and a
she would pass out pieces of wire just under a foot in length t@anowire” to a Navy programmer in 1985.
her audience. She referred to the wires as “nanoseconds,”

because their length was the maximum distance that light can
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travel in one nanosecond. She would then show the audience a huge coil of wire almost a
thousand feet in length, which represented the maximum distance light canntravel i
microsecond.

The next day, near the end of the presentation Elizabeth got up from her desk and opened
the door for Clara; Clara went out into the hallway to retrieve her red radiowhgon. On the
wagon, there was a length of rope Clara and Elizabeth had made by tying shoetetqmether
(they hadn’t been able to find a thousand-foot coil of wire, though they’d tried).

“This,” she said, “represents one microsecond. There are a billion nanoseconds in a
second, and there are one million microseconds in a second, so there are one thousand
nanoseconds in a microsecond. Look at the piece of wire in your hand. Now imagine that the
wire is thinner in diameter than one of your hairs, and that it is coiled up inside a earijat
smaller the computer is, the smaller the wires connecting all the partshéachaller the wires,
the less time it takes for the transmission of information, and the fastdrritiwiThat’'s why
computers need to be small to be fast. As to why satellite communication ta&esrtagine all
the distance between a satellite and earth. Light travels faster thhmgrejse we know of. So
even if we transmitted information using light, the nanosecond wire representshiestfur
distance the information could travel in a nanosecond. See why it can’t be instaraneous

Their teacher smiled at Clara, who felt relieved and even proud at the conclusern of
presentation. “Clara, would you please explain the relationship between dispeeck,and
time, more plainly?”

Clara, who felt she’d been perfectly clear, remembered what Elizabegiaidadhen
she’d first burst into Elizabeth’s house, spewing disjointed facts about Grace H@pges
Hopper had used this teaching aid to make an abstract concept that relied on hat person
knowledge and experience understandable to a wide variety of people; this ves cDlance to
do the same thing.

“Well,” she started hesitantly, “it's a direct consequence of the foridistance equals
rate times time.” That's exactly the concept Grace Hopper wasgalpon when she came up
with her nanosecond wire. The speed of light in a vacuum is constant. That means tha for lig
distance traveled in a vacuum is directly proportional to time. Thus, distancesmoaadsi#ed in
terms of the time it would take light to traverse that distance. Astrononeelighisyears, for
instance. The nanosecond wire has length equal to the distance that lightelan trae
nanosecond. There is nothing we know of that travels faster than light in a vacuuns. whadt’
makes Grace Hopper’'s nanosecond wire so relevant. Her nanosecond wire refiresents t
maximum distance a piece of information can travel in one nanosecond.”

Clara’s teacher nodded at her. “Well said!”

Clara had a vision of her classmates as the audience at the Oscaiiyj designer
gowns and priceless jewels. Should she give an acceptance speech? There weyesopia
to thank! But her classmates began to clap, so Clara decided to give only one delicatel a
gracious smile to the class before returning to her seat. After alfj bederstated could be so
classy! Visions of Audrey Hepburn Breakfast at Tiffany’san through her head.

On their way out of the building that afternoon, Elizabeth said, “Wow, Clara, nice job!”

“Grace Hopper inspired me to learn more about math and computer sciencesSle wa
creative and hardworking!” Clara, who had decided sometime in fifth period thaerhayiy
understated wasn’t quite her thing, added, “Just like some might say that ltarmmywplays.

Did I mention that I'm writing a musical about her lifathazing Gracelt’s going to havéots
of cool stuff, like in this one scene, dancing Turing machines! And, of cqurgaz?Z.

As Clara spun on the sidewalk, singing the opening phrases of her musical arthgcatt
her books all over the ground in the process, Elizabeth smiled. “Pizzazz,” she saiélfp‘oérs
course.”
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In the last issue, we invited members to submit solutions to a number of Summer Fun problem
sets.

In this issue, solutions to many of the problems are provided. These solutions wiltreesiet
rather terse and, in some cases, are more of a hint than a solution. We prefer not to give
completely detailed solutions before we know that most of the members have spehintimeg
about the problems. The reason is tt@hgmathematics is very important if you want to learn
mathematics really well. If you haven't tried to solve these problemselgyrsu won't gain as
much when you read these solutions.

Solutions that are especially curt will be indicatedein Please do not get frustrated if you read
a solution and have difficulty understanding it. If you run into difficulties, wéare to help!
Just ask!

If you haven’t thought about the problems, we urge you to defwereading the solutions.
Even if you cannot solve a problem, you will benefit from trying. Even more, it vatirbe
easier to read other people’s solutions after you've tried to solve the problersslfyour

With mathematics, don’t be passive! Get active!

Move that pencil and move your mind! Your mind may just end up somewhere no one has been
before.

Also, the solutions presented a@ definitive. Try to improve them or find different solutions.
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Set Inclusions

by Julia Zimmerman

In all these problems, we will use capital letters of the English alphabetyaappear below:

of its image can be reflected about that line i
to form the whole image. For example, this - Ifanelemenkis in a sep, then we write X1 p”.
letter T is symmetric about a vertical line. -l R @ISR € 5 18 ELE0 [ S, fem 1
An object has 180rotational symmetry if say that g is a subset gf" and write ‘g1 p"

o . Ifql pbutg p, then we say thatfis a proper
half of its image can be rotated 28bout a subset op” and write ‘gl p’.

point to form the whole image. For example,
this letterN has 180 rotational symmetry Note: Some people use the symblol for subset and put a small
about a point halfway along its diagonal. “ " peneath thel*” symbol to stand for proper subset.

1. What fraction of the alphabet is symmetric about a line? What fraction dptiabat has
180 rotational symmetry?

Leta be the set of every capital letter of the alphabet.
Let b be the set of capital letters which are symmetric about some line.
Letc be the set of capital letters which are symmetric about a vertical line.
Letd be the set of capital letters which are symmetric about a horizontal line.
Lete be the set of capital letters which have 21&fational symmetry.
Letf be the set of capital letters which have °1&Qational symmetry about

a point that is not part of the image of the letter.

2. Are any of these sets defined above subsets of any of the other sets? Ppe,éghri c? Is
ci b? How do you know?

3. Are any of these sepsoper subsets of any of the other sets?
4. Is it true that each of the setd, ¢, d, e, andf is a subset of itself? Why or why not?
For problems 5 and 6, Ipt g, andr be sets.

5. 1fpl gandgl r,thenisittruethgdl r? Isittrue thapi r? Ifpi qandqgi r, thenis it
true thatp | r?

6. Suppos@i randql r, and we know that thel p. What other sets necessarily conten
7. For each integen, defineS, to be the set of multiples af. In other words$,, contains the

numberskmfor all integersk. When isS, i $,? When isS,1 $? When isS,=S$,? What
elements are in both, andS,?
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Solutions (Julia Zimmerman and Ken Fan)

1. There are 14 capital letters which are symmetric about a line:

If you included B and E, it may be acceptable. In the type we provided, the middielauB

and E are just slightly above the central position, so we didn’t count them. This imegtar/d 8
of the alphabet (as provided) is symmetric about a line. By contrast, 7/26 of the a{pbabe
provided) has 180rotational symmetry.

2.We havdl a,b,c,d e Also,el adi adi b ci aci b, andbi a.

3. In fact, every set inclusion in the solution to problem 2 is a proper set inclusion. thssee
one checks that for each inclusion, the two sets do not contain the same elements.

4. Yes, this is true by definition.

5. The answers are yes, yes, and no, respectively. For the first question, if e haaadq

I r, then every element @fis inq and every element ofis inr. This means that every element
of pis also inr. Because both inclusions are proper, it means that there exists an eleament in
which is not ing. This element cannot be preither, because if it were, it would begsincep

I g. Thereforgpl r. The second question follows becausglifr, then, by definition, we also
havep i r. For the third question, the answer is no because it is possibfeztiugt r, in which
case we would havel r but notpli r.

6. We are given thati r. By the definition of subset, ¥is inp, thenxis inr. However, we
cannot conclude thatis ing. For example, suppoge= {0}, g = {1}, andr = {0, 1}. Thenp, q,
andr satisfy the conditions of the problem. If we take 0, then we see thats inp, butxis
not ing.

7. We haveS, | S, whenevemis a multiple ofn. To see this, suppo$gi S, Note thami
Sn, somi S, This means thamh = nk for some integek, i.e.mis a multiple oih. Conversely,
if mis a multiple of, then we can writen = nk for some integek. But this means thani S.
Every element 0%, can be written asj for some integey, and sincemj = nkj, we see that every
element oS, is also inS,, which shows tha&, i S.

If Snl S, from the last paragraph, we know that nk for some integek. For the
inclusion to be proper, there must be some elemantS, such thanj is not inS;, in other
words, such thatj is not a multiple om. If nis divisible bym, no such element exists, bunifs
not divisible bym, then we can take= 1. We conclude th&,1 S, if and only ifmis a
multiple ofn but not equal to or .

If Sn=S, then we have botf,| S andS,i S, This means thatis a multiple ofim
andmis a multiple oin, and this can only happennf=n orm= -n.

An element is in botl®, andS, if and only if it is a number which is a multiple of bath
andn. In other words, the union &, andS, is
equal toS, wherea is the least common multiple of
m andn.
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Adding Up Numbers

by Helen Wong

For this problem set, you might find it helpful to watch my
Women In Mathematics video on the Girls’ Angle website.

1. The picture at right has red and blue stars arranged in 10
rows and 11 columns. How many red stars are there in each
row? Can you see how it can be used to explain Gauss’ trick to

showthatl+2+3+4+5+6+7+8+9+1%@10)(11)?

2. All together, the seven Harry Potter books contain a total of 4100 pages. Amy isdibiycr
gifted girl (and extremely quick at reading), but it takes her a whilettb@pked onto the books.
The first night, she reads only the first page. The second night, she is a bit mosteidtenel
manages to read the next two pages. The third night, she starts where she left otfsatickrea
next three pages. She continues this way, so that anhtimght, she readsnew pages. What

page will she be on at the end of one week? How long will it take her to finish all seven books?

3. What is the sum of the first finmld numbers 1 + 3 + 5 + 7 + 9? The first six odd numbers?
The first seven odd numbers? Do you see a pattern?

4. Jo wants to collect Silly Bandz. She and her aunt have struck a deal. For thedirshat Jo
gets an A in class, her aunt will give her one new bracelet. If Jo keeps updrea seicond
week, her aunt will give her two new bracelets at the end of the second week.dp3atkep
for three weeks in a row, her aunt will give her four new bracelets at thaf émelthird week.
Because Jo’s aunt worries that Jo will forget about their deal, she writes dopnoinése using
a chart:

Week New bracelets Week Total bracelets
1 1 1 1
2 2 2 3
3 4 3 7
4 8 4 15
5 16 5
6 32 6
7 64 7
8 128 8
9 256 9

10 512 10

Help Jo and her aunt fill in the chart for the total bracelets! Is there ay?a@an you find a
formula?
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Solutions(Ken Fan)

1. There is 1 red star in the first row, 2 in the second, 3 in the third, and so on. Thus, the total
number of red stars in the figure is equalto 1 + 2 + 3 + ... + 10. The number of blue stars in the
diagram is the same as the number of red stars, and together, all thestard @oby 11

rectangular arrangement. Such a rectangular arrangement hdd 16tal stars, so the number

of red stars must be half of this. Thus,1+2+3+4+5+6+7+8+9 -%I_m#(ll).

2. At the end oh days, she will have just finished reading page number 1 +2 + 3 f.... +
Since there are 7 days in a week, at the end of a week, she will have just fiegtiad page
number1+2+3+...+7=0.5(7)8) =28.

To figure out how long it will take her to read all seven books, we have to find the
smallest integen such that 1 + 2 + 3 + ... A3 4100. In other words, for whatis nn+d) ,
41007 Multiplying both sides by 2, this becomés+ 1)3 8200. If you know the quadratic
formula, you can use that to get at the answer directly. But if you don’t, you maggun that
n(n + 1) is roughlyn® and the square root of 8200 is about 90. This will be too small, but it will
be close to the correct answer. We compute 90(91) = 8190 and 91(92) = 8372. So the answer is
that on the 91 day, she will have finished all seven Harry Potter books.

3. SeaVlouse€s solution on page 11 of volume 2 number 1 of this Bulletin.

4. Here’s the chart filled in:

Week New bracelets Week Total bracelets
1 1 1 1
2 2 2 3
3 4 3 7
4 8 4 15
5 16 5 31
6 32 6 63
7 64 7 127
8 128 8 255
9 256 9 511

10 512 10 1023

Notice that if you add one to every entry in the “Total bracelets” column, yobhegentries in
the “New bracelets” column, only shifted by one row.

The “New bracelets” column lists the powers of 2. The entry imttheow is 2~*. Therefore,
the entry in thenth row of the “Total bracelets” column i§ 2 1.

To prove this rigorously, you have to show that1 + 2+ 2. + 2"t = 2"— 1. There are many
ways to do this. One way is to interpret it as a binary

addition problem. If you have a different way, feel

free to share it with us!
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Draw!

by Ken Fan

These problems show some ways that math and drawing interact.
1. Make a scale drawing of the floor plan of your home.

2. A circle in a perspective drawing will always look like some sort of elliptere’s a standard
way to draw an ellipse: Take a string. Place your drawing on top of sometHhigguhaan put

a thumb tack into, such as a scrap of soft wood. Push two tacks through the paper into the
backing. Tie the ends of the string to the tacks leaving slack. Now, take agpehage the tip

of the pencil to hold the string taut. Draw around the tacks keeping the string taut anttihe pe
vertical at all times. The result is an ellipse! What kind of ellipse do yoifi gai tie both ends

of the string to the same tack?

It's challenging to draw perfect geometric figures like escand straight lines with a free hand.
But if you have a compass for making circles and a straightedge to naghtdines, many
geometric figures can be drawn with great accuracy. The next threemsoall utilize a
compass and straightedge.

3. Think of a way to draw a perfect equilateral triangle with the aide of a compéss
straightedge.

4. Now try drawing a perfect square.

5. How about a perfect regular pentagdb&n you draw a perfect regular pentagon using a

J5-1

compass and straightedgéiere’s a handy fact: cos 72 a0

6. In Vermeer'sThe Art of Paintingsee page 31 of the last issue of Biudletin), there is a
perspective drawing of a checkered floor. Make a perspective drafvantied floor of your
own design. If you're not sure which one to try, I'll suggest starting withci pattern or a
tiling with equilateral triangles. As an example, at the top of this page rsgeptéve drawing
of a tiling that consists of regular hexagons and equilateral trianglesliady lines used to
construct the drawing have been left in place.

Send your drawings tgirlsangle@gmail.com
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Solutions(Ken Fan)
Answers could vary for all of these problems.
2. An example is shown at right. Experiment

with different separations between the tacks and
different string lengths.

6. The answer is about 6 feet. It's not really
possible to be much more accurate without having a
better reproduction or access to the original
painting.

Here’s.a small hint;
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The Factorial

by Lightning Factorial
This Summer Fun problem set explores properties of the factorial.

1. Complete the following table.

n 1 2 3 4 5 6 7 8 9 10
n! 1 2 6 24

2. Show that the number of trailing zerosins given by

¥ n

n
+ —

_n N
e 5 5 5

UZI;|J

where x is the greatest integer less than or equal tdhis formula was used in last issue’s
Anna’s Math Journal

3. What is the coefficient afbedin (@ +b + ¢ + d)*?

4. Ten books all by different authors are found shelved in no particular order. What is the
probability that they are ordered alphabetically by the authors’ last names?

Wilson’s theorem states thatgfis a prime number, thep ¢ 1)! + 1 is divisible by. The next
few problems outline a way to prove this. Fix a prime nurpber

5. Check that Wilson’s theorem is true for 2 by direct computation.

6. Assume from now on thpt> 2 and letn be a positive integer less thpn Consider the first
p — 1 multiples ofm: m, 2m, 3m, ..., (p — 1)m. Show that no two of these multiplesethare
the same remainder when dividedyin other words, ldkmandim be two of these multiples
with 1£1 <k <p. Show thap does not divide the differen&en—Im.

7. Use 6 to conclude that there is exactly one positive inkegerwhich makes the produkim
leave a remainder of 1 when dividedby

8. Show that there are exactly 2 positive integdess tharp that makec — 1 divisible byp.
(Recall thap > 2.) What are they?

9. Use 7 and 8 to show that-{ 1)! can be written as 1 timps- 1 times a product 0P2—3

numbers that each leave a remainder of 1 when dividgd Byom this, show thap 1)! + 1 is
divisible byp.
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Solutions(Lightning Factorial)

1.

n 1 2 4 5 6 7 8 9 10

3
n! 1 2 6 24 120 720 | 5040] 40320 362883628800

2. Here’s a sketch. The number of trailing zeros in a number is equal to the highersopbv

that divides that number. Supposeszhe highest power of 2 that divides the number sl 5

the highest power of 5 that divides the number. Then the highest power of 10 that willltkvide t
number is the minimum ofandy. So the problem is equivalent to figuring out the highest
powers of 2 and 5 that divide. If 2*is the highest power of 2 that dividelsand 5 is the

highest power of 5 that divides, one can show thgt< x, so the number of trailing zerosnh

will be equal toy. The formula provided is a formula for this numier

3. The coefficient oibcdin (a+b +c +d)* is 41.

4. There is only 1 way these books can be ordered alphabetically by author’s kst nam
However, there are 10! ways to order them. With no reason to assume that arfyovasying

these books is any more likely than any other way, the probabiti%tlis

5. Whenp = 2, the expressiop{ 1)! + 1 evaluates to (2 —1)! + 1 = 2, and 2 is divisible by 2.

6. Suppos&mandim leave the same remainder when dividegbjowhere, without loss of
generality, we assumefll <k £ p— 1. It follows thap must dividekm—Im = (k —)m.

However, bothk —I andm are less thap sop, being prime, cannot divide either and so it cannot
divide their product. This contradiction shows that the remaindens &, 3m, ..., (p — 1)m

upon division byp are all distinct.

7. Problem 6 tells us that tpe- 1 numbersn, 2m, 3m, ..., (p — 1)m each leave a different
remainder when divided jy Becaus@ cannot divide any of these numbers, none of these
remainders can be zero. But there are prtyl nonzero remainders. Therefore, each of the
possible remainders is achieve exactly once. Thus, there is exactly oneepottgerk < p for
which the produckmleave a remainder of 1 when dividedfby

8. Suppose dividesx’ — 1 = & + 1)(x — 1). Becausp > 2, we must have thateither dividesc
+ 1 orpdividesx— 1. Ifpdividesx+ 1, therx=p—1. Ifpdividesx— 1, therx=1. (Recall
that we are restrictingto positive integers less thar)

9. Problems 7 and 8 tell us that each number fromp2+@ (inclusive) can be paired with a
unique different number also between 2 prd2 (inclusive), such that their product leaves a
remainder of 1 when divided Ipy Note that ifx is paired withy under this scheme, thgmwill
be paired withx becausey = yx. This means that the product of the numbers fromp2+t@
(inclusive) will leave a remainder of 1 when dividedgyTherefore§ — 1)! will leave a
remainder op — 1 when divided bp, and so it

follows that  — 1)! + 1 is divisible by.
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Pool

by Grace Lyo

Casi is spending the summer at her parents’ cabin in the woods. There asenitiagrkids
around, nor is there a computer with an internet connection. There is, however, a square pool
table, some pool balls, and a cue stick.

What's pool? In case you've never played pool before, a pool ball

is a hard ball about the size of a peach. The ball is placed on the pool
table, and a cue stick, which is a long, straight stick, is used to hit

the ball in a precise direction. This is called “shooting” the ball. The
ball then rolls on the table until it reaches the edge. The edge of the
table is upraised (the upraised part is called a “curb”), so that when
the ball runs into it, it bounces.

Casi’s puzzle.By experimenting, Casi notices that whenever the

ball hits the curb, it bounces as in the picture at right. If the ball
bounces off a side curb, the two indicated angles are equal. If the
ball bounces from the corner, it comes back along the same line that
it went in. She also notices that if she hits the ball hard, it bounces
around the table and sometimes comes back to where it started.

She decides to systematically shoot the ball from the bottom left correr @itile and count

how many bounces are required before the ball returns to the starting piaeedifdoes). She
hopes that if she keeps track of the slope/angle at which she shoots the ball and the
corresponding number of bounces, she can find a pattern. Let's figure out what shesliscove

1. How many times will the ball bounce before returning to the start positionshsiogs with...

a. a slope of 1? b. a slope of 2? c. a slope of 3?

d. a slope oh, wheren is an
arbitrary positive integer?

2. Do the same thing as in question 1, but with slopes 1/2, 1/3n...., 1/
3. Now she tries positive rational numbers (numbérs wheren andm are positive integers).

4. What if she shoots the ball at a 60° angle? If you’re having trouble, you can meatkecated
guess by doing your computations with rational numbers that are better and bett

approximations for/3. l.e., first use the
approximation 2 for/3, then try 1.7, then 1.73, etc.
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Through the looking glass.(Don’t read this before answering questions 1-4!') Now Casi gets an
interesting idea. She decides to draw a picture of the pool table and the ball ratiséottang
with the actual pool
table. The interesting part
is that she will not only
draw a picture of the pool
table, but also a picture
of its mirror image
immediately adjacent to
it, as in the picture at left.

When she draws a picture of the ball’s trajectory,
she can draw a straight line instead of a bent one.
It's as if the ball passes through a mirror into
“mirror image land” rather than bouncing. She can,
in fact, fill an entire plane with pictures of the table
and its mirror image.

5. On the drawing of mirror images, draw the path
of the ball that is shot with a slope of 1.

6. On the drawing of mirror images, draw the path
of the ball that is shot with a slope of 2.

7. Revisit questions 1-4 using this trick.

Use your imagination.Now Casi begins to think about ways to change the problem a little bit.
(Before reading on, spend a little time thinking about ways to change therprpdilieself). For
instance, she could try moving the starting point of the ball. She could also trynghtey

shape of the table. She decides to figure out what happens when the table is a circle

How the ball bouncesWhen the ball hits the curb, say at pdnit

acts just as it would act if the rounded curb were replaced by its tangent
at that point. If you don’t know what a tangent is, look at the diagram at
left. It depicts what happens when the ball hits the curved curb.

Exercises.Casi decides to place her ball at the very bottom point of the
circle.

8. Suppose she shoots the ball at a 45° angle to the tangent. How many
times will the ball bounce before returning to the starting position? Try
some other angles of your choice.

9. For what angles will the ball eventually return to
where it started?
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Solutions(Ken Fan)

1. a. 1 bounce. b. 3 bounces. c. 5 bouncesn d.12bounces.

2. When the slope isri/the ball will bounce 2— 1 times before returning.

3. Let’s assume, without loss of generality, thiat is written in lowest terms. In other woras,
andm have no common factors other thanThen, the ball will bouncer@ + 2n — 3 times

before returning.

4. The ball will never return!

7. Although the answers will, of course, be the same, in the plane of mirror images, a bounce
happens whenever the path crosses over a grid line. Does this view help youectileulat
answers to the first four problems?

8. At a 45° angle, the ball will bounce three times before returning. It's pidfonn a square.

9. Angles that are atranal number of degrees w
result in the ball returning. At right the path of a
ball launched at a 70° angle (from the horizontal)
is shown.

There is quite an extensive mathematical literature
on billiard ball problems. For instance, see
Mathematical Time Exposuréy I. J. Schoenberg.
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Fibonacci Numbers

by Ben Boyajian

The Fibonacci sequence is defined recursivelffpy 1,F, =1, and, fon3 3,F,=F,.1 +F,.»

1. Complete the following table of Fibonacci numbers:

| Fi | Fo | Fs | Fa | Fs |

F

5
1l 1 2] 3] 5]

6
8

2. Which of these Fibonacci numbers are even? Which are multiplies of 3? Which gpeesult
of 5? Can you predict in general which Fibonacci numbers will be multiplies of 2, 3, @an5? C

you prove your assertions?

3. Prove that ifiis a multiple ofm, then

Table of Greatest Common Factors oF,, and F,

F. is a multiple ofFp,.

4. Now consider non-Fibonacci

numbers. For example, which Fibonaca
numbers are multiples of 4? How abou

multiples of 7? (HintFs = 8 is the first

Fibonacci number that is a multiple of 4
andFg = 21 is the first Fibonacci

number that is a multiple of 7).

5. Can you predict in general which

Fibonacci numbers are multiplesiof
wherek is an arbitrary positive integer?

Can you prove your assertions?

6. Complete the table of greatest

common factors of, andF, at right.

What patterns do you notice? Can you
prove your assertions?

Fl F2 FS F4 FS FG I:7 FS F9 I:10 Fll FlZ
P12 ]2 2122|211 |1|1]1
FBl2 2222122111 |1|1]1
Fal 2| 2] 2] 2| 1| 2| 1
Fa | 1
Fs | 1
Fo | 1
=5 I
Fo | 1
Fo | 1
Fiol| 1
Ful 1
Fo| 1

8. Define a sequence hy = F,/F.
Find the first several values bf. What

do you notice about this sequence? Can you prove your assertions?

9. Consider sums of Fibonacci numbers.&et F; + . . . +F,. Compute the first few values of
S.. Can you find an explicit formula f&? (Hint: Recall the explicit formula for the Fibonacci

sequence. See volume 3, number 1 ofBhiketin.)

10. LetOn be the sum of the firstodd Fibonacci numbers and Btbe the sum of the first
even Fibonacci numbers. Compute the first few
values ofO, andE,. Can you find explicit formulas

for O, andE,?
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(Selected) SolutionfKen Fan)

These problems are quite challenging. If you have trouble proving these, dontdealyed.
Because of space limitations, the hints we give often point to very terseonaysé things.
Terse proofs often fail to shed light on why things are true, so it's alwgysdiidea to try to
devise your own proofs. Even if you don't succeed, you'll gain more insight.

2. From the tabless, Fg, Fo, andF, are evenk,, Fg, andF, are multiples of 3, anfls andFio

are multiples of 5.Here, we will useanodular arithmetic to show thaty is a multiple of 3 if

and only ifk is a multiple of 4. If we write down the Fibonacci sequence modulo 3, we find the
sequence: 1,1,2,0,2,2,1,0,1, 1, ... Because each Fibonacci number depends only on the
previous two Fibonacci numbers, the reoccurrence of 1, 1 in this sequence means that the
sequence begins repeating itself. So we can see that, modulo 3, the Fibonaccesepeats
1,1,2,0,2,2, 1,0 over and over, and from this we can see that only B\&bpracci number

is a multiple of 3. For multiples of 2 and 5, #eea’s Math Journabn page 9.

3. SeeAnna’s Math Journabn page 9.
4. Combine the given hint with problem 3.

6. One might notice that the greatest common factéy, ahdF,, is equal td~, wherek is the
greatest common factor ofandm. Hint: It is rare that there be only one way to prove
something and this case is no exception. One common way of proving this fact isechsiliz
identity: Fn+n = Fm+ 1Fn + FFn— 1, which can be proven by induction. Another way to prove
this fact is to use the fact that Anna discovere@inna’s Math Journabn page 9. There, she
found that ifn = mk+r, where CE r <m, thenF,° (Fn- 1)"Fr (modF), where we také&, = 0.

In addition to this fact, note that consecutive Fibonacci numbers are tglativee. (To see
this, observe that d divides bothF, + ; andF,, thend must also dividé, .+, —Fa =Fa_1. But
thend also divided=,_,, and so it must dividE, _3, and so on, until we conclude tlatnust
divide F1. ButF; =1, sod = 1.) Anna’s observation says that= Fmisr = CFm + (Fm- 1) Fy, for
some constartt From this, we see thatpfdividesF, andF, then it must divideR,. 1)F,, and
using the fact the,,_ ; andF, are relatively prime, this meapsnust divideF,. Conversely, if
p dividesF, andF;, then it must dividé,. Thus E,, Fy) = (Fm, Fr). Continue the argument by
noting a parallel with the Euclidean algorithm (3ée Euclidean Algorithrm Volume 2,
Number 6 of this Bulletin).

8. The first few values df, are 1, 3, 4, 7, 11, 18, ... The sequelncalso satisfies the
Fibonacci recurrence relatian + 1 =L, + L,_1. Here’s a hint for how to prove this: Use the
explicit formula for the Fibonacci numbers and the factxhaty” = (x + y)(x —y).

9. There are many ways to simplify this sum. One way is to express it ;m1@étmo geometric
series using the explicit formula for the Fibonacci numbers.

10. Again, there are many ways to simplify these sums. One way is to ekgressiE, in

terms of two geometric series. If you kn&vandE,,
then you can determir®, becausé&, = O, + E..
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Calendar

Session 7: (all dates in 2010)

September 9 Start of the seventh session!
16
23
30 Tanya Khovanova
October 7
14
21
28
November 4
11 Veteran’s Day — No meet
18 Anita Suhanin and Noam Weinstein
25 Thanksgiving - No meet
December 2
9

Author Index to Volume 3

Anna B. 3.11,4.12,5.11, 6.09
Anna Boatwright 1.10, 2.11
Katy Bold 1.17, 2.16, 3.17, 4.20, 5.19
Ben Boyajian 5.29, 6.31
Doris Dobi 1.15
Kara Donohue 5.07
Ellen Eischen 4.03
Lightning Factorial 4.07, 5.26, 6.06, 6.26
Ken Fan 1.12, 2.13, 2.25, 3.08, 3.13, 3.19, 4.09, 4.22, 5.10, 5.25, 5.32, 6.24
Noah Fechtor-Pradines 4.14
Allison Henrich 1.03
Cathy Kessel 2.06, 3.03
Grace Lyo 5.27, 6.28
Maria Monks 1.20, 2.18, 3.22, 4.23,5.13, 6.11
Ina Petkova 1.06
Lillian Pierce 6.03
Bjorn Poonen 3.14,4.17,5.15
Amy Tai 2.03
Helen Wong 5.03, 5.24, 6.22
Julia Zimmerman 5.23, 6.16, 6.20, 6.21
Fern 1.26
llana 3.29
Rowena 4.29

Key: n.pp = number n, page pp
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Girls’ Angle: A Math Club for Girls

Gain confidence in math! Discover how interesting and excitg math can be! Make new friends!

What is Girls’ Angle? Girls’ Angle is a math club for girls and a supportive community for €8 gind
women engaged in the study, use and creation of mathematics. Our primaoy isissifoster and
nurture girls’ interest and ability in mathematics and empower them to btodhtkle any field, no
matter the level of mathematical sophistication required. We affemprehensive approach to math
education and use a four component strategy to achieve our mission: Gitks’dgrgors, the Girls’
Angle Support Network, the Girls’ Angle Bulletin and Community Outreach.

Who are the Girls’ Angle mentors? Our mentors possess a deep understanding of mathematics and
enjoy explaining math to others. The mentors get to know each member as iglniah@ind design
custom tailored projects and activities designed to help the memixeve at mathematics and develop
her thinking abilities. Because we believe learning follows nayundien there is motivation, our
mentors work hard to motivate. In order for members to see math as a liviniyecsabject, at least one
mentor is present at every meet who has proven and published original theorems

What is the Girls’ Angle Support Network? The Support Network consists of professional women
who use math in their work and are eager to show the members how and for what they useaoia
member of the Support Network serves as a role model for the membersheFoipety demonstrate that
many women today use math to make interesting and important contributionstg. sdtiey write
articles for the Bulletin, take part in interviews and visit thubd .c

What is the Girls’ Angle Bulletin? The Girls’ Angle Bulletin is a bimonthly (6 issues per year)
publication that features interviews, articles and information ofiemaatical interest. The electronic
version is free. The printed version (beginning with volume 3, number 1) cathenembership. We
are working hard to lower the cost of the Bulletin. Until we do, however, nonmgicedne receive the
printed version by becoming a Bulletin Sponsor. Please contact us iétatere

The Bulletin targets girls roughly the age of current members. Eswé is likely to contain some
material that feels very challenging or difficult to understand.ouf gre a member or Bulletin Sponsor
and have any questions about the material, feel free to ask us about it!

What is Community Outreach? Girls’ Angle accepts commissions to solve math problems from
members of the community. Our members solve them. We believe that when cagrsiafiorts are
actually used in real life, the motivation to learn math increases.

Who can join? Ultimately, we hope to open membership to all women. Currently, we are openilgrima
to girls in grades 5-11. We aim to overcome math anxiety and build solid foundatioves welcomeall
girls regardless of perceived mathematical ability. There is narergrtest.

How do | join? Membership is granted per session and includes access to the club and extends the
member’s subscription to the Girls’ Angle Bulletin to one year fromtim sf the current or upcoming
session. You can also pay per session. If you pay per session and come foeétsegou will get a
subscription to the Bulletin. We currently operate in 12 meet sessionstlbatrgiwelcome to join at

any time. The program is individually focused so the concept of “catchingtluph&igroup” doesn’t

apply.

Where is Girls’ Angle located? Girls’ Angle is located about 10 minutes walk from Central Square on
Magazine Street in Cambridge, Massachusetts. For security reasomaeambers and their
parents/guardian will be given the exact location of the club and its piuoniger.
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When are the club hours?Girls’ Angle meets Thursdays from 3:45 to 5:45. For calendar detailsepleas
visit our website atvww.girlsangle.orgor send us email.

Can you describe what the activities at the club will be likeGirls’ Angle activities are tailored to
each girl's specific needs. We assess where each girl is mathaipaticl then design and fashion
strategies that will help her develop her mathematical abilitieseryBudy learns math differently and
what works best for one individual may not work for another. At Girls’ Angle,re@ery sensitive to
individual differences. If you would like to understand this process in maaé, gg¢ase email us!

Are donations to Girls’ Angle tax deductible? Yes, Girls’ Angle is a 501(c)(3). As a nonprofit, we
rely on public support. Join us in the effort to improve math education! Pleliseyma donation out to
Girls’ Angle and send to Girls’ Angle, P.O. Box 410038, Cambridge, MA 02141-0038.

Who is the Girls’ Angle president?Ken Fan is the president and founder of Girls’ Angle. He has a
Ph.D. in mathematics from MIT and was a Benjamin Pierce assistanégootd mathematics at
Harvard, a member at the Institute for Advanced Study and a National Sceemzaton postdoctoral
fellow. In addition, he has designed and taught math enrichment classes atBdsieetim of Science
and worked in the mathematics educational publishing industry. Ken has eofehter Science Club
for Girls and worked with girls to build large modular origami projects\lese displayed at Boston
Children’s Museum. These experiences have motivated him to createA@uyls.

Who advises the director to ensure that Girls’ Angle realizegs goal of helping girls develop their
mathematical interests and abilities? Girls’ Angle has a stellar Board of Advisors. They are:

Connie Chow, executive director of Science ClubGats

Yaim Cooper, graduate student in mathematics, Ptamc

Julia Elisenda Grigsby, assistant professor of pratttics, Boston College

Kay Kirkpatrick, Courant Instructor/PIRE fellow, NY

Grace Lyo, Moore Instructor, MIT

Lauren McGough, MIT ‘12

Mia Minnes, Moore Instructor, MIT

Beth O’Sullivan, co-founder of Science Club for I&ir

Elissa Ozanne, Senior Research Scientist, Harvadiddl School.

Kathy Paur, Kiva Systems

Bjorn Poonen, professor of mathematics, MIT

Gigliola Staffilani, professor of mathematics, MIT

Katrin Wehrheim, associate professor of mathemaltids

Lauren Williams, assistant professor of mathematik3 Berkeley

At Girls” Angle, mentors will be selected for their depth of understanding of mathematics as well as
their desire to help others learn math. But does it really mattethat girls be instructed by people
with such a high level understanding of mathematics?Ve believe YES, absolutely! One goal of
Girls’ Angle is to empower girls to be able to tacktg/field regardless of the level of mathematics
required, including fields that involve original research. Over the ¢esfuhe mathematical universe
has grown enormously. Without guidance from people who understand a lot of math, thihask is
student will acquire a very shallow and limited view of mathematicstanuhtportance of various topics
will be improperly appreciated. Also, people who have proven original thearmgshesstand what it is
like to work on questions for which there is no known answer and for which tigitermot even be an
answer. Much of school mathematics (all the way through collegalvesvaround math questions with
known answers, and most teachers have structured their teaching, whetheustnscnot, with the
knowledge of the answer in mind. At Girls’ Angle, girls will learn teigges and techniques that apply
even when no answer is known.

Also, math should not be perceived as the stuff that is done in math klas=ad, math lives and thrives
today and can be found all around us. Girls’ Angle mentors can show girls how méhastreo their
daily lives and how this math can lead to abstract structures of enommenesi and beauty.
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Girls’ Angle: A Math Club for Girls

Membership Application

Applicant’s Name: (last) (first)

Applying For (please circle): Membership Bulletin Sponsorship

Parents/Guardians:

Address: Zip Code:

Home Phone: Cell Phone: Email:

For membershig, please fill out the information in this boBulletin Sponsors may skip this box.

Emergency contact name and number

Pick Up Info: For safety reasons, only the following people will be allowed to pick up yoghtr. They will have to
sign her out. Names:

Medical Information: Are there any medical issues or conditions, such as allergies, thdtlikeuis to know about?

Photography ReleaseOccasionally, photos and videos are taken to document and publicize our progranedtiall m
forms. We will not print or use your daughter’'s name in any way. Do we have pemtissise your daughter’'s image for
these purposes? Yes No

Eligibility: For now, girls who are roughly in grades 5-11 are welcome. Although we will wathdarclude every girl
no matter her needs and to communicate with you any issues that magaissé\ngle has the discretion to dismiss any
girl whose actions are disruptive to club activities.

Permission: | give my daughter permission to participate in Girls’ Angle. | hawael rand understand
everything on this registration form and the attached information sheets

Date:

(Parent/Guardian Signature)

Membership-Applicant Signature:

Enclosed is a check for (indicate one) (prorate as necessary)
$216 for a one session membership
Bulletin Sponsorship: $60-99 Subscribing. $100-999 Bronze. $1000-2999 Silver. $3K+ Gold.
I am making a tax free charitable donation.

| will pay on a per meet basis at $20/meet. (Note: You still must retwsrfotii.)

Please make check payable@xls’ Angle. Mail to: Girls’ Angle, P.O. Box 410038, Cambridge, MA
02141-0038. Please notify us of your application by sending engiltangle @gmail.comAlso,
please sign and return the Liability Waiver or bring it with you to tis¢ fireet.

"Silver and Gold sponsors may specify a recipientfeir sponsored copies of the Bulletin.
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Girls’ Angle: A Math Club for Girls
Liability Waiver

[, the undersigned parent or guardian of the following minor(s)

do hereby consent to my child(ren)’s participation in Girls’ Angle and do foesceirrevocably release Girls’
Angle and its directors, officers, employees, agents, and volunteers (eelletlie “Releasees”) from any and
all liability, and waive any and all claims, for injury, loss or damagdydag attorney’s fees, in any way
connected with or arising out of my child(ren)’s participation in Girls’ Anglegtlver or not caused by my
child(ren)’s negligence or by any act or omission of Girls’ Angle orddrilie Releasees. | forever release,
acquit, discharge and covenant to hold harmless the Releasees from any andsatifcactson and claims on
account of, or in any way growing out of, directly or indirectly, my minor chitg{separticipation in Girls’
Angle, including all foreseeable and unforeseeable personal injuries or prd@erige, further including all
claims or rights of action for damages which my minor child(ren) may agaiiher before or after he or she
has reached his or her majority, resulting from or connected with his or herpgaditin in Girls’ Angle. | agree
to indemnify and to hold harmless the Releasees from all claims (in other worlmlianse the Releasees ar
to be responsible) for liability, injury, loss, damage or expense, including attofeeygincluding the cost of
defending any claim my child might make, or that might be made on my child(bemalf, that is released or
waived by this paragraph), in any way connected with or arising out of my ehildg(participation in the
Program.

Signature of applicant/parent: Date:

d

Print name of applicant/parent:

Print name(s) of child(ren) in program:

A Math Club for Girls
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Advertising Section

The print version of the Girls’ Angle Bulletin isleertisement free.

The appearance of advertising in the electronisigarof the Girls’ Angle Bulletin is neither a gaatee nor an
endorsement by Girls’ Angle, Inc. of the produetvéce, or company or the claims made for the pcodusuch
advertising. The fact that an advertisement foraalpct, service, or company has appeared in thutretec version of
the Girls’ Angle Bulletin shall not be referreditocollateral advertising.

As a matter of policy, Girls’ Angle, Inc. will sedldvertising space in the electronic version ofGds’ Angle Bulletin
when the inclusion of advertising does not intexfeith the mission or objectives of Girls’ Anglagcl

Advertising in the electronic version of the Girshgle Bulletin only occurs in a specially desiggiatidvertising
section and may not occur alongside other con@ins’ Angle, Inc., in its sole discretion, retaitige right to decline
any submitted advertisement or to discontinue pgsif any advertisement previously accepted. Byrsttimg ads for
consideration, all advertisers agree to these iples; as amended from time to time.
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